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Review of part I

S : a compact orientable surface (genus g, |9S| =1b, x(S5) < 0)
Xpgr(S) : the PSL(2,C)-character variety of S

In part I, we have constructed a map

Co970%20 , Xpgr(9)

essentially considering the action of PSL(2,C) on CP!.
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S : a compact orientable surface (genus g, |9S| =1b, x(S5) < 0)
Xpgr(S) : the PSL(2,C)-character variety of S

In part I, we have constructed a map

CP97°%20 — Xpgr(S)
essentially considering the action of PSL(2,C) on CP!.
In part II, we will construct PGL(n,C)-representations using

the action on the flag manifold F;, based on a work of Fock

and Goncharov. This is a joint work with Xin Nie.



PGL(n,C) := GL(n,C)/C*,
PSL(n,C) := SL(n,C)/{¢ | €" = 1}.
These are isomorphic but PGL(n,C) is convenient for our ar-

guments.

Flag

A (full) flag in C"™ is a sequence of subspaces
(oy=vlcvilcvic...cvr=C"

We denote the set of all flags by F,. GL(n,C) and PGL(n,C)

act on F,, from the left.

( ke 3k )
Fact F,=GL(n,C)/B vvhereB:<( 5)>




We represent X € GL(n,C) by n column vectors:

X = (azl 2 .. :13”) (z* € C™)
An upper triangular matrix acts as
b11 b1n
X . | = (br1zt broxl +booz? Lol byl 4+ buna®)
O bnn

By setting X* = spanc{z!,...,2'}, we obtain a map
GL(n,C)/B — Fp.

This is bijective.

We call an element of AF, := GL(n,C)/U an affine flag where

( 1 ... % )
U= ( ) ». (3 a projection AF,, — Fn.)
O 1

\ /



Generic k-tuples of flags

X1,..., X ¢ flags

Take a representative X, = (a:} -zl) € GL(n,C)

(X1,...,Xy) is generic if
det(w%ajzllcc%:c?m%xzk) #* 0

for any 0 <1iq,...,1 < n satisfying i1 + 1o+ -+ + 1. = n.
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Generic k-tuples of flags
X1,..., X ¢ flags
Take a representative X; = (z} ---2%) € GL(n,C)
(X1,...,Xy) is generic if
det(x%wrbllcc%:c?:c%xzk) #= 0
for any 0 <1iq,...,1 < n satisfying i1 + 1o+ -+ + 1. = n.
T he genericity does not depend on the choices of the matrices
X,
Moreover for Xq,..., X € AF,, the determinant is a well-

defined complex number. Denote it by det(X{1 X2, ..X,i’“).
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n-triangulation

A triple (4, 4,k) of integers satisfying 0 <i4,5,k<n and i+ 45+

k = n corresponds to an integral point of a triangle.

(4,0,0)
(3,0,1)
(2,0,2)
mw
(0,4,0) (0,0,4)

We give a ‘counter-clockwise’ orientation to each interior edges

of the n-triangulation.
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Definition of the triple ratio
X, Y, Z € F, . a generic triple of flags
We fix lifts of X, Y, Z to AF, and denote A%}k := det(X'Y7Zk).

(4,7 +1,k—1) (4,5 —1,k+1)
Y A

The triple ratio is defined (for 1 <4,5,k<n—1) by
Ait+15.k—1 Ai—1,j+1k Atj—1,k+1
ANit+1lj—1kpadj+1,k—1Ai—15k+1

TWE(X)Y, Z) =

This does not depend on the choice of the representatives.
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Definition of the triple ratio
X, Y, Z € F, . a generic triple of flags
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Definition of the triple ratio
X, Y, Z € F, . a generic triple of flags
We fix lifts of X, Y, Z to AF, and denote A%}k := det(X'Y7Zk).

