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Outline

S : a compact orientable surface (genus g, |0S| =1b, x(S5) < 0)
Xpgr(S) : the PSL(2,C)-character variety of S

We will construct a rational map

Co976%20 , Xpgr(S)

generically 249—3%bt to 1 as an analogue of the (complex)

Fenchel-Nielsen coordinates. — Part 1

We generalize this construction to PGL(n,C)-representations

using Fock-Goncharov's work (joint with Xin Nie). — Part II



(e1,t1) (es, t3)

(e2,t2)
The construction is quite explicit.
Actually for a closed surface of genus
2, we have six parameters ey, ep, ez, | U Ty o e
t1, to, t3 and the rep. is given by 5, 3o
o %
1 —1 -1
. ey 0] . e1es €2 — e1€é;
o) =( Yoy o) st =(_ 500 0 20 ).
_ 1 1 a2 _ 1 (e1e2 — e3)to — ea(esez —e1) bio
p(B1) =Lt <a21 a22> o p(B2) = (€22 — 1)es\/Tats ( (ere2 —e3)(t2 + 1) boo )’
e — _(6263 — 61)(t3 -+ 1) S el(tl + 1)(6162 — 63)
12 61(632 _ 1) ’ 21 (612 _ 1)62 )
S (er1ece3 — 1)(e1e3 — ep)ti1ts — (e1e2 — e3)(egez —e1)(t1 +t3+ 1)
>2 (e12 — 1ea(es2 — 1) !
bio = —(ege3 —e1)(es(erees — 1)tots + (e3 — ere2)to
+ 6263(62 - 6163)753 - 62(61 - 6263))/(61(632 - 1)),
boy = —(63(616263 — 1)(6263 — 61)t2t3 — 63(6162 — 63)(6163 — 62)t3

+ (e1e2 — e3)(e2ez —e1)(1 4+ t2))/(e1(es® — 1)).
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Introduction
PSL(2,C) =SL(2,C)/{£I} is

e isomorphic to Isom™ (H3) (orientation preserving isometries

of the hyperbolic 3-space H?3),
e the group of conformal transformations of CP1.

So PSL(2,C)-representations of surface groups are important

in the study of
e Kleinian surface groups,
e CPl-structures on a surface,

e Teichmiller space (PSL(2,R) Cc PSL(2,C)), stable holo-
morphic rank 2 vector bundles (SU(2) Cc SL(2,C)).



Introduction

Fenchel-Nielsen coordinates

gi:s:rle(t?f;tﬁgl_@’[&) |«  [hyperbolic metric on S

Give a pants decomposition. Length and twist parameters

give coordinates for these representations.

39—3 3g—3
R>o X [R>9
Ny,

{(lza T’L)}

Length [; of each scc Twist parameter 7;
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Introduction

We will construct an analogue of F-N coordinates for PSL(2,C)-
reps using eigenvalues instead of length (or trace) functions.
Remark

The complex F-N coordinates for quasi-Fuchsian representa-
tions have already been defined by Tan, Kourouniotis.
Advantages of our coordinates

e Cover a much larger class of PSL(2,C)-representations,
e Only use elementary facts on 2 x 2 matrices,
e Easy to give explicit matrix generators,

e Coordinate change by elementary moves of pants decom-
positions,

e Also give coordinates for SL(2,C)-character variety.

6-f
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e SL(2,C) = {(CCL 2) | a,b,c,d € C,ad — bc = 1}

e PSL(2,C) = SL(2,C)/{+I}

~ N 1
¢ PGL(2,C) = PSL(2,C) by A oA
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Basics of PSL(2,C)

e SL(2,C) = {(CCL 2) | a,b,c,d € C,ad — bc = 1}

e PSL(2,C) = SL(2,C)/{£]}
~ L 1
o PGL(2,C) 2 PSL(2,C) by A L4
e PSL(2,C) acts on CP! = Cu{co} by linear fractional trans-

a b .Z_az—l—b
c d _cz—l-d

formation:
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Lem A

(z1,x0,x3) : distinct 3 points of CP!

(x4, 5, x%) : other distinct 3 points of CP?

There exists a unique A € PSL(2,C) s.t. A-z; = al.

In fact, A is explicitly given by
A — 1 <a11 a12>
V(@1 — 22) (22 — 23) (w3 — 21) (2] — 25) (2 — o) (x — 2p) \921 422
where
- / / / / / / / / /
a11 = z171(25 — 23) + z272(23 — *7) + 2373(T] — T3),

a1o = w1zow3(x] — 25) + wow3w (25 — 23) + z37175(T3 — T1),
ar1 = z1(25 — 23) + xo(23 — 1) + x3(2] — 25),

azp = 1171 (22 — 3) + 22w5(23 — 71) + 2323(T1 — T2).



