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s tomEmp =g &5 £ m(S) > PSLER)

injective, discrete (up to conj.)

T(S) = {injective, discrete} C Hom(m1(S), PSL(2,R))/ ~conj.

BRI

{injective, discrete} C Hom(m1(S), PSL(2,C))/ ~conj.
&, S x(—1,1) £® (marked) WHETEEAEZ/NTX K Z 1 X
(H3 : E3¥2Z2R, PSL(2,C) = Isom™ (H3))
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=

Hf I:ETEI"E

@ Hitchin component C Hom(71(S), PSL(n,R))/ ~
: Higher Teichmdiiller theory

o m (M) (M : 3-mfd) DIFE (Bergeron-Falbel-Guilloux,
Garoufalidis-Thurston- Zlckert, Garoufalidis-Goerner-Zickert)

EDRA IS Z2E Z e\
SO™(n,1) : hyperbolic, PU(n,1) : complex hyperbolic, - - -
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IC=quU---U C3g—3 : disjoint simple
closed curves s.t. S\ C are three-holed

spheres (a pants decomposition) \

S\ C = 2g — 2 pairs of pants Pi,..., Py

For X € T(S), let
li = length of ¢;, t; = twist along ¢;

by the (marked) hyperbolic metric X.

Fenchel-Nielsen coordinates :  T(S) ) Rig(;3 x R3&-3

oY

6
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Hyperbolic plane

H? = {z € C | Im(z) > 0} (metric Irlg(zz‘z)Z)’
0sH? = R U {00} = RP!

PSL(2,R) = SL(2,R)/{=£1} acts on H? and RP! by
a b ,_ +b
c d cz+d

Sometimes, we draw H? by the Poincaré disk model

{zeC||z| <1}
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t— -z
(Take a linear fractional transformation t — (t = 20)(z 1).
(t — Zl)(22 — Zo)

Definition (Cross ratio)
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Fact

20,21,2> € RP! : distinct

3 unique g € PGL(2,R) so that (gzo, gz1,822) = (0, 00, 1)

o0
(t=20)(z0—71)
£ e —w)
SRS
41 Z3 2y V) 0 1

[20:21: 2 : z3] : cross ratio
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length /; & twist t; (& cross ratio TEIT5

Twist parameter t; is also described by cross ratios.

Zy

Z,

Note : zg,z; € RP?! are fixed points of p(c).
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H3 = {(z,t) | z€ C,t € Rsp}, O3 = {t =0} U {0} =CP!

PSL(2,C) acts on H3 and CP?! as before.
For zg, ..., z3 € CP! distinct, define

(z3 — 20)(z2 — 1)
(z3 — 21)(22 — 20)

[z0:2z1:20: 23] =

INETOERIE, RPLZ CPHICEZTHA
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PSL(n,C)-case CP! @K1 D IC flag manifold ZF]FAT 3
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3. Flags

Definition

A flag in C" is a sequence of subspaces
{oy=v0cvicvigc...cvr=Cn

Fn = {Flags in C"} (left action of PGL(n,C) = GL(n,C)/C¥)

n=2 JF={linesin C?} = CP!, PGL(2,C) = PSL(2,C)
Fact

Fn = GL(n,C)/B where B = { <* *> }

Denote X = (x!...x") € GL(n,C) (x%,---,x" column vectors)
GL(n,C) — Fp: X = V' =spanc{x},...,x'}

induces the bijection above.
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X1, Xa, -+ € Fp DRETZE X; = (x} ... x"") € GL(n,
Definition

X1,..., Xk € Fp is generic

¢ forany 0< i, i,..

C) DIRICEKT

., ik < nsatisfying iy + -+ + ik = n.
by -+ bin

X w0 = (buxt bix! 4 bpx? oo buax' 4 banx")
(@) bnn

DERICIERT 2N 5, RRTOWMO FIC L S5BRVWERE
=2 (F =CPl)

( ) y = ( 2) : generic pair < x # y in CP!
X1,...,xk € Fo : generic & x; # x; (i # j) in CP!

14 /30



3. Flags

X1, Xa, -+ € Fp DRETZE X; = (x} ... x"") € GL(n,
Definition

X1,..., Xk € Fp is generic

¢ for any 0 < iy, o, ..

