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4.1 0�1 K
!�2

(field)
��3�4�5��

2 6�7�8�9�: (;�<>=�?A@CBD? 5�E�F�G H
+, · I 5KJ)LG�4

)
!����)LKG���M 8�N�O�P�Q  �R)" 8�PTS #-,

(1) 9�: H
+I �����KU�V�W P�X RY,�Z�[

1) 9�: H
+I ��\ 1�?D]�P�Q  �R : (a + b) + c = a + (b + c)

2) =Y? �^�_R`4Ta^b^c ( d ce5_ETf 0
�gJ^R

)
!_h^iYR`4

: ∃0 ∈ R ∀a ∈ R ; a+0 = 0+a = a

3) j�k�8 a ∈ R
��l)�Km�c

−a
!�h�i�R�4

: ∃−a ∈ R ; a + (−a) = −a + a = 0

4) n V ?D] !�oqpsr�t : a + b = b + a

(2) K = K − {0}
� 9�: H

· I �����KW PuX R :

1) 9�: H
· I ��\ 1�?�]�P�Q  �R : (a · b) · c = a · (b · c)

2) B�? �D��R�4�a�b�c (1
��J�R

)
!�h�i�R�4

: ∃1 ∈ K∗ ∀a ∈ K∗ ; a · 1 = 1 · a = a

3) j�k�8 a ∈ K∗
��l)�Km�c

a−1
!�h�iuR�4

: ∃a−1 ∈ R ; a · a−1 = a−1 · a = 1

(3) v�w�?�] !�oqpsr�t : a · (b + c) = a · b + a · c, (a + b) · c = a · c + b · cx t�y{z P 3�|�}�#~,���������� 8�0�1 Q
� ;�<�8�� 5K��������� P�X R^,�������������� 8

0�1 R ����� ����� 8�0�1 C
"K� P�X R^,

�
4.2 B�? !TU�V�� X�S � (� U�V�� ) 8 z P 3�|�}�#-,�+ 8 z������K���s� 8 4

c��D�)5�EuF�G
4�,

i, j, k
5 S # 3

t 8�� ����� P���k R�4�, i, j, k
�

i2 = −1, j2 = −1, k2 = −1, ij = k, jk = i, ki = j, kj = −i, ji = −k, ik = −j

5 S #K���`��!�o>r)��� S 4�5KR�4�, H = {a + bi + cj + dk | a, b, c, d ∈ R }
5�� � � @���P��� � 8 ����� P 5�p � ����� P���S � i2   P�¡�¢ �� �" 8 ������R�4 :

(a + bi + cj + dk) + (a′ + b′i + c′j + d′k) = (a + a′) + (b + b′)i + (c + c′)j + (d + d′)k

(a + bi + cj + dk) · (a′ + b′i + c′j + d′k) = (aa′ − bb′ − cc′ − dd′) + (ab′ + ba′ + cd′ − dc′)i

+(ac′ − bd′ + ca′ + db′)j + (ad′ + bc′ − cb′ + da′)k

α = a + bi + cj + dk
��l)�

α̃ = a − bi − cj − dk
5K*)£D5 � αα̃ = a2 + b2 + c2 + d2(= ‖α‖2

5K�
��R�4

) Xu8 � α−1 =
α̃

‖α‖2

5 X 4�,
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4.1 H

!���� X 4�¨ P�©�ª ,
«­¬ «­¬ «s¬ «s¬ «s¬ «s¬ «s¬ «­¬ «®¬ «®¬ «­¬ «®¬ «­¬ «®¬ «s¬ «s¬ «s¬ «s¬ «

¯�° + 8�± ����������²�³�2 P�´ ��R�4�,

p P�� ��5KRµ4�, Zp

�T���D3�4�,e+ 8 ¨�����¶u· 2.22
y�¸º¹q#�,»+ 8 ��� Q, R, C X�¼ 5���½¾ £º¿q#À,ua�b�c

1 P�Á�Â y�Ã���� S £�5 0
� X 4D! � + 8 ¨�� Q, R, C

����Ä)�T��Å)+u¸ XTS ,Æ +T��M 8 ��� P�Ç�È 4�,
.�/

4.3
�

F 8 a�b�c 1 P�Á�Â y =µÈ � 0
� X�É  �5ÊR�4�,e+ 8 5 ¾ Â � 8�ËuÌ�Í�P + 8 � 8�Î�)5 S #-,�D����� 8 ��� Á�Â�=�È ��" 0