Proof of Lem A

Consider a linear fractional transformation which sends (x1, o, x3)

to (c0,0,1). This is given by

Z— Ty T3 — T

<
Z—T]1 T3 — T

uniquely. Thus the matrix is given by

((m:e —x1) —(23— $1)$2>

(x3 —22) —(23 —22)21
For general case, consider the composition AglAl:

(z1,x2,23) X:_) (00,0,1) <—A:— (z1,25,23) O
1 2



Fact

AeSL(2,C)

e € C\ {0,+1} : one of the eigenvalues of A
z,y € CPl : fixed points of A. (Assume z # y.)

Suppose x corresponds to the eigenvector of e.

(Equivalently, assume x is the attractive fixed point if |e| > 1.)

Then A is uniquely determined by e, x, v.

=G0 6)

_ 1 (ex—e_ly —(e—e_l)xy)

T —y e—e 1 —ey+elz
=: M(e;,z,y)

10



E.Jg.

o M(e;00,0) = (8 691).

As a linear fractional transformation t — e?t.

1
o M(e;0,00) = (60 S)

As a linear fractional transformation t — e 2t.

11



Lem B

z, y : distinct points on CP1.

21, zo : points on CP! different from z and y. (27 and z> may
coincide.)

Then there exists a unique t € C* up to sign such that M (¢; z,y)

sends z1 to zo.

12



Lem B
z, y : distinct points on CP1.

21, zo : points on CP! different from z and y. (27 and z> may

coincide.)

Then there exists a unique t € C* up to sign such that M (¢; z,y)

sends z1 to zo.

Proof Since

(tz —t 1y)z1 — (¢t =t Day
M(t,x,y)-z1 = = 2o,
(ti2,y) - 21 (t —t= D)z —ty + t— 1o 2

we have
2 (x —21)(y —22) _ [
(z —22)(y — 21)
T herefore t is well-defined up to sign. [

y Xzl 2.

12-2a
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e S : a compact orientable surface

e p:m(S) = SL(2,C) (or PSL(2,C)) is reducible if p(m1(S))

fixes a point on CPL. Otherwise p is called irreducible.
e SL(2,C) acts on SL(2,C)-representations by conjugation.
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SL(2,C)- and PSL(2,C)- character variety

e S : a compact orientable surface

e p:m(S) = SL(2,C) (or PSL(2,C)) is reducible if p(m1(S))

fixes a point on CPL. Otherwise p is called irreducible.
e SL(2,C) acts on SL(2,C)-representations by conjugation.

o {p:m1(S) — SL(2,C) | irred. reps}/ ~con; Can be regarded
as a subset of the SL(2,C)-character variety Xgq7(S).

o {p : m(S) — PSL(2,C) | irred. reps}/ ~conj Can be re-
garded as a subset of the PSL (2, C)-character variety Xpgr,(S).

13-d



Representations of 71 (P)
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Take generators ~; of w1 (P) as:

T hey satisfy y1v>v3 = 1.
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Representations of 71 (P)

Let P be a pair of pants (3 holed sphere).

Take generators ~; of w1 (P) as:

T hey satisfy y1v>v3 = 1.
We will parametrize reps p : m1(P) — SL(2,C) satisfying

(i) p(v;) has two fixed points for each i,

(ii) irreducible.

14-b



Representations of w1 (P)

e; . one of the eigenvalues of p(~;)
x;,y; . fixed points of p(v;). Assume x; is attractive if |e;| > 1.

Prop 1 pis uniquely determined by e; and z;. In fact,

y = e2e;qotiyo(x; — Tiy1) + €iporiqp1(Tiqo — x;) + ejeip17(xiqp1 — Tiq0)
Z e2eiyo(w;—wiy1) + eipo(wign — ) + ejeip1(Tig1 — i42)

()

fort=1,2,3 (mod 3),
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Representations of w1 (P)

e; . one of the eigenvalues of p(~;)
x;,y; . fixed points of p(v;). Assume x; is attractive if |e;| > 1.

