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Introduction
PSL(2,C) =SL(2,C)/{£l} is
e Isom™T(H3) (orientation preserving isometries),
e the group of conformal transformations of CP1L.
So PSL(2,C)-representations are important in the study of
e 3-dimensional hyperbolic geometry (and topology),
e complex projective structure (CPl-structure) on surfaces

e Teichmiiller spaces (Isom™*(H?2) = PSL(2,R) c PSL(2,C) )



Introduction

We study PSL(2,C)-representations of 2- and 3-manifolds us-

ing ideal triangulations.

In 3-dim case, ideal triangulations are useful to study
e cxistence of hyperbolic structures,
e hyperbolic Dehn fillings,
e limits of representations (ideal points).

In 2-dim case, ideal triangulations are used to study Teichmuller

spaces (cell decomposition, etc.)



Introduction

We will construct a parametrization of PSL(2, C)-representations
of surface groups using ideal triangulation, (which is different

from Penner’'s work.)

Our parametrization is an analogue of the (complex) Fenchel-
Nielsen coordinates using ideal triangulations. The construc-
tion is quite elementary. It is easy to give explicit matrix

generators. It works for closed surfaces.



PSL(2,C)
CP! =CU {0}

H3 = {(z,y,0)|t > 0} (metric : 42 Fdy*+di%
H3 = H3uUCP! and 6H3 = CP1

SL(2,C) = {(‘CL Z) la,b,c,d € C,ad — be = 1}
PSL(2,C) = SL(2,C)/{+I}

PSL(2,C) acts on CP1 by the linear fractional transformation:

a b _at—+0b 1
(C d) t_ct—|-d (te CP)

This extends to an isometry on H3 and Isom™ (H3) £ PSL(2,C).



PSL(2,C)

Fact There exists a unique element which sends any distinct

three points of CP1l to other distinct three points.

For example, the map which sends (x,vy, z) to (0,00,1) is given

by

1 (@—y)—w@—yU.
\/—(£U —y)(y—2)(z —x) (z —z) —y(z—x)

(The square root is well defined up to sign. Usually convenient
to use PGL(2,C) instead of PSL(2,C).)



Actually, the matrix which sends (z1,xp,z3) to (z4, 25, x3) is

1

a1l a2
\/(331 —x2) (20 — x3) (23 — w1) (2] — 25) (25 — 25) (25 — x7) <a’21 a22>

where

aiil

ai2

a21

= z121 (25 — z3)

zows(z3 — o)

37327?3(%/1 o x/Q)a

= z1xx3(e) — x5) + wox3wy (25 — 23) + z3z105(23 — 27),

— ajl(gzj/Q — xg) —+ ZBQ(QZg — 513/1) + 333(55/1 T 37/2)7

anzo = w121 (22 — 23) + 2225(23 — 1) + T3753(T1 — T2).



Set of PSL(2,C)-representations

M : manifold (we are interested in dimM = 2 or 3.)
R(M) = Hom(w1(M),PSL(2,C))

PSL(2,C) actson R(M) by p — g 1pg (p € R(M), g € PSL(2,C)).
X(M) = R(M)/conj. (quotient in algebraic sense)

A representation p : 11 (M) — PSL(2,C) is called reducible if
p(m1(M)) fixes a point of CPL.

Restricted to irreducible representations, X (M) is nothing but
the usual quotient of R(M) by the action of PSL(2,C). X (M)

IS called the character variety.



Usually the structure of X(M) is complicated. A parametriza-

tion using an ideal triangulation is usually simpler.

knot, then 71(S3 — K) has a com-

E.Jg. let K be the figure eight ?

plicated presentation:

~ —1 —1 -1 _ -1 —1
7T1(S3—K)=(:B1,x2|332 T1TOT{  XTOL1To Ty ToTy = 1).

But X (M) is parametrized by the variety
{(z,y) € (C)?|ay(1 —x)(1 —y) = 1}.

using an ideal triangulation.



Ideal tetrahedra

An ideal tetrahedron is the convex hull of distinct 4 points
of CPLl in H3. Let zq,21,20,23 be the vertices of an ideal
tetrahedron. The ideal tetrahedron is parametrized by the

Cross ratio

: : : <3 — 20 <2 — <1
20 1 21 1 20 23] = : c (C — {O, 1})
23 — 21 22 — 20

The cross ratio is invariant under the action of PSL(2,C).