(4,7 +1,k—1) (4,5 —1,k+1)
Y A

The triple ratio is defined (for 1 <4,5,k<n—1) by
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TWE(X)Y, Z) =

This does not depend on the choice of the representatives.
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Facts

For a generic triple X,Y,Z € F, and A € PGL(n,C), we have
TYIR(X,Y,Z2) =TVF Y, Z, X) = T (Z,X,Y),
TWIHR(X,Y,Z) = THIR(AX, AY, AZ).

If we let

Confr(Fn) = GL(n,O\{(Xq,...,X) | X1,..., X : generic},

TH3k are invariants of Confs(F,). Moreover,

Theorem (Fock-Goncharov)

A point of Confs(Fy) is completely determined by the {7=1){n=2)

triple ratios.

We will give a sketch of a proof.



Prop 1

Let (X,Y,Z) be a generic triple of F,. Then there exists a
unique A € GL(n,C) and upper triangular matrices By, B>, B3

up to scalar multiplication s.t.

1 O (O 1)
AXBlz( y ), AY By = oo,
O 1 \1 O)
(10 -+ 0 )
AZBsz = ? 1__ O
\1 * 1 )



Prop 1

Let (X,Y,Z) be a generic triple of F,. Then there exists a
unique A € GL(n,C) and upper triangular matrices By, B>, B3

up to scalar multiplication s.t.

1 O (O 1)
AXBlz( . ), AY By = : ,
O 1 \1 O}
(10 - 0 )
AZBs = ? 1__ O
\1 * 1 )

(Thus the lower triangular part of AZB3 gives a set of com-

plete invariants of the configuration of generic triples of flags.)



Prop 2

The lower triangular part of AX B3 is uniquely determined by
the triple ratios TH5(X,Y, Z)

From Prop 1 and 2, we obtain the Fock-Goncharov's thm.

E.g. Whenn=23, let T=TbL1(X Y, 2), then

100 001 1 0 O
Iz=|010|, cs3=(010/|, |1 1 O
0 0 1 100 1 T+1 1

When n = 4, let TWk = THk(X )Y, Z), then

1 0 0 0\
1 1 O 0
147 047 1 T121 _I_ 1 1 0

Kl (T211—|—1)T121—|—1 (T112—|—1)T211—|—1 1)



Actually we can construct A € PGL in Prop 1 explicitly.

Lem For a generic triple of flags (X, Y, Z), there exists a unique

element A € GL(n,C) such that

) (O 1, 1
AX = : , AY = s : Az]':

\Wn1 " Ynn
Proof We need to find a matrix A = (a;;) satisfying

azlxl + azQZEQ T T aznm = 0, (J < Z)

azlyl N a22y2 L ainy% — U, (3 <n-—1t+ 1>
1 1

;121 + a;pz3 + -+ ajpzy = 1.
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aj17] + apprh + -+ ajpprd, =0, (5 < i)

a;1y1 +apoys + -+ aipyl, =0, (<n—i+1)
1 1 1 _

a;121 + @225 + - + ainzy = 1.

This system of linear equations is equivalent to:

Cal b

:1:7:;[_1 - ac%_l a;1 (O\

y% T 1 =10 (1=1,...,n)
: : Q.

T Y

By genericity, the above n X n-matrix is invertible, thus there

exists a unique A € M(n,C). []

12



Cor A Let XY € F, and z € CP" 1 be a generic triple, and
X'Y' e F, and 2 € CP"™ 1 another generic triple. Then there
exists a unique matrix A € PGL(n,C) s.t.

AX =X, AY =Y Az=2.

Proof Since there exist unique A7 and A5 in PGL(n,C) s.t.
1

X —Ih—X, Y—Ch—Y' 2—]|:|—72.