Prop 1 pis uniquely determined by e; and z;. In fact,

y = e2e;qotiyo(x; — Tiy1) + €iporiqp1(Tiqo — x;) + ejeip17(xiqp1 — Tiq0)
Z Zeiyo(w;—wiy1) + eipo(wigo — 2;) + ejeip1(Tig1 — Ti40)

=

fort=1,2,3 (mod 3), and thus

p(vi) = ! (a’” a’”)
VA - Y
eieiro(wir1 — i) (x40 — ;) \@21 a22

a11 = eleipoxi(xi — Tit1) + eiporit1(Tigo — x;) + eieir12i(Tip1 — Tito),

a12 = zi(€feioriya(Tit1 — 2i) + eipaTit1(zi — Tit2) + eieir17i(Tig2 — Tig1)),
a1 = eZeita(x;i — zit1) + eip2(Tito — x;) + eieit1(Tit1 — Tita),

aze = eZeiroxito(Tir1r — ;) + ejpoxi(w; — Tit0) + eeir12:(@ia0 — Tig1).
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Representations of 71 (P)
e; . one of the eigenvalues of p(~v;)

x;,y; . fixed points of p(v;). Assume x; is attractive if |e;| > 1.

Prop 1 p is uniquely determined by e; and z;. In fact,
_efejqoriqo(mi — xip1) + ejrozipr(@igo — x;) + e 12 (@ip1 — Tigo)

Y, —
Z eZeiyo(wi — xig1) + eipo(Tigo — 2) + ejeip1(Tig1 — 4 2)
fort=1,2,3 (mod 3), and thus
p(vi) = . (a” a’12>
' eieir2(xip1 — o) (wigo — ;) \@21 @22/

a11 = eleipoxi(xi — Tit1) + eiporit1(Tigo — x;) + eieir12i(Tip1 — Tito),

a12 = zi(€feioriya(Tit1 — 2i) + eipaTit1(zi — Tit2) + eieir17i(Tig2 — Tig1)),
a1 = eZeita(x;i — zit1) + eip2(Tito — x;) + eieit1(Tit1 — Tita),

a2 = eZeirotiyo(Tip1 — xi) + eipoxi(w; — Tiy2) + eieir12i(Tigo — Tit1).

Conversely, if neither e; = ece3, eo = e3ze1, ez = ejen NOr

ejerez = 1, then the above p is an irreducible rep.

15-b



Proof of Prop 1

Assume that (xq1,z2,23) = (0,00,1). Then p(~;) are uniquely

=1 . 1
determined by Fact (M(e;a;,y)zl cr—e Y (e —e )wy))

=Yy \ e—e" —ey+e 1z
—1
€1 0 er (e51 —e
P(71) = [ e71-e; . pl2) = (02 (e 12)y2>,
€1 €2
U1
1 extys —e3 (e3—ext
o) = (g e (e e ),
y3— 1\ e3” —e3 e3yz—e3
From the identity p(71)p(72) = p(~13) ™1, we have
e1 — eIl e> — elegl ey — 61651
Yi — —7 —1> Y2 = 1 » Y3 = -
62 €3 — 61 € — 62 €> — €1€3

For general case, use Lem A.

16



Proof of Prop 1

Conversely, we can show that the above p is a homomorphism

for any e; 7 0 and distinct triple 1, zo, x3.

17



Proof of Prop 1

Conversely, we can show that the above p is a homomorphism

for any e; 7 0 and distinct triple 1, zo, x3.

To make sure that p is irreducible, we have to check that y;’'s

are different from z;'s and distinct each other.
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Proof of Prop 1

Conversely, we can show that the above p is a homomorphism
for any e; 7 0 and distinct triple 1, zo, x3.

To make sure that p is irreducible, we have to check that y;’'s

are different from z;'s and distinct each other.

We can show that
e1 = epez Iff x1 = yo = y3,
ep = ezey Iff y1 = xp = y3,
ez = eyep Iff y1 = yo = w3,

erepez = 1 iff y; = yo = y3. U

17-b



Remark

e pis completely determined (not up to conjugacy) by e; and
Ly (Z — 1,2,3).

18



Remark

e pis completely determined (not up to conjugacy) by e; and
Ly (Z — 1,2,3).

e The conjugacy class of p is determined by ¢; (1 = 1,2,3),

since it is determined by tr(vy;) = ¢; + 67;—1_
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Remark

e pis completely determined (not up to conjugacy) by e; and
Ly (Z — 1,2,3).

e The conjugacy class of p is determined by ¢; (1 = 1,2,3),

since it is determined by tr(vy;) = ¢; + 67;—1_

e p also gives a PSL(2,C)-rep. Any other lift to SL(2,C)-rep
is obtained by the action of H1(P;Z5) = Hom(x1(P),Z>)

(e1,e2,e3) — (e1€1,€0€0.63€3)

where ¢, = £1 s.t. g1e0e3 = 1.

18-b



Observation

|_et
C3 > E ={(e1,ep,e3) |e; & 0,41,

6?62263 #= 1 for any s; = +1}.

