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Introduction
Quandle : a set X with a binary operation (x1 *xo for x; € X)

g(X), HE(X) 1 quandle homology and cohomology

Hf,?(X) is defined similar to group homology

Question
e Any relation to group homology?

e Do important quandle cohomology classes (e.g. Mochizuki

cocycles) come from group cocycles?



Quandle
Quandle X is a set with % : X x X — X satisfying the axioms

(Ql) zxx=x forx e X
(Q2) Forany ye X, =y :x— x*vy iS a bijection

(Q3) (z*xy)*xz=(zx2)*x(yx*xz) for x,y,z € X

Example
G a group, S C G : a subset closed under conjugation.
S is a quandle with zxy =y lzy (x,y € S).

(Q1) and (Q2) are clearly satisfied, and we have

—1 1

(zxy)*x2z2=z2 Yy lay)z =2ty Loz oz 1yz

— (y*z)_l(x*z)(y*z) = (z*x2)*(y=*2).



Adjoint group
For a quandle X, define the adjoint group by
Ad(X)=(rze X |zxy = y_la:y>.

(also known as the associated group or enveloping group)

Remark

For a Lie algebra L (a vector space with [,] : V&®V — V), the

universal enveloping algebra is defined by

U(L) = ( D L®”>/{[v1,v2] = v1 ®vp — V2 ®v1}.

n>0

Ad(X) satisfies some universal property as U(L) does.



Remark

Lie algebra (co)homology is defined as the (co)homology of
the associative algebra U(L). But quandle (co)homology is

NOT isomorphic to the (co)homology of the group Ad(X).



Quandle homology (Carter-Jelsovsky-Kamada-Langford-

Saito, Fenn-Rourke-Sanderson)
For a quandle X, let
Cai(X) = spanziadx) i@, - @n) |z € X}

Define the boundary operator 9 : CIH(X) — CE [ (X) by

n .
8(3717 R 73371) — Z (_1)2{(3717 < 73/3\2'7 <o 7wn)
1=1
— (T * Tjy o T K T, Tig 1,5+, Tn) J

For examples:

Nz,y) = — ((y) —z(y)) + ((z) —y(z *xy)),
8(3773/7 Z) — = ((y7 Z) T .CU(y, Z)) _I_ ((337 Z) T y(él’} *Y, Z))
— ((z,y) —2z(zx2z,y*x2)).



Pictorial description 0:C&(X) — C{{(X)

—y(z *y)
:L‘y\= y(z +y) \
7 +z(y) Y —(3)
9, \ _—
Y y Y Y
+(x)
X . 1 . \ 1
(z,y) v

O(x,y) = —(y) +z(y) + () —y(z *xy)



Pictorial description o C3R(X) — CH(X)

(r*xz)*x(y*xz) =
((zxy) *2)

rxz
A — =
z z <
| z
/,:7,,32,%,y< ,,,,,,,,, 2z Z
/,’/ > Y T *x1Y Yy
Z 7/
Y y y
27 €T
: 1 1
x 1 T
Yy
(2,9, 2) ) 1

8(337?% Z) — _(y7 Z) _I_ x(yv Z) _I_ (337 Z) T y(% *Y, Z)
—(z,y) + z(x *x 2,y * 2)



Pictorial description o:C{(X) — CH(X)

((z*xy) * 2)
(z*x2)*x(y*xz)=
((x*xy) *z)
Y * z Y * 2
T k2
N
z < &
,___'CU__*__y_< _________ y
P . T * Y
21 Ay y y
, . .
x 1 T
Yy
(2,9, 2) ) 1

—(z,y) + z(z x 2,y * 2)



Pictorial description o:C{(X) — CH(X)

((z*xy) * 2)

