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1. イントロ

S : closed, orientable (real) surface, 種数 g ≥ 2

⇒ S には双曲計量（完備, K ≡ −1）が入る

S 上の双曲計量全体を考える

S 上の双曲計量 1:1←→ ∃Γ < PSL(2,R) : discrete s.t. S = H2/Γ
(H2: 上半平面，PSL(2,R) = Isom+(H2))

T (S) : S 上の標識付き双曲計量全体 (Teichmüller空間)

S 上の標識付き双曲計量 1:1←→ ρ : π1(S)→ PSL(2,R)
injective, discrete (up to conj.)

(ρ ∼ ρ′ : conjugate ⇔ ρ′ = gρg−1 (∃g ∈ PSL(2,R)) )
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1. イントロ

S 上の標識付き双曲計量 1:1←→ ρ : π1(S)→ PSL(2,R)
injective, discrete (up to conj.)

T (S) ∼= {injective, discrete} ⊂ Hom(π1(S),PSL(2,R))/ ∼conj.

複素化
{injective, discrete} ⊂ Hom(π1(S),PSL(2,C))/ ∼conj.

は，S × (−1, 1)上の (marked)双曲計量全体をパラメトライズ

(H3 : 上半空間, PSL(2,C) = Isom+(H3))
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1. イントロ

Fenchel-Nielsen座標
Teichmüller space T (S)上の 6g − 6個の関数で

T (S)
∼=−→ R6g−6

を与えるものが存在

complex Fenchel-Nielsen座標
Hom(π1(S),PSL(2,C))/ ∼conj.の場合,

quasi-Fuchsian表現（Kourouniotis, Tan）
より一般の表現（K.)

問題 PSL(2,C)を PSL(n,C)に一般化すると？
(Xin Nie氏との共同研究)
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1. イントロ

最近の話題

Hitchin component ⊂ Hom(π1(S),PSL(n,R))/ ∼
: Higher Teichmüller theory

π1(M) (M : 3-mfd)の場合 (Bergeron-Falbel-Guilloux,
Garoufalidis-Thurston-Zickert, Garoufalidis-Goerner-Zickert)

そのほか様々な幾何構造を考えたい

SO+(n, 1) : hyperbolic, PU(n, 1) : complex hyperbolic, · · ·

5 / 30



1. イントロ

最近の話題

Hitchin component ⊂ Hom(π1(S),PSL(n,R))/ ∼
: Higher Teichmüller theory

π1(M) (M : 3-mfd)の場合 (Bergeron-Falbel-Guilloux,
Garoufalidis-Thurston-Zickert, Garoufalidis-Goerner-Zickert)

そのほか様々な幾何構造を考えたい

SO+(n, 1) : hyperbolic, PU(n, 1) : complex hyperbolic, · · ·

5 / 30



1. イントロ

最近の話題

Hitchin component ⊂ Hom(π1(S),PSL(n,R))/ ∼
: Higher Teichmüller theory

π1(M) (M : 3-mfd)の場合 (Bergeron-Falbel-Guilloux,
Garoufalidis-Thurston-Zickert, Garoufalidis-Goerner-Zickert)

そのほか様々な幾何構造を考えたい

SO+(n, 1) : hyperbolic, PU(n, 1) : complex hyperbolic, · · ·

5 / 30



1. イントロ

最近の話題

Hitchin component ⊂ Hom(π1(S),PSL(n,R))/ ∼
: Higher Teichmüller theory

π1(M) (M : 3-mfd)の場合 (Bergeron-Falbel-Guilloux,
Garoufalidis-Thurston-Zickert, Garoufalidis-Goerner-Zickert)

そのほか様々な幾何構造を考えたい

SO+(n, 1) : hyperbolic, PU(n, 1) : complex hyperbolic, · · ·

5 / 30



2. Fenchel-Nielsen座標

S : closed, orientable, genus g ≥ 2

∃C = c1 ∪ · · · ∪ c3g−3 : disjoint simple
closed curves s.t. S \ C are three-holed
spheres (a pants decomposition)

S \ C = 2g − 2 pairs of pants P1, . . . ,P2g−2

Pj

ti

ci

Pk

For X ∈ T (S), let

li = length of ci , ti = twist along ci

by the (marked) hyperbolic metric X .