Then we have

injective
E/(Z3)3 > Xor,(P)
where (Z5)3 acts on E as e; — e, 1. We also have

(E/(Z2)3)/(Zp)% e, ¥ por (P)

where (Z5)2 acts on E as (e, en, e3) — (e1e1,e0en,e3e3) for

g; = x1 s.t. g1e0e3 = 1.

19



Observation
Let X = {(z1,®0,23) | w; # z;(i # j)} C C>, then
Ex X "W Hom(r(P),SL(2,C))

pr
E

E/<%2>3 ] Xg1(P)
(E/(Z2)3)/(Zp)2 Y Xpgp(P)

The images of the horizontal maps (irreducible representations

s.t. p(v;)’'s have two fixed points) are open and dense.

20



Twist parameter

S = PuUP : a four holed sphere
P/

p:m(S) — SL(2,C) : a rep whose restrictions ., s es
to m1(P) and w1 (P") satisfies (i), (ii).

O Censt)

Y2

\
:
N
N
\
.
.
.
.
.
.
& .
\

€3

Y3

21



Twist parameter
S = PuUP : a four holed sphere

P/
p:m(S) — SL(2,C) : a rep whose restrictions .

5 Y5 eq
to m1(P) and w1 (P") satisfies (i), (ii).

Va

Let e, be one of the eigenvalues of p(~;) for

i=1,...,5and x; (resp. y;) be the fixed point (e t)

Y2

\ ,
\ g
\ /

. ,

\ ,

\ ,

. )

. ,

. ,

\ ,

. ,

e ' ‘ €3
. )

2 \ /

corresponding to e; (resp. ez-_l).
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Twist parameter
S = PuUP : a four holed sphere

P/
p:m(S) — SL(2,C) : a rep whose restrictions .

5 Y5 eq
to m1(P) and w1 (P") satisfies (i), (ii).

Va

Let e, be one of the eigenvalues of p(~;) for

i=1,...,5and x; (resp. y;) be the fixed point (e t)

. _1 Y2
corresponding to e; (resp. e; 7). \

By Lem B, there exists a unique t; satisfying ez\

M(/—t1;,21,y1) - x2 = T5.

€3

We call t1 the twist parameter.
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Twist parameter
S = PuUP : a four holed sphere

p:m(S) — SL(2,C) : a rep whose restrictions . s
to m1(P) and w1 (P") satisfies (i), (ii).

Let e, be one of the eigenvalues of p(~;) for

i=1,...,5 and z; (resp. y;) be the fixed point
corresponding to e; (resp. e; 1). A
By Lem B, there exists a unique t; satisfying 62 €3

M(/—t1;,21,y1) - x2 = T5.

We call t1 the twist parameter. To define t;, we assign an

(oriented) graph dual to the pants decomposition.

21-c



Remark

Once we fix choices of the eigenvalues eq,...,e5, the twist

parameter t1 is a conjugacy invariant. It is also well-defined

for PSL(2,C)-representations.

22



L5

&

Prop 2

e; . one of the eigenvalues of p(~;) (e1.t1)
€1,1l1

x; . the fixed point corresponding to e;

t1 . twist parameter ‘
€2
Then we have 3

zq4 = {e1(—(ex —e1e3)(es —e1eq)ty + e3(eres —eq))z1(z2 — x3)
+e12ex(eres — eq)ra(wz — 1) + ea(eres — ea)rz(xy — 22)}/
{e1(—(ex —e1e3)(es — e1eq)ts + ez(eres —eq))(z2 — 23)
+e1%en(eres — eq)(z3 — 21) + ea(eres — ea) (z1 — 2)}

_ (=(e2 —ere3)t; +erez)zy (w0 — x3) + e1exzo (23 — 1) + esx3(z — x2)
(—(ex — e1e3)t1 + e1e3)(xo — x3) + e1%ex(x3 — x1) + ea(w1 — x2)

This means that x4 and x5 are uniquely determined by

L5

r1,To,xr3 € CPl, e1,...,e5 and ty.
23



Remark

e Conversely zo> and z3 are determined by z1,z4,25 € CP1,

e1,...,e5 and ty:

Jep— (_(64 — 6165)751_1 + 6165)ZC1(ZI35 - 584) + 61264335(334 — 5131) + 64584(:61 — x5)
2 (—(eq —eres)ti P 4+ eres)(xs — xa) + e12ea(xs — x1) + ea(x1 — x5)

23 = {e1(—(ea —eres)(e2! —erez N )t1 7t + es(eren ™t — ez !))z1(ws — 7a)
+efea(eren ™ — ez VDas(za — 1) + ealeren™ ™ — ez Daa(wr — 25)}/
{e1(—(ea — eres)(e3 — erex)t1 ! + es(eres — e2)) (w5 — x4)

+e?eq(eres — ea) (x4 — 1) + ea(eres — ex) (1 — x5)}

e From Prop 1 and Prop 2, p is uniquely determined by
r1,x5,23 € CPL, eq,...,e5 and t;. The conjugacy class of

p Is uniquely determined by eq,...,eg5 and t;.