A1 Ao A1 Ao A1 1 Ao

Put A= A5'4;. O

Cor B Let X,Y € F, and z € CP" 1 be a generic triple. For

any ("_1)2(”_2) non-zero complex numbers {T%3:k}, there exists
a unique Z € Fp s.t. Z1 =z and THR(X,Y, Z2) = T4k,

13



Definition of the edge function

X,Z € AF,:. affine flags, y,te C"™ : vectors
X

(i,n—i—1,1)

Y
(i—1,n—1,1)
Z
We define the edge function for ¢+ =1,...,n—1
. NALn—t—11lxy 7 L N—Ln—ilxy 7
5Z(X’y7Z,t):— ( Y Y ) ( Y 7y)

Ai_l’n_l’l(Xa Za t)Ai’n_i_l’l(Xa Za y)
This is well-defined for X,Z € F, and y,t € CP" 1,
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Definition of the edge function

X,Z € AF,:. affine flags, y,te C"™ : vectors
X

(i,n—i—1,1)

Y
(1—1,n—1,1)
Z
We define the edge function for ¢+ =1,...,n—1
. zcki,TL——i——l,]. X. 7 t Zﬁsi——lﬂ7l——i,1 X. 7
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Definition of the edge function

X,Z € AF,:. affine flags, y,te C"™ : vectors
X

(i,n—i—1,1)

Y
(i—1,n—1,1)
Z
We define the edge function for ¢+ =1,...,n—1
. NALn—t—11lxy 7 L N—Ln—ilxy 7
5Z(X’y7Z,t):— ( Y Y ) ( Y 7y)

At=bn=LI(X Z )yAtn—i=L1(X, 7 y)
This is well-defined for X,Z € F, and y,t € CP" 1,
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For a quadruple X,Y, Z,T € F,, we simply denote

SUX,Y,Z,T) =X, Y zTh.

T his satisfies

SY(AX, AY,AZ, AT) = §Y(X,Y, Z,T).

Thus they are functions on Confa(Fn).

For (X,Y, Z,T), we have 2x (”_1)2(”_2) triple ratios from (X, Y, Z)
and (X, Z,T) and (n — 1) edge functions.

Theorem (Fock-Goncharov)

These (n—1)(n—2)4 (n—1) = (n—1)2 invariants completely
determine a point of Conf4(Fy).

15



Lem C Let X,Z € F, and y € CP" 1.

C* there exits a unique t ¢ CP" 1 s t.

Proof By Cor A, we can assume that

1
X =
O

T hen

6Z(X7y727t> — -

For any dq,...
X,y Z,t)=d;. (i=1,....n—1)
0 (0 1)
, 4= , Y=
' \1 O
Iz' O : I’i—l O :
O O ti—l—l O O Yi
O|Ch i1 O |Chj|:
Ii—l @, : I’i O :
O O |t O O Yit1
O |Cpi]: O|Ch i1 5

7dn—1 =

Yi

Thus t € CP™* 1 is uniquely determined by 61, ... é7—1. O

16
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When n = 2, if we regard [y1 : yo] € CPLl asy = y1 /yo> € CU{oco}
we have the following picture:

X1 =

{
51(X7y727t) — _y—2 ) _1
Y1 to

t = —dy

m where d = 61(X,y, Z,t).

17



Parametrization of reps of 71(S)

S

a bordered surface,

T

an ideal triangulation of S
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Parametrization of reps of 71(S)

S . a bordered surface, T . an ideal triangulation of S
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corresponding to the triple ratios.
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Parametrization of reps of 71(S)

S . a bordered surface, T . an ideal triangulation of S

For each triangle of T, assign (”_1)2(”_2) complex numbers
corresponding to the triple ratios.
For each edge of T, assign (n — 1) complex numbers corre-

sponding to the edge functions.

Using Cor B and Lem C, we can construct a developing map
6OOT—> Fn from these parameters as follows.

(T is the triangulation lifted from T to the universal cover S

and 9T is its ideal boundary.)
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Construction of the developing map

Xo f’n

Take Xg, X1 € F, and X4 € Cpnt

arbitrarily.