Fenchel-Nielsen coordinates : T (S)
(li ,ti )−−−−−−−→∼=

R3g−3
>0 × R3g−3

6 / 30



2. Fenchel-Nielsen座標
S : closed, orientable, genus g ≥ 2

∃C = c1 ∪ · · · ∪ c3g−3 : disjoint simple
closed curves s.t. S \ C are three-holed
spheres (a pants decomposition)

S \ C = 2g − 2 pairs of pants P1, . . . ,P2g−2

Pj

ti

ci

Pk

For X ∈ T (S), let

li = length of ci , ti = twist along ci

by the (marked) hyperbolic metric X .

Fenchel-Nielsen coordinates : T (S)
(li ,ti )−−−−−−−→∼=

R3g−3
>0 × R3g−3

6 / 30



2. Fenchel-Nielsen座標
S : closed, orientable, genus g ≥ 2

∃C = c1 ∪ · · · ∪ c3g−3 : disjoint simple
closed curves s.t. S \ C are three-holed
spheres (a pants decomposition)

S \ C = 2g − 2 pairs of pants P1, . . . ,P2g−2

Pj

ti

ci

Pk

For X ∈ T (S), let

li = length of ci , ti = twist along ci

by the (marked) hyperbolic metric X .

Fenchel-Nielsen coordinates : T (S)
(li ,ti )−−−−−−−→∼=

R3g−3
>0 × R3g−3

6 / 30



2. Fenchel-Nielsen座標
S : closed, orientable, genus g ≥ 2

∃C = c1 ∪ · · · ∪ c3g−3 : disjoint simple
closed curves s.t. S \ C are three-holed
spheres (a pants decomposition)

S \ C = 2g − 2 pairs of pants P1, . . . ,P2g−2

Pj

ti

ci

Pk

For X ∈ T (S), let

li = length of ci , ti = twist along ci

by the (marked) hyperbolic metric X .

Fenchel-Nielsen coordinates : T (S)
(li ,ti )−−−−−−−→∼=

R3g−3
>0 × R3g−3

6 / 30



2. Fenchel-Nielsen座標
S : closed, orientable, genus g ≥ 2

∃C = c1 ∪ · · · ∪ c3g−3 : disjoint simple
closed curves s.t. S \ C are three-holed
spheres (a pants decomposition)

S \ C = 2g − 2 pairs of pants P1, . . . ,P2g−2

Pj

ti

ci

Pk

For X ∈ T (S), let

li = length of ci , ti = twist along ci

by the (marked) hyperbolic metric X .

Fenchel-Nielsen coordinates : T (S)
(li ,ti )−−−−−−−→∼=

R3g−3
>0 × R3g−3

6 / 30



2. Fenchel-Nielsen座標
S : closed, orientable, genus g ≥ 2

∃C = c1 ∪ · · · ∪ c3g−3 : disjoint simple
closed curves s.t. S \ C are three-holed
spheres (a pants decomposition)

S \ C = 2g − 2 pairs of pants P1, . . . ,P2g−2

Pj

ti

ci

Pk

For X ∈ T (S), let

li = length of ci , ti = twist along ci

by the (marked) hyperbolic metric X .

Fenchel-Nielsen coordinates : T (S)
(li ,ti )−−−−−−−→∼=

R3g−3
>0 × R3g−3

6 / 30



2. Fenchel-Nielsen座標

Hyperbolic plane

H2 = {z ∈ C | Im(z) > 0} (metric |dz|2
Im(z)2 ),

∂∞H2 = R ∪ {∞} = RP1

PSL(2,R) = SL(2,R)/{±1} acts on H2 and RP1 by
(
a b
c d

)
· z =

az + b

cz + d

A geodesic in H2 is

a line orthogonal to R, or
a (half) circle orthogonal to R
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(
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)
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az + b

cz + d

Sometimes, we draw H2 by the Poincaré disk model

{z ∈ C | |z | < 1}
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2. Fenchel-Nielsen座標

Fact

z0, z1, z2 ∈ RP1 : distinct
∃ unique g ∈ PGL(2,R) so that (gz0, gz1, gz2) = (0,∞, 1)

(Take a linear fractional transformation t .→ (t − z0)(z2 − z1)

(t − z1)(z2 − z0)
.)

