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2.1 ����� ( G ; ϕ ) ��������������� ��!�" (group) �$#&%('
(1) ϕ )�*,+�-�.���/�0�12'
(2) ϕ 3�451�6�7�8�9 e ��:�;�1�6�'
(3) <�=���9 g 3�> ?�@���A�9 g−1 ��:�;�1�6�'
B ��C�D�)�E�F ϕ(g, h) = gh �$G�H�I�6J'�K�0�C�D���L�M ?�N ‘

B
G’ �$#&%PO�#�Q���1�6�RTS�U

6�'WV���X�-�Y B ��Z�[���\�]�6��$��3�^,6�'
(1) G ��<�=���9 a, b, c 3�> ? a(bc) = a(bc) ��_�`�1�6�'
(2) 7�8�9 ( ��a�b�I�6�9 ) e ��:�; ?�N�<�=���9 a ∈ G 3�> ? ae = ea = a ��_�`�1�6�'
(3) <�=���9 a 3�> ?�@���A�9 ( ��a�b�I�6�9 ) a−1 ��:�; ?�N aa−1 = a−1a = e ��_,`�1�6�'
CcDd�fe2g2-h.i�f/i0f1j�f!iVf� B �fk2lh" (commutative group) Kh02)2m5n2o2p2" (Abel group,

abelian group) �$#q%r'�s�g B ��t�+�C�D���u���X�v w +x�Y�G y�V��5��z�#�'
{�|

2.2
B

G 3�> ?}7�8�9�)�~ 1 ��:�;�1�6�'�<�=d��9 g 3�> ?�@���A�9�)�~ 1 ��:�;�1�6�'
�d� 7�8,9����,�d�����WS��,��Sd% 1 ��U,�20d��?�N5��@�Id� e′ ��1d6�'�V5����! e = ee′ = e′

YiU�62'�K�0J9 x 3J>�?�A�9��2�������i� x′ �2:�;�?h0���1�6J' x−1 = x−1e = x−1(xx′) =

(x−1x)x′ = ex′ = x′ ��_�`�1�6�'
���d��|

2.1 ����� 1.1 ����+�� B 3�^�6�H���%$H���]W�$'
(1) ( B ; + ) (2) ( B ; · )

(3) ( Y ; + ) (4) ( Y ;
⊕

)

(5) ( Y ; · ) (6) ( Y ;
⊙

)

(7) ( N ; · ) (8) ( Z ; + )

(9) ( Z ; · ) (10) ( Q ; + )

(11) ( Q ; · ) (12) ( R ; + )

(13) ( R ; · )

�
2.3

(1) �$��� m 35> ?$� Zm = {0, 1, . . . , m− 1} �$1�6�' Z m � 3�u���������3�Z�[,1�6�'� ��> ?$����������_�`�1�6�� � � � n ���$��� m 3�> ?$� � � q, r (0 <= r < m) ��:�;
?JN n = qm + r �J^�6�' V2�J��^ q, r )J¡�=�¢�Y�U�62'r£ VJ� r � r = rem(n, m) ��G V
%r' V�����! Zm � ��C�D ϕ � ϕ(a, b) = rem(a + b, m) Y�Z�[�1�6�'�E�F V���C�D���u �$#
# a + b = ϕ(a, b) Y�¤�12' ( Zm ; + ) ) B ��^�12'

(2) n ���$�,� ��?$� N = {1, . . . , n} �$¥Wy¦' N H�§ N ¨���©�7,ª�©�«�� Sn �$1�6���!5� Sn �
�5C�D���+,_�4��dY�Z,[�1�6 ; ¬d­ Sn �f9 ( V}I���¥,g �5a�® )σ, τ 35> ? (σ · τ )(i) = σ(τ (i))

Y�Z�[�1�65'�V�����! ( Sn ; · ) ) B 3�^,6�'�V�� B � n ¯�°�±�" (symmetric group) �$#&%r'
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Sn ��9 σ 3�>W? σ =
(

1
σ(1)

· · ·
· · ·

n
σ(n)