19



Construction of the developing map

Xo Fn
Lift X3 € CP" ! to X, € F,, by Cor
B according to the triple ratio pa-
rameters.
)(1 -)(2

(Cor B Let X,Y € F, and z € CP* 1 be a generic triple. For

any ("_1)2(”_2) non-zero complex numbers {T%3:k}, there exists

a unique Z € Fp s.t. Z1 =z and TWE(X,Y, Z2) = Tk
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Construction of the developing map

Xo Fa
X1 X3
Define X3, X1, X2 e CP" 1 by Lem
C according to the edge functions.
X1 X2
X3

(Lem C Let X,Z € F, and y e CP* 1. Forany dy,...,d,_1 €

C*, there exits a unique t ¢ CP"*1 s t.

X,y Z,t)=d;. (i=1,....n—1) )
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Construction of the developing map

Xo Fa
X X5
’ Lit  x1,x}x! e cPl to
X3, X4, X5 € Fn by Cor B according
to the triple ratios.
)(1 -)(2

X4
(Cor B Let X,Y € F, and z € CP* 1 be a generic triple. For

any ("_1)2(”_2) non-zero complex numbers {T%3:k}, there exists

a unique Z € Fp s.t. Z1 =z and TWE(X,Y, Z2) = Tk
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Construction

Xo

of the developing map

Fn

Xs
Iterate these procedures, we obtain

a developing map 9scT — Fi,.
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Construction of the developing map

Xo Fo,
X3 Xs .
By Cor A, we can also obtain a rep-
resentation m1(S) — PGL(n,C) ex-
plicitly.
_)(1 -)(2
X4

(Cor A Let X,Y € F, and z € CP™ 1 be a generic triple, and
X' Y'e F, and 2/ € CP" 1 another generic triple. Then there

exists a unique matrix A € PGL(n,C) s.t.
AX =X Ay =Y' Az=7))

19-e



In particular, representations of the w1 of a pair of pants are

parametrized by 2 x (”_1)2(”_2) F3x (n—1) = n?—1 parameters.
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The remaining problem is how to glue the representations

along boundaries.
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We can glue two representations along their boundaries iff
their monodromies along the boundaries are conjugate, In
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In particular, representations of the w1 of a pair of pants are

parametrized by 2 x (”_1)2(”_2) F3x (n—1) = n?—1 parameters.

The remaining problem is how to glue the representations

along boundaries.

We can glue two representations along their boundaries iff
their monodromies along the boundaries are conjugate, In

other words, iff they have same eigenvalues.

We have to compute the eigenvalues of the monodromy along

a boundary curve from the triple ratios and edge functions.
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Computation of eigenvalues
P : a pair of pants

FiX va, v, ve € w1 (P) as in the figure.
p:.m1(P)— GL(n,C) : arep

€a,1,---:€an - the eigenvalues of p(vq)
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Computation of eigenvalues
P : a pair of pants

FiX va, v, ve € w1 (P) as in the figure.
p:.m1(P)— GL(n,C) : arep

€a,1,---:€an - the eigenvalues of p(vq)

Assume that e, ;'s are distinct.
vg . the eigenvector corresponding to e ;

Similarly, define e ;, v}, etc.
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Computation of eigenvalues
P : a pair of pants

FiX Ya, vy, e € m1(P) as in the figure.
p:.m1(P)— GL(n,C) : arep

€a,1,---:€an - the eigenvalues of p(vq)

Assume that e, ;'s are distinct.
vg . the eigenvector corresponding to e ;

Similarly, define e ;, v}, etc.

Let X! = spanc{v},..., vt}

This defines a flag X, = {X}l C X2 C ... C X7}

Define X and X, similarly. By definition,

P(%L)Xa = Xa, P(’Yb)Xb = Xy, P(’YC)XC = Xe.

21-b



Define
Xy =p(ve)Xa, Xy =p(a)Xp, Xo=p(n)Xec

X, Fn

Xy

Xo

We have p(va) Xy = p(7a)p(15) Xe = p(ve 1) Xe = Xe.
Similarly p(’yb)Xa/ = Xy and p(’yC)Xb/ = Xp.