24



Remark

e Moreover a conjugacy class of w1 (b-holed sphere) — SL(2,C)
IS completely determined by these eigenvalue parameters e;

and twist parameters t; by Prop 1 and Prop 2.

ﬁ‘ o)

ey L1

(We assign (e;, t;) for each ‘interior’ edge and e; for each

‘boundary’ edge of the dual graph.)

25



Remark

e Moreover a conjugacy class of w1 (b-holed sphere) — SL(2,C)
IS completely determined by these eigenvalue parameters e;

and twist parameters t; by Prop 1 and Prop 2.

ﬁ‘ o)

ey L1

(We assign (e;, t;) for each ‘interior’ edge and e; for each

‘boundary’ edge of the dual graph.)
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Remark

e Moreover a conjugacy class of w1 (b-holed sphere) — SL(2,C)
IS completely determined by these eigenvalue parameters e;

and twist parameters t; by Prop 1 and Prop 2.

ﬁ‘ =

e

(We assign (e;, t;) for each ‘interior’ edge and e; for each

‘boundary’ edge of the dual graph.)
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Parametrization
S : a surface of genus g.
Given

C C S : a pants decomposition

(set of maximal disjoint scc.)

G : an (oriented) graph dual to C

We will parametrize the reps into PSL(2,C) satisfying,
(i) p(c) has two fixed points for each scc ¢ C C,

(ii) restriction to each pair of pants is irreducible.
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Parameters

Assign an eigenvalue parameter e¢; and a twist parameter ¢; to

each edge of G.

Let P be the set of triples of scc’s of C which are the boundary
of a component of S\ C. We let
E(S,C) ={(e1,-..,e34-3) |e; # 0, %1,

6,?16:;2623 #* 1 for (i,j4,k) € P}.

We will reconstruct a representation from (el,...,e3g_3) c

E(S,C) and t; € C\ {0}.
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Matrix generators

For a dual graph, we give a presentation of w1(S5).
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Matrix generators

For a dual graph, we give a presentation of 71(S).

(e2,t2)

Take a maximal tree T' in the dual

graph G.
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Matrix generators

For a dual graph, we give a presentation of 71(S).

Cut S along the scc’s correspond-
ing to the edges G\ T, we obtain
a 2g-holed sphere 5.
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Matrix generators

For a dual graph, we give a presentation of w1(S5).

Take aj, ;44 € m1(Sg) for each
edge of G\ T. They satisfy

Oéz'l...ozz'zg — 1.

(Eg. azajasags = 1 on the left

Figure)
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Matrix generators

For a dual graph, we give a presentation of w1(S5).

Take (1,...,08g € m1(S) for each
edge of G\ T.
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Matrix generators

For a dual graph, we give a presentation of ©1(S).

m1(S) has the following presenta-

tion:

—1 —1
<Oé]_,...,0429,,81...,89 | ail”'a’igg: 1, Xg4i :/B’L O‘zﬁz>
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Matrix generators

For a dual graph, we give a presentation of w1(S5).

m1(S) has the following presenta-

tion:
(Eg. on the above Figure,
<a17 ¢t a47 /817/82 | a3a1a2a4 — 17
a3t =p17 1B, ag Tt = Batanso)

= (a1,a,01,82 | [B1 1, a7 Has, 71 = 1) )
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We give matrices corresponding to these generators.

Step 1 Compute sufficiently many number of fixed points

for G (universal cover of G) by using Prop 2.
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Step 1 Compute sufficiently many number of fixed points
for G by using Prop 2.
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Step 1 Compute sufficiently many number of fixed points
for G by using Prop 2.
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Step 1 Compute sufficiently many number of fixed points
for G by using Prop 2.

L6
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Step 1 Compute sufficiently many number of fixed points
for G by using Prop 2.

Irs Ty

9 L6
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Step 2 Using Prop 1, compute the matrices for a;'s.

Recall Prop 1:

o0 = 1 (o o).

eieito(xir1 — i) (g0 — ;) \ @21 G22
ail = 62-267;+2$¢($¢ — Tig1) + epoxip1(Tigo — x) + eieip1xi(Ti41 — Tigo),
alz = Jii(62-2€¢+256¢+2(33i+1 — xz‘) + 67;+2£B7;+1(5L’z' — ZII¢+2) + €z'€z'+1£lfz'(33z'+2 - 56@4—1)),
az1 = 6,-2€z'+2(33z' — 1) + eipo(Tigo — x) + eieip1(mip1 — Ti42),

azo = 62-26¢+2£U¢+2($1;+1 — xi) + eipoxi(®i — xig2) + eieip1Ti(xiqo — Tit1),

(SL(Q,(C) matrix from eigs e1,en,e3 and fixed pts 331,562,333.)