C) DIRICEKT

., ik < nsatisfying iy + -+ + ik = n.

by -+ bin
X w0 = (buxt bix! 4 bpx? oo buax' 4 banx")
o bn

DIRICIERT 2EN 5, ARTOMD FICLSBRVERE

FWERFK
=2 (F, =CP?)
( ) y = ( 2) : generic pair < x # y in CP!
X1,...,Xk € Fo 1 generic & x; # x; (i # j) in Ccp?
LOFFIRIEFRERTOED AT K BH, BIT det(X1 X2 - Xjk) £EL
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3. Flags

Definition (Triple ratio (Fock-Goncharov))
X,Y,Z e F,: generic
Tijk(X,Y,Z)=
det(XLYIZk=1) det( X~ YIHL ZK) det( X Yi—1 ZK+1)
det(XT T 1YI~1ZF) det( X YITIZk-T) det( X/~ 1YiZk+1)’
for 1 <i,j,k<n—1satisfyingi+j+k=n
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@ The above (i, j, k) corresponds to an interior
lattice points in an ‘n-subdivided’ triangle
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((n - 1)(” - 2)/2 points). 0,04

0.4,0)
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3. Flags

Triple ratio

Tijk(X,Y,2)=
det(X YIS Zk=1) det( X~ YL ZK) det( X YI~1 ZKk+1)

det(XHLYi~1ZK) det(X7 Yit1Zk-T) det(XI~1YiZk+1)’

X (i+1, j, k=1) (i+1, j-1,k)
Q

VAV

(-1, j+1,K) (i-1,j, k+1)
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Triple ratio

Tiik(X,Y,2)=
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det(XHLYi~1ZK) det(X7YI+1Zk-T) det( X/~ 1Y Zk+1)’

X (i+1,§,k=1) (i+1,j-1,K)
0]

\VAY

O
(i-1,j+1,k) (i-1.j, k+1)
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3. Flags

Triple ratio

Tiik(X,Y,2)=
det(XH1YIZk=1) det( X1 YI+1 ZK) det(X' YI—1 Zk+1)

det(XHLYi~1ZK) det(X7 YIH1Zk=-T) det( X1 YiZk+1)’

X (i+1,§,k=1) (i+1,j-1,K)
0]

N/

(i-1, j+1,k) (i-1,j, k+1)

z

16 /30



3. Flags

Let
Conf(Fn) = GL(n, CO\{(X1, ..., Xx) € (Fn)¥ | ordered, generic}.

17 /30



3. Flags

Let
Conf(Fn) = GL(n, CO\{(X1, ..., Xx) € (Fn)¥ | ordered, generic}.

By the left invariance, T;;  gives a map

sy (1=D(n=2)
Ti,j,k : Confg(]:,,) — (C ) 2

(There are (n—1)(n —2)/2 such (i, }, k)'s.)

17 /30



3. Flags

Let

Conf(Fn) = GL(n, CO\{(X1, ..., Xx) € (Fn)¥ | ordered, generic}.

By the left invariance, T;;  gives a map

sy (1=D(n=2)
Ti,j,k : Confg(]:,,) — (C ) 2

(There are (n—1)(n —2)/2 such (i, }, k)'s.)

Theorem(Fock-Goncharov)
T; j k gives a bijection

& (=1)(n=2)
Conf3(F,) — (C*) 2
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3. Flags

Theorem(Fock-Goncharov)

(n—1)(n—2)
2

Ti,j,k o COIlf3(./—"n) i) ((C*)
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3. Flags

Theorem(Fock-Goncharov)

(n—1)(n—2)
2

TiJ,k o COHf3(fn) E) (C*)

is a consequence of the following two lemmas:

Lemma

X,Y € Fn, z€ CP"1 generic (i.e. det(X'YizK)#0)
For any cijx € (C*)(=D(=2)/2 3 ynique Z € F, s.t.
Zl =z and Ti,j,k(X7 Y, Z) = GCijk

Lemma

X,Y € F,, z€ CP"! generic
X',Y' € F, z € CP"~1 generic
Then 3 unique A € PGL(n,C) s.t.

AX=X', AY =Y/, Az=7.
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3. Flags
(X,Y,Z,T) e Fpst. (X,Y,2),(X,Z,T) € F, are generic

Definition (Edge function, quadruple ratio (Fock-Goncharov))
For1<i<n-1,

det(X~1Y1Z=1) det(X Z"—~1T1)
5(X,Y,Z,T) = : : . .
( ) det(X7YTZm 1) det(X 127/ T1)

@G, 1,n-i-1) (i,n-i-1, 1)

(i, n-i, 0)

(i-1,1,n-i) (i-1,n-i, 1
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3. Flags
(X,Y,Z,T) e Fpst. (X,Y,2),(X,Z,T) € F, are generic

Definition (Edge function, quadruple ratio (Fock-Goncharov))
For1<i<n-1,

det(XI~LYLZn=1) det(X' Zn—i-1 T1)
5i(X,Y,Z,T) = . . . _
( ) det(XTY1Zn 1) det(X" 12— T1)

(i,n—i-1,1)

(i, n-i, 0)