(r*xz)*x(y*xz)=
((zxy) *2)
Y * 2 Y * z /

A — =
! z
z
,___'CU__*__y_< _________ %
z Yy Y
< 1Y Y
1
x 1 T
Yy
(@, 2) i 1

8(:1:,3/,2) — _(yaz) _I_ CU(y,Z) —I_ ($, Z) o y(ZU * yaz)
—(z,y) + z(z * 2,y * 2)

8-b



Pictorial description o:C{(X) — CH(X)

((z*xy) *z2)
(z*x2)*x(y*xz)=
((x*xy) *z)
Y * z Y * 2
T k2
A — =
2! z z
: 2
/,:___'CU__*__y_< _________ % z
/,’/ > Y T *x1Y Yy
z Y ”
// 1
xT 1 T
(z,y, 2)

a(x7y7 Z) — _(ya Z) _I_ x(wa) —I_ (ZE,Z) o y(.CU * Y, Z)



Let M be a right Z[Ad(X)]-module. The homology group of
CRHX; M) = M ®giaq(x) Cit(X) is called the rack homology
HE(X: M). (Fenn-Rourke-Sanderson)

Let
C)(X) = spangaqcxy{ (@1, - on) | 2 € X,

r; = x;41(for some 7)}.
This is a subcomplex of CE(X). Let C¥(X) be the quotient

CH(X)/CP(X). The homology of M ®aq(x) CY(X) is called
the quandle homology HTC;)(X; M).



Cf. Group homology

For a group G, let
Cn(G) = spangg{lgil.--lgn] | i € G}.

The boundary operator is defined by

Olg1l]- .. lgn] =g1lg2| .. |gn] + jg_:i(—l)i[gl\ .o |gigi41] - - - |gnl
+ (=1)"lg1l- - - [gn—1l.
For example:
Olzly]l = zly] — [zy] + [=],
Olz|y|z] = zlyl|z] — [zy|z] + [z]yz] — [=]y].
Let M be a right Z[G]-module. The homology group of
M Qzia Cn(G) is called the group homology Hyn(G; M).

10



Pictorial description

/A S

Olz|y] = z[y] — :vy] + [z]

6’[:EIyIZ] = zlylz] — lzylz] + [z]yz] — [z]y]
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Remark

Cn(@) is Z[G]-free and acyclic. CH(X) is Z[Ad(X)]-free but
NOT acyclic. If CE(X) is acyclic, HI¥(X; M) is isomorphic to
the group homology H,(Ad(X); M).

Crn(G) is acyclic because we can define a cone map h : Cp(G) —

Cn+1(G) satisfying 0h + h0 = id.

We can not construct such A for CE(X) since the cone of an

n-dim cube is not an (n 4+ 1)-dim cube!
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Application to knot theory

Let K C S3 be an (oriented) knot i.e. an embedding of 51
into S3. Remove one point from S3, we can assume that
K C S2 x R. Project K to S2 , we obtain a diagram of knot

on S<.

— A cycle

(z,2) + (z,9) + (y,2)

T where x x y = z.
y

"coloring"

A ‘Ycoloring” of the arcs by a quandle X gives a homology
class in H?(X;Z).

13



This homology class in HSQ(X;Z) does not depend on the
choice of the diagram. The invariance under the Reidemeister

IIT move is shown in the following figure.

T Y z T Y z

|
]
Q

((z,y) +y(zxy,2) + (y,2)) — ((z,2) + 2(y,2) + 2(x * 2,y x 2))
= 0(x,y, 2)
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Let BX be a ‘geometric realization’ of {CX(X)}. A knot

diagram (with framing) also define an element of m>(BX).

More generally, codim-2 framed knot (S™ C S”+2) with a col-

oring defines an element of m,,4 1 (BX) (Fenn-Rourke-Sanderson).

Since m1(BX) = Ad(X), we have a natural homomorphism
Hp(X;Z) £ Hy(BX) — Hn(K(m1(BX),1)) £ Hn(Ad(X); Z).