� X ¸ X�S 5 ¾ � Æ 8 � 8�Î ��� 0
5K����R�4�,

t�Ï)p
Zp 8�Î ��� p � ������� Q,

�u���
R, ��� ��� C 8�Î ��� 0

��3�4�,
Ð�§

4.4
� 8�Î ��� 0

� XuÑ G�F � ����3�4�,
Ò�Ó � 8�Î � P m 6= 0

5KR�4T,
m
! � ��� X�S 5 ¾ � m = pq

5 vuÔ � ¾ 4 (p 6= 1, q 6= 1)
,e+

8 5 ¾
(1 + · · ·+ 1︸ ︷︷ ︸

p

)(1 + · · ·+ 1︸ ︷︷ ︸
q

) = 1 + 1 + · · ·+ 1︸ ︷︷ ︸
m

= 0

� XD8 � 1 + · · ·+ 1︸ ︷︷ ︸
p

= 0
Ï� ��

1 + · · ·+ 1︸ ︷︷ ︸
q

= 0
!�¹q#K! � +KG�� m 8�Ë�Ì�Õ ��Ö�×�R�4�,

�D�����
Q
��3�4�Ø���Ù�Ú��

f(X) = 0 8�Ô α P�Û�Ñ�=�È ��� ¾ 4�� Q(α) P�Ü�È 4�,
α =

√
2 8�Ý�1�P�Ü�È 4�,������)5 α =

√
2 8�=�Þ�B�ß ye¸�� ¾ 4�c�� a + bα (a, b,∈ Q) 8�¢

P �T� S 4�¨ P�© Æ #-,)+ 8�¢�8 c�! ��@�àá@ � @ m�c P 5�4�â�ã���ä�å�� S 4�¨ P�æ�È F�} S ,=�Þ ���e�����>ç�· X^S�8 � � Ï�è B t�Ï)p­����t S ��ée4�, (a + bα)(a′ + b′α) = aa′ + (ab′ +

a′b)α + bb′α2 = (aa′ + 2bb′) + (ab′ + a′b)α
5 X 4 8 �T����Ï� a + bα 8�¢�P ��� S 4�, ß Z�[�êp : ��t S �u� 1

a + bα
=

a − bα

a2 − 2b2

5 X 4�, a2 − 2b2 6= 0 X�8 �Të)" a + bα 8�¢�P ��� S 4�,^\ì
Q(

√
2) =

{
a + b

√
2
∣∣ a, b ∈ Q

} ! v y�4�,
α = 3

√
2
5KR�4�,�������5

α = 3
√

2 8�=�ÞDB�ß yµ¸�� ¾ 4Tc�� a + bα + cα2 8�¢�P �T� S 4�,^��
(a + bα + cα2)(a′ + b′α + c′α2) = (aa′ + 2bc′ + 2b′c) + (ab′ + a′b + 2cc′)α + (ac′ + bb′ + a′c)α25 X 4 8 ������Ï� a + bα + cα2 8�¢�P ��� S 4{,�m���� (a + bα + cα2)(x + yα + zα2) = 1 P

Q  TR������ x, y, z
!�h�i�R�G�Fµ} S , x, y, z

��í�r�Ù�Ú��




ax + 2cy + 2bz = 1

bx + ay + 2cz = 0

cx + by + az = 0

8TÔ �u3D4�, a, b, c
!T�D�u� 8 5 ¾




a 2c 2b

b a 2c

c b a


 8_î�ï �µ� 0

�u� X�S�8 � � ë�" a+ bα+ cα2

8�¢�P ��� S 4�,�\ ì Q( 3
√

2) =
{

a + b
3
√

2 + c( 3
√

2)2
∣∣ a, b, c ∈ Q

} ! v y�4�,
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4.2 a, b, c

!������ 8 5 ¾�ð 8�î�ï�8Tî�ï ��!���ñ 0
� X ¸ X�S ¨ P�©Dª ,�Ï� a, b, c!��D� 8�Ý�1 0

� X 4�}�# X a, b, c P 1 ò�ó�ô }K,
$Dõ 8 Q(α) � " É 5_$uõ�ö���� K

��l)�
K(α) P�÷ ��4� ô � � � K

ð 8�� � ��ø K[X]
�

t S ��ù)� ÷ ��4�,
f(X) = a0 + a1X + · · ·+ anXn (ai ∈ K)

P K
�>�eúuû>ü

(polynomial)
Ï> µ�

K
ð 8^� � �ý5^E{þ>, an 6= 0 8 5 ¾ n P f(X) 8^ÿ��

(degree)
5 S�S deg f(X)

Ï� ��
deg(f)

5KJ�R^,�M�����t S ���
deg(fg) = deg(f) + deg(g) deg(f + g) <= max{deg(f), deg(g)}