Definition (Cross ratio)

For z0, . . . , z3 ∈ RP1 distinct, define

[z0 : z1 : z2 : z3] =
(z3 − z0)(z2 − z1)

(z3 − z1)(z2 − z0)

For g ∈ PGL(2,R), [gz0 : gz1 : gz2 : gz3] = [z0 : z1 : z2 : z3]

8 / 30
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Fact

z0, z1, z2 ∈ RP1 : distinct
∃ unique g ∈ PGL(2,R) so that (gz0, gz1, gz2) = (0,∞, 1)

t !→ (t−z0)(z2−z1)
(t−z1)(z2−z0)

z0z1 z3

∞

[z0 : z1 : z2 : z3] : cross ratio

0 1z2
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2. Fenchel-Nielsen座標
length li と twist ti は cross ratio で書ける

パンツ Pi (geodesic boundaries, lengths l1, l2, l3) の ‘ideal triangulation’

←−

−[z0 : z1 : z2 : z3] = exp

(
−l1 − l2 + l3

2

)

10 / 30
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2. Fenchel-Nielsen座標

length li と twist ti は cross ratio で書ける

Twist parameter ti is also described by cross ratios.

PP2 1

c
←−

z0

z1

zz 23

Note : z0, z1 ∈ RP1 are fixed points of ρ(c).
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2. Fenchel-Nielsen座標

Cross ratio は CP1 に対しても定義される

H3 = {(z , t) | z ∈ C, t ∈ R>0}, ∂∞H3 = {t = 0} ∪ {∞} = CP1

PSL(2,C) acts on H3 and CP1 as before.
For z0, . . . , z3 ∈ CP1 distinct, define

[z0 : z1 : z2 : z3] =
(z3 − z0)(z2 − z1)

(z3 − z1)(z2 − z0)

これまでの議論は，RP1 を CP1 に変えても同
様にできる PSL(2,C)表現をパラメトライズ
できる

PSL(n,C)-case CP1の代わりに flag manifold を利用する
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3. Flags

Definition
A flag in Cn is a sequence of subspaces

{0} = V 0 ! V 1 ! V 2 ! · · · ! V n = Cn.

Fn = {Flags in Cn} (left action of PGL(n,C) = GL(n,C)/C∗)

n = 2 F2 = {lines in C2} = CP1, PGL(2,C) = PSL(2,C)

Fact

Fn
∼= GL(n,C)/B where B =

{(
∗ · · · ∗

. . .
.
.
.

O ∗

)}

Denote X = (x1 . . . xn) ∈ GL(n,C) (x1, · · · , xn column vectors)

GL(n,C)→ Fn : X .→ V i = spanC{x1, . . . , x i}
induces the bijection above.
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3. Flags
X1,X2, · · · ∈ Fnの代表元を Xi = (x1i . . . x

n
i ) ∈ GL(n,C)の様に表す

Definition
X1, . . . ,Xk ∈ Fn is generic
⇐⇒
def

det(x11 · · · x
i1
1 x

1
2 · · · x

i2
2 · · · x1k · · · x

ik
k ) ̸= 0

for any 0 ≤ i1, i2, . . . , ik ≤ n satisfying i1 + · · ·+ ik = n.

X

⎛

⎝
b11 · · · b1n

. . .
...

O bnn

⎞

⎠ = (b11x1 b12x1 + b22x2 · · · b1nx1 + · · ·+ bnnxn) ,

の様に作用する事から，代表元の取り方によらない定義

n = 2 (F2 = CP1)

x =
(
x1
x2

)
, y =

(
y1
y2

)
: generic pair ⇔ x ̸= y in CP1

x1, . . . , xk ∈ F2 : generic ⇔ xi ̸= xj (i ̸= j) in CP1

上の行列式は代表元の取り方によるが，単に det(X i1
1 X

i2
2 · · ·X ik

k )と書く
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3. Flags

Definition (Triple ratio (Fock-Goncharov))