But this map may be trivial in many cases.
(Clauwens, arXiv:1004.4423)
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Simplicial quandle homology H2(X) (Inoue-K.)

For a quandle X, let C~(X) = spany{(zo,...,xn) | z; € X}.
Define the boundary operator 8 : C2(X) — C2 {(X) by

(o, ... o) = io(_ni(xo,...,@, ).
i=
Since Ad(X) acts on X from the right by
zx (zlz? . xi) = (- ((z T xq) %2 25) -+ ) x 2
where «~ 1z, is the inverse of xx;, C2(X) is a right Z[Ad(X)]-

module.

Define H5*(X) by the homology of CA(X) ®aq(x) Z.
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A map H;(X;z[X]) — H 1(X)

Let Z[X] = spany X, then Z[X] is a Z[Ad(X)]-module.

remark that
HN (X, Z[X]) 2 B (X 7).
We will construct a chain map

0 Z[X] @ CRX)—0n(X) ® Z
Ad(X) Ad(X)

and thus a homomorphism
ox T HEN(X Z[X]) — HEY 1 (X)

in the following way:

17



n =2 0 1 Z[X] ®pq(x) C3(X) — C§(X) ®aq(x) Z
r*(xy) xT*vy r*y r*(xy) xT*vy rxy

!

T@(xay)
P p
| x*y
rx (zy) e rxy pe X : fix
p///y h ,r‘?x?yEX
/ /Y
Tk X XL r

QO(’I“@ (xay)) — (p7 ’I“,$,y> T (p,r*x,:c,y)
—(p,r*xy,x*xy,y) + (p,7 * (zy),x *y,y)
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n=3 0 1 Z[X] ®aq(x) C3(X) = CL(X) ®aq(x) Z

r+(zyz) x*x(yz) 7=*(yz)

By ; Y * Z
r* (13 L * 2

1/ A Tk Z —

r*(xy) T*vy
""""" D T *Y
Pl
Y Y
" x r

p(r®(z,y,2)) = (p,7,2,9,2) — (p,r *x 2, 2,y,2) — (P, 7 %Y, T, T x Y, 2)
—(p,rxz,xxz,y*xz,z)+ (p,r*x (xy),x *y,y, 2)

+(p,r* (xz),zxz,y*xz,2) + (p,r*x(yz),z* (yz),y * 2, 2)

—(p,r* (xyz),x * (yz),y * 2,2)

19




Thm ¢ : CRH(X;Z[X]) — CL 1 (X) ®ag(x) Z is a chain map.

Proof. D D
T XX €T *k T * i
(zy) Y Y r*(azy)/; _________ . gy
. y Y
o P / ’
Tk T x r Tk T X T
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Thm ¢ : CRH(X;Z[X]) — CL 1 (X) ®ag(x) Z is a chain map.

Proof. D cancel D

rx(xy) T*xyYy THY rx (zy)! rx(xy) Txy r*Yy

~
cancel ™

T *xXT x r T *xX T r T *xX T r

20-a



Remark

The definition of ¢ is motivated by a triangulation of S3\ K.

p
p p
| X *x Y , , N
rx(y) o] AN
T kY : S »
p p o | I ‘ T * 1
y Yy o y :
L :
T *x X T |

i

re~rxx~rky~7r*(Ty)
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Remark

The definition of ¢ is motivated by a triangulation of S3\ K.

P
p p
| T *xY | N
rx(ey) o N ! N
T kY : roo
p p [ : : ! x >|< (|
“-...Q ' : ! ||
Y ke W LT RV
x A |
Tk X T |

re~rxx~rky~7r*(Ty)

21-a



Remark

The definition of ¢ is motivated by a triangulation of S3\ K.