) ��#²%³¤�´��51�6�Rd��U,6�'�V5�5¤�?$Qdµ��$7,8,9 σ0

) σ0 =
(

1 2 · · · n
1 2 · · · n

) �$G�H�I�6�'
n ¶���z�·�¸ f(X1 , . . . , Xn) � Sn ��9 σ 3�> ?$�

(σf)(X1 , . . . , Xn) = f(Xσ(1), . . . , Xσ(n)) ��¹Wy,��� σ, τ ∈ Sn 3�>W? σ1(σ2f) = (σ1σ2)f �f_
`�1�6�',º�3 f ��?�N5»�¼ D =

∏

i<j

(Xi −Xj) ����I�b σD = ±D ��^�6���Y�� σD = ε(σ)D

�}Z�[�1d6�' ε(σ) = 1 �5^,6�¥�g��5½�¾�l (even permutation)� ε(σ) = −1 �5^�6�¥,g���¿,¾
l (odd permutation) �}#�%r' An = {σ ∈ Sn | σ )�À�¥�g } � n ¯,Á,Â2" (alternating group)

�$#&%r'
(3) Ã�.�^�Ä 2 ��Å�Æ�©�«�� GL(2, R) �$GWy¦',Å�Æ���¼�3�4�? B ��^�1h'�V$I�� 2 ����Ç�È�É�Ê
" (general linear group) �$#&%r'
SL(2, R) = {A ∈ GL(2, R) | det(A) = 1} � 2 ����Ë�Ì�É�Ê�" (special linear group)

(4) Í�Î R2 � 3�Ui6�Ï�Ð�¢�Ñ�Ò ∆ ��U�6��$1�6�' V��iÑ�Ò���Ñ�Ò�©�« ��?�N�Ó�Z�1�6�+�Ô�¶�g
©�«�) B ��^J1h'�0��JÕib ∆ �i?JN2Ö�×�ØJÙ���Ú2Û 1 ��Ü��f1�6���� VJ� B ) 2 �iÝ�Á�"
(orthogonal group) O(2) = {A ∈ GL(2, R) | tAA = E } ��^�6�'

(5) (Þi·���ß�! ) Í�Î�Ñ2Ò ��?�N�Ã n à�Ò ∆ ����6�'�Ã n à�Ò�)�Ö�×�Ø�Ù�Y 1 ����á�×�� (1, 0)

3�U�6��}1�6�'�V���Ñ�Ò��,Ó�Z,1�6�+�Ô�¶�g,©�«�� n ��� 2 â�ã�" (dyhedral group) �$#�#��
Dn �$G y¦'

���d��|
2.2 � 2.3 Y�ä&å ��æ 0 B ��Ä�ç�3 B 3�^�6�Rd��è�é�'������|
2.3 � 2.3(1) ��Ô���3�¼���Z�[�1�6�' Z∗

m = Zm − {0} � Y�¼�� B ��^�1�H���%$H��
] �}'
C,D�����V�ê�Y�Z�[ ?�0�Ô�ëíìïî�Ô�ë�� B 3�4�?�S�%P¡�ð�\�]�N�¹ y¦'
���

2.4
B

G1 H�§ B G2 ¨d��ñ�ò f ������/�0�1 ��!�ñ�ò f ��îdÔ�ë�ñ�ò �$#&% ; G1 ��<�=��
9 g, h 3�>W? f(gh) = f(g)f(h)'�V�� f ��©,7�ª�����! f ��Ô�ë,ñ�òW�$#�#�� G1 � G2 )�Ô�ë�Y
U�6d�$#�#�� G1

∼= G2 �$G y¦'
� 2.3 Y�S�U��20���3�� B ��ó,ô���+���K�0 B 3�^,6�R���U��,0�'d@��5t�+�3���#�N5����Z�[��õ Õ,N�¹ V�%r'
���

2.5
B

G ��ó�ô���+ H ��V���CiD�3�4�?�N B 3�^�6���!�V�� H � G ��ö�÷�" (subgroup)

�$#,#�� H < G ��H�yø'
{�|

2.6
B

G ��ù�Y,^�#�ó�ô���+ H ������ú�û���/�0�1W��!�ó�ô B 3�^�6 ;

(1) <�=�� g, h ∈ H 35> ? gh ∈ H

(2) <�=���9 g ∈ H 3�> ? g−1 ∈ H

{�|
2.7
B

G ��ù�Y�^�#�ó�ô���+ H �����2ú�û���/�0�1 ��!Jó�ô B 3�^�6 ; <�=�� g, h ∈ H 3
> ? g−1h ∈ H