X ,Y ,Z ∈ Fn : generic

Ti ,j ,k(X ,Y ,Z ) =

det(X i+1Y jZ k−1) det(X i−1Y j+1Z k) det(X iY j−1Z k+1)

det(X i+1Y j−1Z k) det(X iY j+1Z k−1) det(X i−1Y jZ k+1)
.

for 1 ≤ i , j , k ≤ n − 1 satisfying i + j + k = n

代表元の取り方によらない
Ti ,j ,k(AX ,AY ,AZ ) = Ti ,j ,k(X ,Y ,Z )
: (left) invariant

The above (i , j , k) corresponds to an interior
lattice points in an ‘n-subdivided’ triangle
((n − 1)(n − 2)/2 points).
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3. Flags

Let

Confk(Fn) = GL(n,C)\{(X1, . . . ,Xk) ∈ (Fn)
k | ordered, generic}.

By the left invariance, Ti ,j ,k gives a map

Ti ,j ,k : Conf3(Fn)→ (C∗)
(n−1)(n−2)

2

(There are (n − 1)(n − 2)/2 such (i , j , k)’s.)

Theorem(Fock-Goncharov)

Ti ,j ,k gives a bijection

Conf3(Fn)
∼=−→ (C∗)

(n−1)(n−2)
2
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3. Flags
Theorem(Fock-Goncharov)

Ti ,j ,k : Conf3(Fn)
∼=−→ (C∗)

(n−1)(n−2)
2

is a consequence of the following two lemmas:

Lemma

X ,Y ∈ Fn, z ∈ CPn−1 generic (i.e. det(X iY jzk) ̸= 0)
For any ci ,j ,k ∈ (C∗)(n−1)(n−2)/2, ∃ unique Z ∈ Fn s.t.
Z 1 = z and Ti ,j ,k(X ,Y ,Z ) = ci ,j ,k
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For any ci ,j ,k ∈ (C∗)(n−1)(n−2)/2, ∃ unique Z ∈ Fn s.t.
Z 1 = z and Ti ,j ,k(X ,Y ,Z ) = ci ,j ,k

Lemma

X ,Y ∈ Fn, z ∈ CPn−1 generic
X ′,Y ′ ∈ Fn, z ′ ∈ CPn−1 generic
Then ∃ unique A ∈ PGL(n,C) s.t.

AX = X ′, AY = Y ′, Az = z ′.
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3. Flags
(X ,Y ,Z ,T ) ∈ Fn s.t. (X ,Y ,Z ), (X ,Z ,T ) ∈ Fn are generic

Definition (Edge function, quadruple ratio (Fock-Goncharov))

For 1 ≤ i ≤ n − 1,

δi (X ,Y ,Z ,T ) =
det(X i−1Y 1Zn−i ) det(X iZ n−i−1T 1)

det(X iY 1Zn−i−1) det(X i−1Z n−iT 1)

(i, 1, n−i−1)

Z

(i, n−i−1, 1)

(i−1, n−i, 1)(i−1, 1, n−i)

(i, n−i, 0)
TY

X

δi (X ,Y ,Z ,T ) does not depend on the choice of the representatives.
δi (X ,Y ,Z ,T ) = δi (AX ,AY ,AZ ,AT ) for A ∈ GL(n,C).
Defined for X ,Z ∈ Fn and Y 1,T 1 ∈ CPn−1.
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3. Flags

Example

n = 2 We can assume that X =

(
1 ∗
0 ∗

)
，Y =

(
1 ∗
1 ∗

)
, Z =

(
0 ∗
1 ∗

)
by

the left action of GL(2,C). Let T =

(
t1 ∗
t2 ∗

)
, then

δ1(X ,Y ,Z ,T ) =
det(X 0Y 1Z 1) det(X 1Z 0T 1)

det(X 1Y 1Z 0) det(X 0Z 1T 1)

=
1 · t2

1 · (−t1)
= −t2/t1 = −[∞ : 0 : 1 : t1/t2] = −[X : Z : Y : T ]

So δi (X ,Y ,Z ,T ) is a generalization of cross ratio.
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3. Flags

Lemma

X ,Z ∈ Fn, y ∈ CPn−1 generic
For any d1, . . . , dn−1 ∈ C∗, ∃ unique t ∈ CPn−1 s.t.