(i-1,n-i, 1

@ 0;(X,Y,Z, T) does not depend on the choice of the representatives.
@ 0;(X,Y,Z,T)=06;(AX,AY,AZ, AT) for A € GL(n,C).
o Defined for X,Z € F, and Y, T1 c CP" L.
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3. Flags

Example

1 x 1 0 =
I7:2WecanassumethatX:<0 *> Y:<1 >|<>'Z:<1 *> by

the left action of GL(2,C). Let T = (? I) then
2

det(X0Y1Z1)

det(X1Y120)
1 -t

1-(—t1)

= —t2/t1

Xle Tl)

0U(X,Y,Z,T) = XOZTTT)

det(
det(

—[o0:0:1:ty/b]=—[X:Z:Y:T]
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3. Flags

Example

1 x 1 0 =
I7:2WecanassumethatX:<0 *> Y:<1 >|<>'Z:<1 *> by

the left action of GL(2,C). Let T = (? I) then
2

det(X0Y1Z1)

det(X1Y120)
1 -t

1-(—t1)

= —t2/t1

Xle Tl)

0U(X,Y,Z,T) = XOZTTT)

det(
det(

—[o0:0:1:ty/b]=—[X:Z:Y:T]

So 4;(X,Y,Z, T) is a generalization of cross ratio.
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3. Flags

Lemma

X,Z € Fn, y € CP"! generic
For any dy, ...,d,_1 € C*, 3 unique t € CP"1 s.t.

i X,y,Z,t)=d; (i=1,...,n—1)
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3. Flags

Lemma

X,Z € Fn, y € CP"! generic
For any dy, ...,d,_1 € C*, 3 unique t € CP"1 s.t.

i X,y,Z,t)=d; (i=1,...,n—1)

—~

0 1

determined by the cross ratio

21/30



3. Flags

(X,Y,Z,T) e Confs(F,) is completely determined by the following three
types of functions :

(] T,'J*(X, Y,Z) (n—l)(n—2)/2
(] T,'J’k(X,Z, T) (n—l)(n—2)/2
° 5i(X,Y,Z,T) n-—1



3. Flags
(X,Y,Z,T) e Confs(F,) is completely determined by the following three

types of functions :

(] T,'J*(X, Y,Z) (n—l)(n—2)/2
(] T,'J’k(X,Z, T) (n—l)(n—2)/2
° 5i(X,Y,Z,T) n-—1

X

Fix X,Y € F, and Z! € CP"! arbitrary.




3. Flags

(X,Y,Z,T) e Confs(F,) is completely determined by the following three

types of functions :
o Tijk(X,Y,2) (n—1)(n-2)/2
o T"J:k(XaZv T) (”—1)(f7—2)/2
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Tijk(X,Y,Z) determine Z € F, uniquely.
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3. Flags

(X,Y,Z,T) e Confs(F,) is completely determined by the following three

types of functions :

(] T,'J*(X, Y,Z) (n—l)(n—2)/2
(] T,'J’k(X,Z, T) (n—l)(n—2)/2
° 5i(X,Y,Z,T) n-—1

) determine T € F, uniquely.

~

Z, T) is completely determined.



3. Flags

(X,Y,Z,T) € Confy(F,) is completely determined by the following three

types of functions :

o Tijx(X,Y,2)
o Tijx(X,Z,T)
e 0;(X,Y,Z,T)

Thus we have

(n—1)(n—2)/2
(n—1)(n—2)/2
n—1

injective
) —— (

C*)n2—1



3. Flags
By ‘subdividing’ a k-tuple of generic flags into (k — 2)-triangles,
Conf(F,) is completely determined by

 Tiji(-) + (k—=2)(n—1)(n—2)/2 triple ratios
° (-, ',j : (k—3)(n—1) edge functions

X,

X2 X5

X, X,

Conf(Fn) injective, (C*)(k=2)(n=1)(n=2)/2+(k=3)(n-1)
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4. NHp=HEDIHE

S : asurface of genus g, 0S| =p>0st. 2g—2+p >0 (x(S) <0).
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4. NHp=HEDIHE

S : asurface of genus g, 0S| =p>0st. 2g—2+p >0 (x(S) <0).
Regard each 0-component as a vertex, we can \
triangulate S into 4g — 4 4 2p triangles (ideal @o
triangulation).
There are (4g — 4 + 2p) triangles and (6g — 6 + 3p) edges.

o (4g—4+ 2p)% triple ratios, and

e (6g — 6+ 3p)(n— 1) edge functions

gives a rep p : m1(S) — PGL(n, C) up to conjugation (Fock-Goncharov
coordinates).