([gz0 : gz1 : gzo : gz3] = [20 : 21 : 22 : 23] for any g € PSL(2,C))
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Meaning of Cross ratio
Denote the edge spanned by z; and z;

by [z;z;]. Define the complex parameter

of the edge [z;2;] by the cross ratio
[Z’i L 24 2k Zl]

where (4,7,k,l) is an even permutation

of (0,1,2,3).
[O:00:1:2]=[1:2:0:00] =2
1
1 —=2
1

[z3003031]=[0112,z:oo]=1—;

[1:c0:2:0]=[2:0:1:00] =

z0=20

Z1 = 00O

<2

=
| =

\\

|
{

Z3 =z

The complex parameter of [z;z;] is well-defined and the oppo-

Site edge has same parameter.

11



The cross ratio is interpreted as
the square of the eigenvalue of the
matrix which sends zo to z3 fixing

[z0z1]. The matrix

_(z1 z0\ (e O 21 20 -1 ez1 —e 1zg —(e — e Dzgzg
9= 1 1 0 e 1 1 1 e —e 1 —ezo—l—e_lzl '

sends zp to z3, then €2 = [z : 21 : 2o : 23].

(To fix a parametrization of e, we assume that zg is the re-

pelling fixed point and z7 is the attractive fixed point when
le] > 1. )

12



Ideal triangulation (3-dim)

Def A (topological) ideal triangulation of M is a cell complex
T obtained from gluing tetrahedra along their faces so that

T — N(T(9)) is homeomorphic to M.

We call a tetrahedron with 4 vertices deleted ideal tetrahedron.

13



Figure eight knot complement

K C S3 : the figure eight knot.

S3 _ K is decomposed into two ideal tetrahedra.
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Developing map

—~——

M: the universal cover of M

We will construct an equivariant map M — H3.
(= p:m (M) — PSL(2,C))
T = A(z1)U---UA(zn) : ideal triangulation of M with complex

parameters z;.

Develop T in H3 according with their complex parameters. We

obtain a map from the universal cover of T — T(1) to HS3.

To obtain a map from the universal cover M, which is home-
omorphic to the universal cover of T — N(T(9)), we have to

impose the gluing equation around each 1-simplex of T.

15



Around a 1-simplex of T,

there are some ideal tetrahedra i N
. 1
parametrized by w;. To extends E? 1 Wt a e Wt
W1W2W3W4Ws
the map, we have to make sure oy TS
that the product of w;'s is equal
to 1.
Since w; is one of z;, 72— or 1 — X,
— 2k “k
/ 2

n g 1 Pji 1\ Pji r. "

Ll =" ( ) (1 - ) =+ [] 27 (01 —z) 7" =1,

. 1 —_— Z. Z- .

1=1 1 1 1=1

(for each 1-simplex indexed by j.)

We call these equations gluing equations.
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Let
DM, T) ={(z1,...,2zn) € (C—{0,1H"

i r'l. .
|+ J] 2,7 (1—2)77=1 (Vji)}.
i=1
We have a developing map D : M — H3 for an element of
D(M). For v € w1(M), there exists a unique element p(v) €
PSL(2,C) such that D(yp) = p(y)D(p) for any p € M. Then
p is @ homomorphism w1 (M) — PSL(2,C), which is called the

holonomy representation of D.

If we change the position of an ideal tetrahedron in H3, we

obtain a conjugate representation. So we obtain an algebraic

map
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Example: Figure eight knot complement

Span three truncated triangles in S3 — N(K).

Y V

Cut S3—N(K) along these triangles. We obtain a polyhedron.
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Example: Figure eight knot complement

The polyhedron decomposed into to ideal tetrahedra. Assign
complex parameters x and y.
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Example: Figure eight knot complement

The polyhedron decomposed into to ideal tetrahedra. Assign
complex parameters x and y.




Example: Figure eight knot complement

The polyhedron decomposed into to ideal tetrahedra. Assign
complex parameters x and y.

p(x2)

B +1 1 —zy
= -y (0 o(1 - y>) |

19-b



Example: Figure eight knot complement

The polyhedron decomposed into to ideal tetrahedra. Assign

complex parameters x and y.

P(ws)
) — *1 0 (a:—l):z:y)
ps) mm—x)(l—y)(l—y ry—1 |

19-c



Example: Figure eight knot complement

\ J N

-1 -1 : - -
Io~-x1-x2- Ty -3 = 1 : the relation at the single arrow

y-(1—=1) (zy) - (1 - %) .2z =1 : the gluing equation
(Simplified to zy(1 —z)(1 —y) = 1.)
Similarly the gluing equation at the double arrow is

ry(l —z)(1 —y) = 1.
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Example: Figure eight knot complement

9(S3 — N(K)) inherits a triangulation from the truncated ver-
tices of T'.

w{lxglxglxglxg

(w’:ﬁ,x —1—%, y’=%_yand y”=1—§.)