δi (X , y ,Z , t) = di (i = 1, . . . , n − 1)

Z

Y

X

1 T 1

21 / 30



3. Flags

Lemma

X ,Z ∈ Fn, y ∈ CPn−1 generic
For any d1, . . . , dn−1 ∈ C∗, ∃ unique t ∈ CPn−1 s.t.

δi (X , y ,Z , t) = di (i = 1, . . . , n − 1)

1Y

X

Z

1 T

21 / 30



3. Flags

Lemma

X ,Z ∈ Fn, y ∈ CPn−1 generic
For any d1, . . . , dn−1 ∈ C∗, ∃ unique t ∈ CPn−1 s.t.

δi (X , y ,Z , t) = di (i = 1, . . . , n − 1)

1

Z

T 1Y

X

21 / 30



3. Flags

Lemma

X ,Z ∈ Fn, y ∈ CPn−1 generic
For any d1, . . . , dn−1 ∈ C∗, ∃ unique t ∈ CPn−1 s.t.

δi (X , y ,Z , t) = di (i = 1, . . . , n − 1)

1

Z

T 1Y

X

determined by the cross ratio

1

∞

0

21 / 30



3. Flags

(X ,Y ,Z ,T ) ∈ Conf4(Fn) is completely determined by the following three
types of functions :

Ti ,j ,k(X ,Y ,Z ) (n − 1)(n − 2)/2

Ti ,j ,k(X ,Z ,T ) (n − 1)(n − 2)/2

δi (X ,Y ,Z ,T ) n − 1

Z

Y

X

T1

1
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1

Y

X

Z

T11 Fix X ,Y ∈ Fn and Z 1 ∈ CPn−1 arbitrary.
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Ti ,j ,k(X ,Y ,Z ) determine Z ∈ Fn uniquely.
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Ti ,j ,k(X ,Z ,T ) (n − 1)(n − 2)/2

δi (X ,Y ,Z ,T ) n − 1

1

X

Z

TY
Ti ,j ,k(X ,Z ,T ) determine T ∈ Fn uniquely.
Thus (X ,Y ,Z ,T ) is completely determined.
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3. Flags

(X ,Y ,Z ,T ) ∈ Conf4(Fn) is completely determined by the following three
types of functions :

Ti ,j ,k(X ,Y ,Z ) (n − 1)(n − 2)/2

Ti ,j ,k(X ,Z ,T ) (n − 1)(n − 2)/2

δi (X ,Y ,Z ,T ) n − 1

Thus we have

Conf4(Fn)
injective−−−−−→ (C∗)n

2−1

22 / 30



3. Flags
By ‘subdividing’ a k-tuple of generic flags into (k − 2)-triangles,
Confk(Fn) is completely determined by

Ti ,j ,k(·, ·, ·) : (k − 2)(n − 1)(n − 2)/2 triple ratios

δi (·, ·, ·, )̇ : (k − 3)(n − 1) edge functions

5

X

X X

X

1

X2

3 4

Confk(Fn)
injective−−−−−→ (C∗)(k−2)(n−1)(n−2)/2+(k−3)(n−1)
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4. 穴あき曲面の場合
S : a surface of genus g , |∂S | = p > 0 s.t. 2g − 2 + p > 0 (χ(S) < 0).

Regard each ∂-component as a vertex, we can
triangulate S into 4g − 4 + 2p triangles (ideal
triangulation).

There are (4g − 4 + 2p) triangles and (6g − 6 + 3p) edges.

(4g − 4 + 2p) (n−1)(n−2)
2 triple ratios, and

(6g − 6 + 3p)(n − 1) edge functions

gives a rep ρ : π1(S)→ PGL(n,C) up to conjugation (Fock-Goncharov
coordinates).

P : a pair of pants, Hom(π1(P),PGL(n,C))/ ∼ is parametrized by

(n − 1)(n − 2) + 3(n − 1) = (n2 − 1)

parameters.
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4. 穴あき曲面の場合

P , P ′ : pairs of pants

ρ : π1(P)→ PGL(n,C), ρ′ : π1(P ′)→ PGL(n,C) : representations

To ‘glue’ ρ and ρ′ along their boundaries, we have to check that
their holonomies are conjugate.