€1 1

To e3
€ x3
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Step 3 Using Lem A, compute the matrices for 3;'s.
Recall Lem A:

There exists a unique matrix in PSL(2,C) s.t. (x1,x2,23) —

1

I3

2

This kind of matrix conjugating p(a;) to p(ay4;) 1.
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Thus we can reconstruct a PSL(2,C)-representation from the
eigenvalue and twist parameters. In other words, we have

obtained a map

E(S,C) x (C\{0})%973 — Xpgr(9).
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Thus we can reconstruct a PSL(2,C)-representation from the
eigenvalue and twist parameters. In other words, we have

obtained a map
E(S,C) x (C\{0})%973 — Xpgr(9).

If we take a covering space Y corresponding to the signs of

p(B;), we obtain the following diagram

Y Xsr,(S)
HY(GiZy) HY(S;Zy)
E(S,C) x (C\ {0})393 Xpsr(S)

(Here the covering group H(G;Z5) = (Z5)9.)
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Examples:
4 holed sphere
We apply Prop 2 for (xz1,zp,z3) =

(c0,1,0), then we have

__e1(eo —ejrez)(es —ereq)t; —er(e3 —eren)(eres —eq)
I (e12— 1)en(eres — e4)
1 >(er1es —eq
e (ex —e1ez3)t; —e1(e3 —ejen)
> (e12 — 1)ep |
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By Prop 1, we have,

6_3_6\ e e :1 e1 1
p(71)=(01 2 1/, p(72)=( e )

€1

e1?(ea+es ') er(es? +1) | (ereses —1)(ereo —e3)(eres — eq)

MTT201) (@2 Des | (12— Dleres —edeaests
—eq

"2 7 (612 = 1)2ep(e1e3 — ea)eqests

x ((e1ezes + erenea)(t1 + 1) — eses(e1? + t1) — ezea(l + e1%t1))

x ((e1ezeses + e1e2)(t1 + 1) — eseqes(er® +t1) — e3(1 + e1%t1)),
o _e2(eres —eq)(ereqes — 1)’

e1(e1e3 — ex)egesty

ion _—(eqa + es” 1) n e1(es® +1)  (ereqes — 1)(eren —e3)(eres — e4)

(e12 —1) (e12 — 1)es (e12 — 1)(e1e3 — en)egesty



For example, we have

aj
tr(p(v3v4)) = —,
az

_ (ezez —e1)(e1e3 — e2) (eaes —e1)(e1eq —es5),

‘1= e1€e0e3 e1€e4es5 1
~ (1 —ejepe3z)(erep —e3) (1 —ejeqes)(eres —eq) 1
€1€e0e3 €1€e4¢e5 t1
+ x1(x3x5 + x2x4) — 2(x2x5 + x3X4),
ay =(e1 —e1 ™ 1)?.
1

where y; = e¢; +e¢e;” .
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One holed torus
Define a pants decomposition, a dual

graph and the parameters eq1,eo,tq1 as

in the right Figure. Then we have

e 6_1 — e_le_l
plar) = <01 N ) :
1
,0(5 ) — 1 ((62 — 6%)751 + (62 — ]-) (tl + 1)(1 — 62))
1 v—eoti(ef — 1) —es(ef — 1) ex(ef — 1)
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(e1,%1) (es,t3)

(e2,t2)
Closed surface of genus 2
. ell 0
p(ar) = (_el U, el), . )
e1ex 7 er —erext
plaz) = (—6211+3€1631 €2 -|—2€21 1—21631) f1 &\ P2

] a2

. 1 a1 ai2 _ 1 bll b12
p(f1) - Vits (a21 azz |’ p(B2) = (€22 — 1)es/Tatz \b21 b22 )’
(ece3 —e1)(t3 + 1) __e1(t1 +1)(erex —e3)

9 alz1 — 9
e1(e3?2 — 1) (e12 — 1)eo

(616263 — 1)(6163 — 62)t1t3 — (6162 — 63)(6263 — 61)(t1 + t3 + 1)

azp =
(e12 —1)ex(ez2 —1)
bi1 = (e1e2 — e3)to — ex(enes — e1),
bio = —(eze3 — e1)(es(erezez — 1)tots + (e3 — ere2)to
+ ezes(ex — e1e3)ts — ea(er — ezes))/(e1(es? — 1)),

bo1 = (e1e2 —e3)(t2 + 1),
boy = —(63(616263 — 1)(6263 — 61)t2t3 — 63(6162 — 63)(6163 — 62)t3

