Quandle homology, volume
and the Chern-Simons invariant
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Introduction
M : an oriented closed 3-mfd
p:m1(M) — PSL(2,C) : EXREDERIF

Vol(M,p) e R, CS(M,p) € R/n?Z
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Quandle structure on c2\ {0}

Define a binary operation % on C2\ {0} by

r1)| , (72) .— (11 222 —2% T
Y1 Yo Y3 1 —xoy2/ \Y1
T his satisfies the quandle axioms:
1.zxz=2z (Vz e C2\{0}),

2. %y x+— x*y is bijective  (Yy e C2\ {0}),
3. (wxy)xz=(z*x2)x(yxz) (Vz,y,z € C?\ {0}).



P . the set of parabolic elements of PSL(2,C)
: o) 2:1
Define a map C<\ {0} == P by
x 14+ xy —x?
— 2
(7 Y 1 —zy
This map induces a quandle isomorphism

(C2\{o})/£=7P



Arc coloring by P

K : knot in S3, D : a diagram of K.

We call a map A : {arcs of D} — P an arc coloring if it satisfies

X * Y

‘ >y (z,y and x xy € P)

X

at each crossing.



Arc coloring of the figure eight knot by P

An arc coloring by

(C2\{o})/+

A parabolic representation

can be obtained by the map

T\ 1l —xy 2
J —y? 14y




Arc coloring of the figure eight knot by P

A parabolic representation

can be obtained by the map

T\ 1l —xy 2
J —y? 14y




Region coloring by P
D : a diagram of K. A : an arc coloring by P

We call a map R : {regions of D} — P a region coloring if it

satisfies

Ao THY
>y (z,y and zxy € P)

X

We call a pair § = (A, R) (A: arc coloring, R: region coloring)

a shadow coloring.



Region coloring of the figure eight knot




Region coloring of the figure eight knot




Region coloring of the figure eight knot
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Region coloring of the figure eight knot




Fix an element pg of C2\ {0}.

/

At a corner colored by / Ji
’

(z < under arc, y < over arc), we let

det(pg, y) det(r, x)

z = :
det(r,y) det(pg, x)

pmi =Log(det(po,y)) + Log(det(r,z))

— Log(det(r,y)) — Log(det(pg,z)) — Log(z),
gmi =Log(det(pg,z)) + Log(det(r,y))
- Log(det(po, 7)) — Log(det(z, ) ~ Log(-——)

(0 < arg(det) < 7)

where Log(z) = log|z| +iarg(z) (—n < arg(z) < ).
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Then define the sign in the following rule:

AN AN AN
NN N N

+[z; p, q] —[2;p, 4]

(in-out or out-in) (in-in or out-out)
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Thm (Inoue-K.)

Y. eclzeipe,qe] € B(C)

c.corners

iIs the extended Bloch invariant.

R : B(C) — C/n%Z : the Rogers dilogarithmic function

R(z;p,q) = R(2) + %z (qLog(z) —pLog (1 ! )) — %2,

R(z) = _/OZ Log(: —t)

When the arc coloring corresponding to the discrete faithful

dt + %Log(z)Log(l — 2)

representation of a hyperbolic knot K, then we have

> ecR(2e; pes ge) = i(VoI(S>\ K) +iCS(S>\ K)).

c.corners
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Outline
1.

p:m(S3\ K) — PSL(2,C) | 1:1 | Arc colorings A

parabolic representations by the quandle P

2. Define a shadow coloring & and construct an invariant
[C(S)] with values in the quandle homology H?(P;Z[P]).

3.
Quandle our Simplicial bDupont Extended
homology work quandle -Zickert Bloch
| homology l group
HZ(P;Z[P]) 25 HEMP) - B(C)
% Rl Neumann
[C(S)] C/mZ

i(Vol 4+ iCS)
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Quandle homology

X: quandle
CR(X) = spang;q {(z1, ..., zn)|z; € X}/ ~
Define 0 : C’ﬁ?(X) —> Cff_l(X) by
n .
8(x1,...,a:n) — Z (—1)1{(561,...,@,...,%7;,)
i=1
_xi(xl * Lgy ey Li—1 *xiaxi—I—lv"-axn)}

2(X;ZIX]) 1= Hn(Z[X] ®q, C2(X)) : quandle homology
with Z[X] coefficient

y e y y Z[X] ®q, Cg(X)HZ[X] “Jeh C?(X)
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Cycle [C(S)] associated with a shadow coloring

S = (A, R) : a shadow coloring by a quandle X

Assign
+r® (x,y) for ’ and —r® (x,y) for Y
x r i x
Let
CS)= Y  ere® (ze,ye) € CL(X; ZIX]).
c.Crossing

Prop The homology class [C(S)] in H?(P,Z[P]) only de-
pends on the conjugacy class of m1(S3\ K) — PSL(2,C).
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Simplicial quandle homology H>(X)

3
x3

CA(X) = spany{(zq,...,zn)|z; € X} o .
Define 0O : CnA(X) — CnA_l(X) by o e

1
1

n .
Nz, ...,xn) = > (—1)(zqg,..., %5, ..., Tn).
1=0

HA(X) := Ho(CA (X))

We can construct a homomorphism
vt HH(XG ZIX]) — Hidyq (X)

in the following way:
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— o CR(X;Z[X]) — CR(X)gy

r*(xy) xT*vy r*(xy) xT*vy
r kX
e ) /
p p
I Zr *x1Yy
re(ey)fl e .
p/// —~
J 7y
r kT x r

(p,r,a:‘,y) T (p,?"*a:‘,a:,y)
—(p,rxy,x*xy,y) + (p,r*(zy),z*y,y)
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Thm ¢ : CH(X;Z[X]) — CL 1(X)g, is a chain map.

Proof.
D cancel D
rx(xy) T*xy Ty rx (zy) % ) rx(zy) T*xy r*y
y y —= =
) p
rx X x r rxxr X 7 Tk X x r
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The map ¢ induces a homomorphism

px  HE(X; ZIX]) — HE 1 (X)),

n

If we have a function f from X*T1 to some abelian group A

satisfying

1. ZZ(—].)Zf(QZ‘O,,@,,ZEk_l_l) :O,
2. f(wo*yw"?xk*y):f($07°°°7$k);
3. f(:I?O, e ,:Ck) =0 if x; = Ti4+1 for some 1z,

then f gives a cocycle of H,f(X) and also a cocycle of
HY (X ZIX)).
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If X has a ‘geometric structure’, we can construct a cocycle
for HA(X).

P, : the quandle formed by parabolic elements of Isom™ (H").
For = € Py, let (z)so be the fixed point at OH" of z.
The function (P,)"T1 — R defined by

(g, x1,...,2n) — Vol(ConvHUll((zg) oo, (21)oo,s - -, (n)oco))

satisfies the previous three conditions.

Thm (Inoue-K.) The n-dimensional hyperbolic volume is a

quandle cocycle of Py,.

20