So we need to compute the eigenvalues in terms of Fock-Goncharov
coordinates.

25 / 30



4. 穴あき曲面の場合

P , P ′ : pairs of pants

ρ : π1(P)→ PGL(n,C), ρ′ : π1(P ′)→ PGL(n,C) : representations

To ‘glue’ ρ and ρ′ along their boundaries, we have to check that
their holonomies are conjugate.

P’ P

’ρ(γ) ∼ ρ (γ )’

γγ’

So we need to compute the eigenvalues in terms of Fock-Goncharov
coordinates.

25 / 30



4. 穴あき曲面の場合

P , P ′ : pairs of pants

ρ : π1(P)→ PGL(n,C), ρ′ : π1(P ′)→ PGL(n,C) : representations

To ‘glue’ ρ and ρ′ along their boundaries, we have to check that
their holonomies are conjugate.

P’ P

’ρ(γ) ∼ ρ (γ )’

γγ’

So we need to compute the eigenvalues in terms of Fock-Goncharov
coordinates.

25 / 30



4. 穴あき曲面の場合
a

b c

X

X

a

X

a

b c

c bX’

X’

X’

Xa,X ′
a, · · · ∈ Fn : as above

T a,b,c
i ,j ,k := Ti ,j ,k(Xa,Xb,Xc), Ua,c,b

i ,j ,k := Ti ,j ,k(Xa,X
′
c ,Xb).

δa,bi := δi (Xa,X
1
c ,Xb,X

1
c ′), etc.

ea,1, . . . , ea,n : eigenvalues corresponds to curve a, etc.

Theorem (K.-Nie)

ea,i+1

ea,i
= δa,bi δa,ci

n−1−i∏

l=1

T a,b,c
i ,l ,n−i−lU

a,c,b
i ,l ,n−i−l , for i = 1, . . . , n − 1.
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4. 穴あき曲面の場合
Theorem (K.-Nie)

ea,i+1

ea,i
= δa,bi δa,ci

n−1−i∏

l=1

T a,b,c
i ,l ,n−i−lU

a,c,b
i ,l ,n−i−l , for i = 1, . . . , n − 1.

(i , n − i , 0)

XaX ′
c X ′

b

XcXb

(i + 1, n − i − 1, 0)
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5. Twist parameter

P , P ′ : pairs of pants, S = P ∪P ′ four-holed sphere

ρ : π1(S)→ PGL(n,C) ‘generic’

Fix γa, γb, γc , γd , γe ∈ π1(S).

ea,1, . . . , ea,n : the eigenvalues of ρ(γa),

v1a , . . . , v
n
a : the corr eigenvectors

(assume linearly indep from genericity)

P ′

γc

γd

γaγb

γe

P

Define Xa,Ya ∈ Fn by

X i
a = spanC{v1a , . . . , v ia}, Y i

a = spanC{vn−i+1
a , . . . , vna }

By definition
ρ(γa)Xa = Xa, ρ(γa)Ya = Ya

and (Xa,Ya) is a generic pair. (Xa, Ya are fixed pts of ρ(γa) on Fn.)
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5. Twist parameter

Define Xb,Xc , . . . etc.

P ′

γc

γd

γaγb

γe

P
XXb c

XX de

XaYa

Define the twist parameters along γa by

tai = δi (Xa,Xb,Ya,Xe) (i = 1, . . . , n − 1)

RP1が旗多様体 Fnに変わっただけで状況は古典的な場合と同じ
( [z0 : z1 : z2 : z3] = −δ1(z0, z2, z1, z3))
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6. Conclusion

S : closed surface of genus g ≥ 2

S decomposed into 2g − 2 pairs of pants
by cutting along 3g − 3 simple closed curves

We need

(2g − 2)(n2 − 1) parameters from pairs of pants,

(3g − 3)(n − 1) twist parameters.

But they must satisfy

(3g − 3)(n − 1) relations from eigenvalue condition.

Hom(π1(S),PGL(n,C))/ ∼ is parametrized by a variety of dimension

(2g − 2)(n2 − 1)+(3g − 3)(n − 1)− (3g − 3)(n − 1)

= (2g − 2)(n2 − 1) = |χ(S)| · dimC PGL(n,C).
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