+ (e1en — e3)(ezez —e1) (1 +t2))/(e1(es® — 1)).

a1l =1 aijp=—
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Action of (z/2z)39—3
For each pair of pants, (Z>)3 acts on the eigenvalues as
e1—e1 t, earrexl, ezrvez Tl

In general the action affects on the twist parameters:

—1 —1 €5

(e1,t1) — (e1” " t1 ), ’
_1 epez —e1 ejez —eo

) ) tl)a
1l —ejene3z ejen —e3

(e1,t1)

(e2,t1) — (e2

e3 — egl,

€4 — 64_17

_1 esges —e] e1eq —eg
(e5.11) = (e5 - PO

'l —ejeqes ejes —eq

€3

44



Globally (Z5)39—3 acts on the parameter space
E(S,C) xT

where T = (C\ {0})3973 corresponds to the twist parameters.
The map E(S,C) xT — Xpgr(S) induces

(E(S,C) x T)/(Z2)>97> — Xpgr(S).
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Globally (Z5)39—3 acts on the parameter space
E(S,C) xT

where T = (C\ {0})3973 corresponds to the twist parameters.
The map E(S,C) xT — Xpgr(S) induces

(E(S,C) x T)/(Z2)>97> — Xpgr(S).

Thisis not injective since we can change the signs of the eigen-
value parameters as (e;, ej,er) — (g;65,€5€5,epex) Tor g;eie, = 1
if (e;,ej,ex) belongs to a pair of pants. Globally the group is
isomorphic to H1(G;Z»>) = (Z>)9.
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Globally (Z5)39—3 acts on the parameter space
E(S,C) xT
where T = (C\ {0})3973 corresponds to the twist parameters.
The map E(S,C) xT — Xpgr(S) induces
(E(S,C) x T)/(Z2)>97> — Xpgr(S).
Thisis not injective since we can change the signs of the eigen-
value parameters as (e;, ej,er) — (g;65,€5€5,epex) Tor g;eie, = 1

if (e;,ej,ex) belongs to a pair of pants. Globally the group is
isomorphic to H1(G;Z»>) = (Z>)9.

T heorem
((E(S,C) x T)/(Z2)3973) /(Z2)9 Ve, X o1 (9).
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This map gives a parametrization of the representations sat-

isfying (i) and (ii). In particular, it contains all quasi-Fuchsian

representations.

As a summary, we have the following diagram:
(Zp)39~3

Y Xsr(S)
H(G;Z2)
E(S5,C)xT H1(S:Z5)
H1(G,;Z2)

(E(S,C) x T/H1 (G Z5)) @2 X pg1(S)

The horizontal maps induce injections after taking quotient.
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Coordinate change

Our coordinates depend on the choice of a pants decompo-

sition with a dual oriented graph. We will give a formula for

coordinate change.

Prop Any two pants decomposition with dual graphs are re-
lated by the following five types moves. Transformation for-

mulas for such moves are given as follows.
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(I) Reverse orientation Reverse the orientation of an edge

of the dual graph.
e (& (& €
N N

—1 eiep—ezeies—eqy —1
(617 tl) (61 ? erez—en 6164—€5t1
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(II) Dehn twist Change the dual graph by a (left or right)

Dehn twist along a pants curve.

(III) Vertex move For a vertex of the ..
dual graph, change the edges adjacent to > '
the vertex by their right half-twists as: .A .

These moves are (locally) expressed by compositions of the

following formula:

__ei(erez—en)
ei1er—es tl)
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(IV) Graph automorphism Just change the variables by per-

mutations.

(V) Elementary move On a subsurface homeomorphic to a
one-holed torus or a four-holed sphere, we define the moves
by:

(a clockwise rotation of angle 7/2)
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The transformation formula for type (V) move is compli-
cated...