1

1 1 ly —1 ly —1
M=>-—~_ M 2=2Y il .
xl —vy z y x—1 o y x—1
1 1 )

21—y T 21—

21



Example: Figure eight knot complement

Then the restriction of p to OM is given by

_ (VM o« 122,51 05) = LM~2 x
p@2) = (Yo" ) e o) = (VN v
Here m = z5 and Im™2 = $I1w§2$2 123 generate a boundary
subgroup. Since the boundary subgroup fixes a point of cprl

the restriction is reducible. Therefore the restriction to 9M is

quite tractable:

vV MPLA % )

p(m1) = ( 0 1/vVM~PL™4

(Useful for hyperbolic Dehn fillings, etc.)
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In summary,

Thm Let M be a compact 3-manifold and 1" be an ideal
triangulation of M. There exists an algebraic map D(M,T) —
X (M). The restriction of the representation to any boundary

subgroup is reducible.

Remark e When OM consists of tori, usually we obtain all

“generic” representations since w1 (OM) is abelian.

e IfIm(z;) > 0, there exists an incomplete hyperbolic metric
on Int(M). If furthermore L = 1 and M = 1, there exists

a complete hyperbolic metric.
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Surface group representations

We apply these techniques to surface group representations.

Strategy: Decompose the surface into three holed spheres
(pairs of pants). Then parametrize the representations of pairs
of pants and glue them along common curves using developing

maps.

24



Pants decomposition

Let S be a surface of genus g (g > 1). A pants decomposition

C is a disjoint union of s.c.c. such that S — C is a collection

of three holed spheres (pairs of pants).

The number of simple closed curves of C

—
C

is equal to 3g — 3 and S — C consists of

2g — 2 pairs of pants .

We assume that each simple closed curve is oriented (denote

as ¢ to emphasize). (C="c1U---U¢c34-3)

25



Parametrizations of pairs of pants

We parametrize the irreducible representations of a pair of

pants P.

Let OP = ¢1U ¢oUCc3 and p be an irreducible representation

of m1(P). Assume that p(°¢’;)’'s are hyperbolic (have two fixed
points in CP1).

——

We construct a developing map P — H3 and its holonomy

representation.

26



Parametrizations of pairs of pants

Fix a hyperbolic metric on P so that ?Z- are geodesics and

ideally triangulation P by spinning two triangles along ?i.

27



Parametrizations of pairs of pants

Let z; and y;, be the fixed points of p(~;). By irreducibility

x1,T2,T3,Y1,Y2,y3 are distinct points of cpt.

Let e; be the one of eigenvalues of p(v;). Assume that x; is

the attractive point of p(~;) if |e;| > 1.

If we assume that 1 =0, zo = o0 and x3 = 1, then

1
61 O e 8_1 —e
P(71) = [ e71-e; ,  p(r2) = (02 (22 —12)y2 :
€1 €o
Y1
1 exlyz — e ex — eg L
et R &
y3— 1\ e3” —e3 e3yz —ej3

28



By the relation p(v1)p(y2)p(v3) = I, we obtain
e1 — eIl 651 — efleg, e1 — eoes
Y1 — 1> Y2 = 1 Y3z = 1

€] — epeg €~ — €D €1 — epeg

So the representation is uniquely determined by (z1,x5,x3)
and (eq,en,e3). Conversely we can construct such representa-
tion for given z; and e;. Up to conjugation, this is uniquely
determined by (e1!, ezt e3t).

This gives a lift to a SL(2,C)-representation. Other lifts
are obtained by the action of HY(P;Z/2Z). For example,
(e1,e0,e3) — (—e1, —en,e3) gives another lift to SL(2,C).