22



We have Xa T
p(’Ya)(Xa,XCI,Xb) — (XCMXCaXb’)a
X X
P(’Yb)(XafaX& Xb) — (XaaXc’aXb)a 0(Va)

p(’YC)(XCMXCv Xb/) — (Xa,/aXC) Xb)
Thus these triples are in the same
GL(n,C)-orbit. Thus they have same

p(w)  P(ye)

A R A
triple ratios. X

We assume that (X, X3, X¢) and (Xq, X, Xp) are generic triples.

23



We define the triple ratio parameters by
The = TR (X g, Xp, Xe),

a

U?:ajak — Ti’j,k(XachfyXb)-

a,c,b -
and the edge functions
52)[) L= 67;(XCL7X(::L7XZ)7XC:!-/)

p(Ya)

p(vw)  P(Ye)

5 = 6"(Xp, X, Xe, X o)
8L o = 6"(Xe, Xip, Xa, Xpp)
We use the following notation:

Ti7j7k

a,b,c

b,c,a c,a,b’ a,c,b c,b,a

]7k77’ —_— Tkaza.] UZJ)k —_— Jakﬂ' —_— U[f?z
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Thm

We have
. —1—1
€ait+l i i il m—i—ly il n—i—l
T 561/,55@,6 H Ta,b,c Ua,c,b )
€a,i =1
fore=1,...,.n—1.

The right hand side is the product of the triple ratios and the
edge functions on the red line.

(7,0,n — 1) '
N \(z/—l—l,O,n—z—l)

X

~ ~

Xa Xy

UL VATATAT
AP

25



Sketch of proof
We fix a lift X, € AF, of X,. (Fix X, and X, similarly).

For O <1,3,k <n satisfying 1+ 4+ 53 + k = n, we denote

AVTF = det(XLXIXE), A = det(XiIXFX)), etc.

a,c’.b a,c,bl T

26



Sketch of proof
We fix a lift X, € AF, of X,. (Fix X, and X, similarly).
For O <1,3,k <n satisfying 1+ 4+ 53 + k = n, we denote
.7 .7]{“ — viv] v Y k
AV, = det(XEXIXE), AL, = det(X XEX]), etc.

Consider the product of the triple ratios and the edge func-

tions corresponding to the vertices on the red line. These are

written in terms of AL%, and most of them cancel out;

n—1—1q

1 vln—1—ly0,l,n—i—I
Og b(SCLC Hl T a,b,c U c,b

a’))

Az—l—l,O,n—i—lAi—l,l,n—i Ai,O,n—iAi,l,n—z’—l

— ac'b ac'b acb/ acb’
= i0m—i nd.Imn—i—1 iF1.0m—i—1 Ai—1.1.n—i
Aa,c’b Aac’b Aacb’ Aacb’
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On the other hand, we have

det p(7a) - det(X X X]) = det<<p<va>5<2>@'<p<va>i N (p(1a) X))

e a1’ azdet(XZX]Xb/)
€c,1 " €c,j

T hus we have

1+1,0n—1—1 A 1—1,1,n—2 1+1,0n—1—1 A 1—1,1,n—2
Aac’b A(JLc’b _ €ai41 Aacb’ Aacb’
1,0n—1 A 2,1, n—2—1 o , 1,0n—1 A 2,1, n—2—1
Aac’b Aac’b €a,i Aacb’ Aacb’
T herefore
. n—1—e zln 1—ly 0.l n—1—1
) 77 gyl 0
5 béCLC lH]_ T Ua,’cjb
S T N
T 1,0,n—1t A 2,1, n—i—1 +1.0n—i—1 A i—1,1,n—1
Aac’ b Aac’ b Aacb’ Aacb’
€a,i4+1
= Zeitl
€a,i
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Twist parameters
Let S = PU P’ be a four-holed sphere. We fix a

system of generators ~a, vy, Ve, Vg, Ye € ©1(S) as in
the figure. Let p: 7 (S) — PGL(n,C).
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Let S = PU P’ be a four-holed sphere. We fix a

system of generators ~a, vy, Ve, Vg, Ye € ©1(S) as in
the figure. Let p: 71(S) — PGL(n,C).