���d��|
2.4

B
G � 2 ����ó�ô B H1, H2 3�> ? H1 ∩H2 ) G ��ó�ô B Y�U�6�R���è�é�'

���
2.8
B

G ��9 g � 1 ��Ó�Zi1�6�' {gn | n ∈ Z } ) G ��ó�ô B 3�^�6i��� V$I�� 〈 g 〉 �$G
!�� g ��ü�_�1�6�ý�þ�" (cyclic group) �$#q%('�K�0�V�����! g ��ÿ���� (generator) �$#&%r'
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���d��|
2.5 〈 g 〉 ��ó�ô B 3�^�6�R���è�é�'���d��|
2.6 ��� B 〈 g 〉 ) ( Z ; + ) K�0�) ( Zm ; + ) ��Ô5ë�Y�U�6�R���è�é�' Z ������ý�þ

" (infinite cyclic group)� Zm ��8�� m � ( 	�� ) ý�þ�" ((finite) cyclic group) �$#&%r'
���

2.9 2 ��� B ( G1 ; ϕ1 ), ( G2 ; ϕ2 ) 3J>�? G1 × G2 � �2C�D ϕ � ϕ((g1, g2), (h1, h2)) =

(ϕ1(g1, h1), ϕ2(g2, h2)) Y�Z�[�1�6d� ( G1 × G2 ; ϕ ) ) B 3�^�6�' V}I�� G1 � G2 ��Ý�
 (direct

sum) �$#�#�� G1

⊕

G2 �$G y¦'
���d��|

2.7 m � n ����#�3
��Y�U�I�b Zm

⊕

Zn
∼= Zmn Y�U�6�R��5è�é�'

��� V�����Y�) B )�	���" (finite group) ����K åP��+ ��?�N���0���!�3�������+�Y�U�6�����Z
1�65' B G ��9�������� |G| �$Gd! , V�I�� B ����� (order) �$#²%r'iK�0 G ��9 g 3�> ? 〈 g 〉 �
8��d��9 g ��8�� �}#&% '28��������$#,t�+d3��
��^ B ��U�6,H��21�]dN��� �!#"%$�&
'�1d6�R��(�) ��?�N�*�Õ�N�# y¦'�,+�-

:
B

G � G = {g1, g2, . . . , gn} �$1�6d��!���������^�¤�� ��+�- (.�/ - ) �$#&%r'
g1 · · · gj · · · gn

g1 g1g1 · · · g1gj · · · g1gn

...
...

...
...

...
...

gi gig1 · · · gigj · · · gign

...
...

...
...

...
...

gn gng1 · · · gngj · · · gngn

�dÕ�b G = Z 4 ����! g ��ü�_�9 �$1�6���� G ��0�9 gi ) gi = gi (i = 0, 1, 2, 3) �$G�1�6���Y
C�D,¤�)�������3�^�6�'

g0 g g2 g3

g0 g0 g g2 g3

g g g2 g3 g0

g2 g2 g3 g0 g

g3 g3 g0 g g2

G = Z 2

⊕

Z2 ����!���@�I�2�I��2ü�_�9�� h1, h2 �$1�6�' G ��9 g1, g2 � g1 = (h1, h
0
2),g2 =

(h0
1, h2) �$¥ yø' G ��3&å$��9�)�7�8�9 e � g1g2 ^���Y�C�D�¤�)�������3�^�6�'

e g1 g2 g1g2

e e g1 g2 g1g2

g1 g1 e g1g2 g2

g2 g2 g1g2 e g1

g1g2 g1g2 g2 g1 e
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� �JC�Di¤�H�§�S$ô�H�6���%$3J� B ��CiD�¤�3�)�º54���U�6�'60�Å�3�1i]�N���9��57�N�!�N�#
6�'dK�0�0�Æ�3�4�?�N�S�Ô���Y�U�6�'
K,0 B ��Ô�ëd3���#�N�)�����ô�H,6�' 2 ��� B G � G′ ����>�8 ai ←→ a′

i 3����,N�Ô�ë�����!��
G′ ��C�D�¤�) G ��C�D�¤�� ai � a′

i 3�¥�!�g�Õ�N�9 §$I�6�'
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