29



For general (x1,x5,x3), p(v;) are given by

p(y) = . (all alQ) ,

eieito(Tip1 — x)(Tj40 — ;) \@21 @22
a11 = efei+27i(zi — Tiy1) + eipotir1(Tigo — ;) + €ieip17i(Tig1 — Tit),
a12 = v;(efeitoTito(®ip1 — ;) + eipomip1(® — Tig2) + eieip17:(@ig0 — Ti41)),
a1 = efejt2(xi — Tit1) + eipo(@ito — ;) + eeip1(Tip1 — Ti42),
a0 = efe;yotit2(Tip1 — i) + €40z (T — wiq2) + eieip12:/(Tigpn — Tig1),

and

v = e2e;yomito(x; — wiq1) + eiporip1(@igo — ;) + €17 (w1 — Tiq0)
Z e2e;yo(w; — 1) + €ipo(Tiqo — ;) + ejejp1(wip1 — Tigo)

fort=1,2,3 (mod 3).
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Developing map of a pair of pants

Develop the ideal triangle (xq1,x5,x3) by

using {p(v;) };-

(e1,e0,e3) = (—0.5,—-0.5,—-0.5)

31



Developing map of a pair of pants

Develop the ideal triangle (xq1,x5,x3) by

using {p(v;) };-

(e1,e0,e3) = (—0.5+ 0.24,—0.5,—-0.5)

31-a



Developing map of a pair of pants

Develop the ideal triangle (xq1,x5,x3) by

using {p(v;) };-

(e1,e0,e3) = (—0.5+ 0.44,—-0.5,—-0.5)

31-b



Developing map of a pair of pants

Conversely the eigenvalues are computed from the cross ratios

associated with the developing map.

p(v1)(z2)

32



Gluing developing maps of pairs of pants
We give how to glue two representations of pairs

of pants along a common curve.
PU? P’ . Pairs of pants with a common curve <
¢ alift of ¢

Ap and A4 : an adjacent pair of ideal triangles in

—_

P sharing co as a common ideal vertex.

Take AL and A} in P/ 8y A : Dol

. AN
. N . N
’, N , N
’ N /, \
® . / \ - 4-_ ’ \
/ \ LT ~ . LT ~ / \
/) v N . N \
. y \ \ / N .
\V; 9 / N/ \|
Y

P’ P

33



We can not glue A; and A! in equivariant way.

Define A C P and A’ c P! as follows:

A

Pl

Al Al

-
--
--

T
’g Ao Al -

T

A p(7)

~ — A
c /

, /\

T p(v)x

Glue A and A’ by

(

Yy
1 1

)

t 0
0 ¢t 1

)

Yy
1 1

34

)_1.
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Coordinates of surface representations
S . a surface of genus g
C=7C1U---U<C34-3: a pants decomposition.

For each curve ¢;, assign two complex parameters, the eigen-

value e; and the twist parameter ¢;.

Each boundary curve of a pair of pants in- % D
ti ~! ’ei

herits the eigenvalue parameter e; or ez-_l.



Transition of the fixed points

Fix a pair of pants PC S—C. Let 9P ="¢c1U<coU <3 and ¢;

be the eigenvalue and z; be the fixed point of p(v;).

/
L3

The fixed points of the adjacent pair of
pants sharing ¢’ 1 can be expressed by the

twist parameter t1 and the eigenvalues.
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p(%)xg>\

7
A
zY, x5 and x5 are >
. X1
given by N
T3 > “S )
,
L1 — &1, >
;a1 p(y1) =
332 —_
an

2
a1 = e1((en — e1e3)(e3 — e1€5)t1° + ez(eres — e5))x1(zo — 3)
2
+ e1%es(eres — eb)zo(w3z — x1) + es(eres — eb)xz(wy — w2),
>
ar = e1((es — e1e3)(e5 — e1eh)t1” + ez(eres — e5)) (xn — x3)
2
+ e1ex(ere — e5) (w3 — 1) + ex(eres — e5)(x1 — x2),
((en — e1e3)t12 + e1e3)x1(xo — 23) + e12esxo(x3 — 21) + enxsz(z1 — 22)
_ ((ex —ere3)ty 1e3)x1(x0 — x3) + e1%esxo(x3 — 1) + eox3(x1 — 2

/
’3 ((ex — e1e3)t12 + e1e3)(wn — x3) + e12ex(x3 — 1) + ex(w1 — 22)
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Matrices parametrized by (e;, t;)’s

Using these formulas, we can compute the developed image

of the ideal triangles of S.

Take two lifts of ideal triangle Ag and vAg of P. Since the
ideal vertices of D(Ag) and D(yAg) consist of three points of
CP1, there exists a unique element p(v) such that D(yAg) =
p(7)D(Aop).

So we obtain an explicit matrix representatives of the repre-

sentation corresponding to (e;, t;)’s.
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Remarks

e Bonahon gave a parametrization of PSL(2,C) representa-
tions of a surface group by using the shear-bend cocycle
of maximal geodesic lamination A. Our parametrization

closely related to the shear-bend cocycle.

e Maskit gave an explicit construction of matrix generators
of Fuchsian groups parametrized by Fenchel-Nielsen coor-

dinates.