We need to assume some genericity conditions but I omit them
here.
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Twist parameters
Let S = PU P’ be a four-holed sphere. We fix a

system of generators ~a, vy, Ve, Vg, Ye € ©1(S) as in
the figure. Let p: 71(S) — PGL(n,C).
We need to assume some genericity conditions but I omit them

here. Let vl,...,v? be the eigenvectors of p(va).

Define flags X, and Y, by
Xk =spang{v},...,v"}, YF =spang{o? Tl ... 7}

a a

We have ﬁ)(”ﬂl)‘)(a,::: ;X:l and [)(’Yal’}il :::.}il-
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Twist parameters
Let S = PU P’ be a four-holed sphere. We fix a

system of generators ~a, vy, Ve, Vg, Ye € ©1(S) as in
the figure. Let p: 7 (S) — PGL(n,C).

We need to assume some genericity conditions but I omit them
here. Let vl,...,v? be the eigenvectors of p(va).

Define flags X, and Y, by

Xk =spang{v},...,v"}, YF =spang{o? Tl ... 7}

a
By assumption, (Xq, Ya, X}) and (Xa, Ya, X2) are generic. Thus

we can define the twist parameters along ~, by

0 (Xay X Yo, XD (G=1,...,n—1).
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The twist parameter 69(Xa, X1, Ya, X1) Fn
describes the relative position of the two Xa v,
developing maps.

X Xe

Combining with the triple ratio parameters and the edge func-
tions from two pairs of pants, we can construct a developing

map for S, and thus a PGL(n,C)-representation.
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F-N coordinates of PGL(n,C)-representations

S . closed, genus g > 1, C' . a pants decomposition of S
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F-N coordinates of PGL(n,C)-representations
S . closed, genus g > 1, C' . a pants decomposition of S

For each pair of pants S\ C, we assign

o 2 X (”_1)2(”_2) triple ratio parameters, and

e 3 X (n—1) edge function parameters.
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F-N coordinates of PGL(n,C)-representations
S . closed, genus g > 1, C' . a pants decomposition of S

For each pair of pants S\ C, we assign

o 2 X (”_1)2(”_2) triple ratio parameters, and
e 3 X (n—1) edge function parameters.
For each pants curve, we assign

e (n— 1) twist parameters.

30-b



For each pants curve of C, we have to impose (n—1) relations

to have same eigenvalues up to scalar.

31



For each pants curve of C, we have to impose (n—1) relations
to have same eigenvalues up to scalar. These relations are

explicitly given by Thm:
n—1—1

e . _ . N T
a,i+1 — 5?1 bdz H Tz,l,n 1 le,l,n 1—I
. Y l:l

e a,C a,b,c a,c,b )
a,t
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For each pants curve of C, we have to impose (n—1) relations

to have same eigenvalues up to scalar. These relations are

explicitly given by Thm:

n—1—1

Cai+1 i i tln—i1—ly0,0,n—1—I
. _'5mU§ ZIL_CT b,c U-ﬁﬁ )

a,c a, a
€a,i

Thus we have
e (2¢—2)((n—1)(n—2)4+3(n—1))+(39g—3)(n—1) parameters

e (3g —3)(n—1) relations
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For each pants curve of C, we have to impose (n—1) relations
to have same eigenvalues up to scalar. These relations are

explicitly given by Thm:

n—1—1

Cai+1 i i tln—i1—ly0,0,n—1—I
. _'5mU§ ZIL_CT b,c U-ﬁﬁ )

a,c a, a
€a,i

Thus we have
e (2¢—2)((n—1)(n—2)4+3(n—1))+(39g—3)(n—1) parameters
e (3g —3)(n—1) relations

Thus some subset of the PGL(n,C)-character variety can be

parametrized by (2g — 2)(n? — 1) dimensional space.
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T hank you for your attention.
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