. (e1ep —e3)(e1ez —en)(t1 + 1) epel] — €5,

2 — /
(ecez —e1)(ere3 —en)t1 + (1 —ejesez)(eren — e3) epes — €

_ (egez —e1)((e1ez —en)(ereqa —es)t; + (e1eo —ez)(er1es —ea))

25

/
s = (e1e3 —e2)((exe3 —e1)(ereq —e5)t1 + (1 —erenez)(eres — 64))t3’
= (er1e3 —en)(erea —es)ty + (e1eo — e3)(e1e5 —ea) eze] —es ta
(e1e3 — e2)(eges —e1)t1 + (ereo — e3)(1 — ejeqes) 1 —ezeqe
y (eres —es)(ereqes — 1)(t1 + 1) ;
5 5,

~ (e1 —eges)(ereq —es)ty + (ereses — 1) (eres — ea) »



where €} is one of the solution of

2% —tr(p(v374))z + 1 =0

where
tr(p(v3va)) = = —1)2 (‘ (eaca — e1)leres — ca) (eacs —1)lerce Zeo),
(e1 —e1™ 1) e1enes e1eses
__(1 — e1eses)(e1es —e3) (1 —-616465)(6165-—-64)££
€1€2€3 €1€4€s5 11
+ (e1 + 61_1)((63 +e3 (es+es )+ (e2+ e H)(ea+ 64_1))
—2((ea+ex(es+es )+ (es+ ez )(ea+ 64‘1))).
And

1 e’ esen e’ eses

e) + ¢ 7' (esea — €))(elea — es) (ezeq — €]) () e3 — ea)
(€ = ™) (E o9 = ¢ rotmn)

— (b + et D ((ea+e3M)(es+e3h) + (ea+ ez (es +esh))
+2((es+e3")(es +egt) + (e2+e5")(ea + eﬁ))

ty =

I omit the one-holed torus case.

1
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Geometric meaning of the twist parameters
It is easy to see that
{(eiati> S R2(39—3)|€i < _17 ti > O}

corresponds to the Fuchsian representations. Restrict to this

subset, we can interpret our twist parameter as:
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On the other hand, usual F-N twist

parameters are defined as:

Prop Let ¢tV be the exponential of the usual F-N twist pa-

rameter. Then we have

(PN J (e1e3 —en)(ege3z —e1)(e1e4 — e5)(eqe5 — €1) .

(e1eo —e3)(erepes — 1)(eres —eq)(ejeqes — 1)
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Remark

"NV is invariant under the action of (Z/27)39=3 up to sign. It
might be a better parametrization although I do not know any

appropriate choice of signs.

The traces of the four holed sphere seem to be much simpler.

1
tr(p(v3v4)) = (0, — o, -1)2 <—\/(X% + X3 + X3 — x1x2X3 — 4) X

\/(X% + x5+ x& — x1xaxs — DY + V)7
+ x1(x3x5 + x2Xx4) — 2(x2X5 + X3X4)>

where y; = €; + ei_l.
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Remark

¥V is invariant under the action of (Z/27)39=3 up to sign. It
might be a better parametrization although I do not know any

appropriate choice of signs.

The traces of the four holed sphere seem to be much simpler.

. 1 (epe3 —e1)(e1e3 —en) (eges —ey)(ereq — e5)
tr(p(73’y4)) - —1\2 T t].
(e1 —e1 ) ejeoes e1e4€es
(1 —ejegez)(erep —e3) (1 —ereqes)(eres —eq) 1
€1€0€e3 €1€e4¢e5 tq

+ x1(x3x5 + x2x4) — 2(x2x5 + X3X4)>

where y; = e; + ei_l.

55-a



Developing map
S : a bordered surface (mainly interested in a pair of pants)
T : ideal triangulation of S

The universal cover S of S has an ideal triangulation T lifted

from T.

An equivariant map f : 9T — CP! is called a developing map.

Y3V1

By Lem A, a developing map determines a representation
m1(S) — PSL(2,C).
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For a developing map f : OscT — CPl we as- o
sign to each edge of T' a complex number defined

by the cross ratio [f(vg), f(v1), f(v2), f(v3)] where §
(vo,v1,v2) and (vg,v1,v3) are ideal triangles of T

vo

as in the right figure.

Conversely, a developing map is completely determined by

these complex parameters:
Lem C
rg,x1,To . distinct points of CP1, 2 e C\ {0}

Then there exists a unique z3 € CPL s.t. [zg,z1, 20, 23] = =.

(Set a3 = *EEN=L 5™ )
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We can develop T to CP! by Lem C inductively:
0 cp?

L2
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We can develop T to CP! by Lem C inductively:
0 cp?

L2
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We can develop T to CP! by Lem C inductively:
0 cp?

L2
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We can develop T to CP! by Lem C inductively:
0 cp?

58-c



We can develop T to CP! by Lem C inductively:
0 cp?
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Counterparts of Prop 1 and Prop 2 in this context are ex-

pressed as follows:

Prop 1’

€1

A pair of pants whose eigenvalue parameters €3

€1€2

€2
eseq

e1, en, ez has complex parameters as in the left

figure. = €3

Prop 2’

Iy T4

The twist parameter t1 describes CP!

the relative position of the two

I
Y1

developed triangles.

2 x3

59



Continue to the second part

60