40



One holed torus

Y3
Give pointed loops and the parame-

ters as in the Figure: (e, t1) - .
Let ($1,£U2,£U3) — (00707 1) ,

01
Y1

Then compute the transition of the

fixed points using previous formula.
xéz(ez_e% )t%l 1l —eo |
62(6% —1) 62(6% —1)

m/3 _ (t% — 1)2(62 — 1).
ex(ef — 1)

41



One holed torus

Y3 V2
We have
e1 eIl — eflegl (e1,11) - .
p(71) = 5 _1 : e:
b -

01
Y1

Because p(d1) is the matrix which sends (o0, 0, 1) to (z5, 25, 00),

we have

_((ef—etf +(e2—1) (¢t —1)(ex— 1))
p(01) = ( —es(ef — 1) eo(e? — 1)

in PGL(2,C). Actually these matrices satisfy the equality

p(81) tp(v1) " to(81)p(v1) = p(y2) T

42



Once punctured torus

When e, = —1, replace t1 with /—1t1, we have
2
p(71) = (el 611)

0 e
0 5 —(e24+1)t2-2  2(t2+1)
o) = g ((AEDE T 2EE D)~ (Tha DT wa ).
t1(1 —e?) et — 1 —(e1— 1) 471 t7

Let A = ,0(’}/1) and B = p(51). Then
(e1 +e7 M) (1 -I- t] 1)

tr(A) =ej +e7l, tr(B) =

(e1 — 61 )
_1
tr(AB) — (e1 + 61( )1(€1t1_-1|-) e7 Mty ).
€1 — 61

T hese satisfy the Markov identity

tr(A)? 4+ tr(B)? 4+ tr(AB)? — tr(A)tr(B)tr(AB) = 0.
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Closed surface of genus 2

Give pointed loops and the parame- |

ters as in the Figure:

Let (x1,22,23) = (00,0,1) be fixed points of the lower pants.

T hen we have
_]_ O
p(y2) = ( 2 ) ,

_ 1
(& (& E2 — € (&
p(73)=<€ 1 =2 ST )

44



Closed surface of genus 2

Lo

Then compute the fixed points (x1,z5, z5) of the pair of pants

adjacent along ¢'1.
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Closed surface of genus 2

172
Ly

Then compute the fixed points
(29, x5,25) of the pair of pants adja-
cent along ¢». We can compute p(65)

as the matrix which sends (c0,0,1) to

(27, 75, 23).

p(82) =—— (“” al?) ,

" t1to \@21 ao2
_ (erenez — 1)(eren — e3)t1%t02 + (esez — e1)(e1ez — en) (112 + 22 — 1)

a - )
H (€22 — 1)(e22 — 1)e3

Lo leies — e2)(t1% — 1)
12 (e12 — 1)es 7

o ex(t2? — 1) (ene3 — e1)
> (22— 1)ez

anzo = 1,
46



Closed surface of genus 2

Similarly we have

—1 b11 b12
02) = :
p(93) 61(632 — 1)tqt3 <621 b2o
b11 = —(e1(e1enes — 1) (e1e3 — e0)t1%t32 + eq(ene3z — e1)(e1en — €3)t12

+ (egez — e1)(erez — e2)(1 — t3%))/((e1? — 1)e),
b1o = (e1e3 — e2)(e1(e1enes — 1)t1°%t3% + (e1 — epe3)ts?
+ ejez(es — e1e2)t1” + ez(ea — ere3))/((e1? — 1)ea),
ba1 = (epez — e1)(t3® — 1),
bao = (—epez + 1)tz — eje3® + eges.
We can check that these matrices satisfy the equality

p(82)p(72) " 1p(32) "t o(v2)p(v3)p(83)p(v3) tp(s3) "t =1,

47



Closed surface of genus 2

The traces of p(v;) and p(6;) are

tr(p(12)) = e2+e5',  tr(p(y3)) = es+e37,
_ (e1e2 —e3)(erezes — 1)(t1%t2° + 1) + (e1es — e2)(ez2es — e1) (t1? + t22)
tr(p(52)) o (61 — 1)(62 — 1)€3t1t2
(erez — e2)(ereces — 1) (t1%t3° 4+ 1) + (e1e2 — e3)(e2ez — e1) (812 + t32)
(e1? — 1)ea(e3? — 1)t1t3

tr(p(d3)) =

Remark Maskit gave an explicit set of matrix generators

parametrized by Fenchel-Nielsen coordinates.
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T hank you for your attention.
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