P : a pair of pants, Hom(m1(P),PGL(n,C))/ ~ is parametrized by
(n—1)(n—2)+3(n—1)=(n*-1)
parameters.
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4. NHp=HEDIHE

P, P’ : pairs of pants
p:m(P) — PGL(n,C), p’ : m1(P") — PGL(n,C) : representations
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P, P’ : pairs of pants
p:m(P) — PGL(n,C), p’ : m1(P") — PGL(n,C) : representations

To ‘glue’ p and p along their boundaries, we have to check that
their holonomies are conjugate.
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4. RH=HEDHE
P, P’ : pairs of pants

p:m(P) — PGL(n,C), p’ : m1(P") — PGL(n,C) : representations

To ‘glue’ p and p along their boundaries, we have to check that
their holonomies are conjugate.

IINGZAN
A
‘ p(Y) ~p'(Y) ’

So we need to compute the eigenvalues in terms of Fock-Goncharov
coordinates.

25 /30



4. NHp=HEDIHE

a X,

Xp X.

F Xa
/ .
Xz, X!, -+ € Fp : as above

T = Tiu(Xai Xou Xo), URSE = Tij(Xa, XL, X).
5iavb = 5i(X37X¢;l,Xb,X§/), etc.

€1,---,€an - eigenvalues corresponds to curve a, etc.
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4. NHp=HEDIHE

a Xa

Xp X

Xa
/ .
X3, X.,--- € Fn: as above

a,b,c I ayc7b R /
Tk = Tijuk(Xa, Xb, Xo), ik = Tij(Xa, XE Xb).
a,b . 1 1
5,- = (5,‘(X3,XC,Xb,Xcl), etc.
€1,---,€n : eigenvalues corresponds to curve a, etc.

Theorem (K.-Nie)

n—1—j

€341 .
“aitl _ gabgac Tabe yzeb fori=1,...,n—1.
/ ) )

. i 9 idn—i—1Yil,n—i—1>
a,i

I=1

26
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4. RNHSHEDIHE
Theorem (K.-Nie)

n—1—j
€a,i+1 __ g¢a,bca,c a,b,c a,c,b -
e 9;""0; H TiiniciYiip—izpy fori=1,...,n—1.
a,l =1
(i,n—1i,0)
(i+1,n—i—1,0)
X! \ / X, Xy
Xb Xe

27 /30



5. Twist parameter

P, P’ : pairs of pants, S = PU P’ four-holed sphere
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5. Twist parameter

P, P’ : pairs of pants, S = PU P’ four-holed sphere
p:m(S) — PGL(n,C) ‘generic’
Fix Yas Vb Vs Vd> Ve € 771(5)-

€a1,---,€an . the eigenvalues of p(va),
vl ..., v : the corr eigenvectors

(assume linearly indep from genericity)
Define Xj, Y, € F, by

i_ 1 i i n—i+1 n
X, =spanc{vy,...,v.}, Y)=spanc{v] PN V4
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5. Twist parameter

P, P’ : pairs of pants, S = PU P’ four-holed sphere
p:m(S) — PGL(n,C) ‘generic’
Fix Yas Vb Vs Vd> Ve € 771(5)-

€a1,---,€an . the eigenvalues of p(va),
vl ..., v : the corr eigenvectors

(assume linearly indep from genericity)
Define Xj, Y, € F, by
X‘; = span(c{val,...,v;}, Yal = SpanC{Vg_i+l)"-an

By definition
P(a)Xa = Xa,  p(7a)Ya= Ya
and (X, Ya) is a generic pair. (X,, Y, are fixed pts of p(7y,) on Fp.)
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5. Twist parameter

Define X, Xc, ... etc.
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5. Twist parameter

Define X, Xc, ... etc.

Define the twist parameters along ~, by

tia :5I'(X37Xb7 Ya)Xe) (I: 1,...,[7—1)

RPL BSESHEE 7, I > 112 TR E BRI ABA L AL
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5. Twist parameter

Define X, Xc, ... etc.

Je

Define the twist parameters along ~, by
t,? = 5,’(X3,Xb, Ya,Xe) (i =1,...,n— 1)

RP! DMELARIE F, ICED > L2 TRIRIBHENBIBEERA U
([20:21: 22 3] = =d1(20, 22, 21, 23))
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6. Conclusion

S : closed surface of genus g > 2
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6. Conclusion
S : closed surface of genus g > 2

S decomposed into 2g — 2 pairs of pants
by cutting along 3g — 3 simple closed curves

We need
o (2g — 2)(n? — 1) parameters from pairs of pants,
e (3g —3)(n—1) twist parameters.

But they must satisfy
@ (3g — 3)(n—1) relations from eigenvalue condition.

Hom(m1(S), PGL(n,C))/ ~ is parametrized by a variety of dimension
(2¢ = 2)(n* = 1)+(3g = 3)(n—1) - (3¢ = 3)(n - 1)

= (2g — 2)(n* — 1) = |x(S)| - dim¢ PGL(n, C).

30/30
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