D
P p
| T *x Y | L
rx(y) o ] A
T ox : A
h O‘j y ’\( : \
L 4 “ /l| 1 \
P ’t...--‘,t‘p :: } E ‘| €T *k 1
Y Y o : |
X :
SE r :

re~rxx~rky~7r*(Ty)

21-b



Remark

The definition of ¢ is motivated by a triangulation of S3\ K.

p

&
1
1
1
1
1
1
1
1
1
1
1
1
ny
1/

T xX r

\ \
N \
AN \
\\ \
~ \
~
>~ )

re~rxx~rky~7r*(Ty)

21-c



Remark

The definition of ¢ is motivated by a triangulation of S3\ K.

p

rx Yy

AN
.\
1
1
1
1
1
1
1
1
1
1
1
1
1y
1

T xX r

\ /
N /
N
N 7
~ o ,
-

re~rxx~rky~7r*(Ty)

21-d



The map ¢ induces a homomorphism
HY (X, Z) 2 HY(X, ZIX]) — HE 1 (X).
Roughly, we will construct a map
H (X)) — Hyqq (Aut(X); Z)

where Aut(X) ={f: X —- X | f(z*xy) = f(x)*f(y)} is a group
by composition.

Dually, we can construct a quandle cocycle from a group co-
CcycCle.
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Quandle Conj(h)

G group, Fix an element h € G.
Conj(h) ={g 'hg| g€ G}
has a quandle structure by z xy =y~ lzy. Let
Z(h) ={g € G| gh=hg}. (centralizer)
Lemma As a set Conj(h) = Z(h)\G by
g thg < Z(h)g (right coset).

Remark Conversely, under some conditions, we can find such
G from a quandle X, e.g. G = Aut(X). Then we have

X &2 Z(h)\G = Stab(z)\Aut(X).
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The quandle structure on Conj(h) induces a quandle operation
on Z(h)\G, which is given by

Z(h)hy * Z(h)ha = Z(h)g1(95 hg2).
Define x : G X G — G by
g1 %92 = h""g1(95 hg2) (91,92 € G).
The projection nm: G — Z(h)\G is a quandle homomorphism.

Let s : Z(h)\G — G be a section of w (wos = Id). For simplicity,
denote Conj(h) by X. Definec: X x X — Z(h) by

s(zxy) = c(z,y)(s(x) *s(y)).
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Lemma If Z(h) is abelian, ¢ : X x X — Z(h) is a quandle
2-cocycle. If ¢ is cohomologous to zero, we can modify the

section s so that s(x xy) = s(x) * s(y).

If X = 1 for some integer | > 1, s : X — G induces a chain

map C2(X) ®adx) Z — Z @ Cn(G) by

[—1

(xg,x1,...,2n) — .;O(his(:co), his(xl), el his(azn)).

Thus we obtain @ homomorphism
n—l—l(X Z) = HR(X Z[X]) “ n—l—l(X> — n_|_1(G,Z)

There are examples that this map is non-trivial.
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Example: dihedral group Dy, (p > 2)
G = D5, = (h,x | h? = 2P = hxhx = 1) : dihedral group (p > 2)
Then

Conj(h) = {x_ihxi |i=0,1,...,p— 1}

If we regard Conj(h) as Z/pZ, we have
1% ) =27 —1 mod p.
This is called the dihedral quandle. For simplicity, assume p is
prime. Since
H3(Day; Fp) = H(Z/pZ; )27,

we will construct a quandle 3-cocycle from a group 3-cocycle
of Z/pZ.
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H3(Z/pZ;Fp)L/2L is generated by [z|y|z] — « - d(y, z) where
(1 fy4+z>0p

dly,z) =< —1 ify4+z<pand yz#=0

0 otherwise

where z is an integer 0 <z < p with x =x mod p.
Prop The quandle 3-cocycle obtained from this cocycle is
given by

(z,y,2) — 2z(d(y —z,z —y) +d(y —z,y — 2)).

This is a non-trivial cocycle.
Remark T he non-triviality follows from the fact that the im-
age of ¢ gives a cycle represented by a cyclic branched covering

of S3 branched along a knot.

27



T hank you
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