!�oDr�R�4�,
��� �����uR�4�! � M 8 �u��� � � � 8 ê p :   �µ5 É �
	���öD��3u4�, � � �Dø)5�
��Dø 8�������)� S��uî �T��!u3�4D! � Æ 8 	��µ��� � � �)5�
�� 8�� ����� 4.5 � f Æ 8�7�� !�oDr�Rµ4+�5T!�3�4�,
.��

4.5 [ ��������� � ] f, g ∈ K[X]
��l)�

f = gq + r, deg r < deg g

5 X 4 q, r ∈ K[X]
!
�

1
t�h�i�R�4�,

¤�¥�¦�§
∗∗∗∗

4.3
���

4.5 P ��� ª }K,

� � � f, g ∈ K[X]
��l)� � � � q

!�h�i)���
f = gq

5 X 4�5 ¾ � f P g 8
 � ( �� � �)5
S #s� ¾ y )� g P f 8
! � (!�� � �)5 S #s� ¾ y )

5 S #%, 2
t 8�� � � 8�Ë ½�" ! � @CË�Ì "

 �)"��^�����>��� ¾ 4�,$# v�8 M>�)}�p Ì L S ��� ¯�% 8 M�� 8
! � P
&  X�S�� � � P
'�!� � � 5 S #�, '(!>� � ��� K 8*) �`Ù�� ¡�+ 4�, f(X) = x2 − 2
�

Q[X]
�>� '(! �>3�4>! �

Q(
√

2)[X]
���

f(X) = (X −
√

2)(X +
√

2)
5 v�Ô LKG�4 8 � '�! ��� X�S ,

2
t 8 � K, L

!
K ⊂ L 8 ������3�4�5 ¾ K P L 8
,�v � � L P K 8
- ½��)5 S #-,

Ð�§
4.6 f(X) ∈ K[X]

�Tl)�KM 8/. t���� Í ��3�4�,
(1) α ∈ L ; f(α) = 0

(2) f(X) P L[X] 8�0 �
1�4�5 � X − α
�

f(X) 8
! �
Ò�Ó

X − α
!

f(X) 8
! � 8 5 ¾ � 3�4 � � � g(X) ∈ L[X]
!�h�i����

f(X) = (X − α)g(X)532 Ñ 4Y,)+ 8 5 ¾ f(α) = (α − α)g(α) = 0
5 X 4{,>me� f(α) = 0

5�R�4u,��`�
4.5
}�p

f(X) = (X − α)g(X) + r
542 Ñ 4�, 0 = f(α) = r

}�p
f(X) = (X − α)g(X)

5 X 4�,

D����* Ñ 4 ! � @5 ��5K� ð 8T� � ��ø 8�� �D�
��� S���î �T��!u3�4T,76�8�9;:
<>= 8
?µß
? 5T��� 8
@�A ��M P�© R�¨�!�� ¾ 4�,.��

4.7 d P f, g ∈ K[X] 8 " ! �)5KRµ4�, f, g 8�Ë ½�" ! ��! d
��3�4�¨�5

qf + rg = d
5 X 4

q, r ∈ K[X]
!�hui�R�4�¨���� Í ��3�4�,
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∗∗∗∗

4.4
���

4.7 P ��� ª }K,

Ð�§
4.8 L P K 8�- ½���5ºR�4�, α ∈ L−K

!u3D4 � � � f(X) ∈ K[X]
�Tl��

f(α) = 0
!�oDrR�4�5ÊR�4�, Æ 8 � X�� � � 8�X yu�TM�� 8�Ë "CB S " 8DP 1

t�D É � ¾ ��ET��R�4 (
Æ G P f(X)5KR�4

)
, Æ 8 5 ¾ f(X)

� '�! ��3�4�,�+ 8 }�# X�� � ��� Ë�F M���! 1
��3u4�" 8�P fα(X)

5R�4�5
fα(X)

�
α
��} É �{$ k ö��TÄ�Ï�4�,

Ò�Ó
f(X)

! '�! � X�S 5KR�4�5 ¾ � f(X) = g(X)h(X)
542 Ñ 4�,� �G�� deg(g) < deg(f),

deg(h) < deg(f)
5KR�4�,

g(α)h(α) = f(α) = 0
}�p � g(α) = 0

Ï� ��
h(α) = 0

!�o>r�R�4�,)+G��
f(X)

!
f(α) = 0

5 X 4 Ë�Ì M�� 8T� � ����3�4�+�5���Ö�×�R�4�,Ë(F M>�µ��! 1
�µ3`4 � � ��! 2

tµh>iý�^ �5µ�{� � Æ G P f(X),f ′(X)
5�R»4^,�+ 8 5 ¾

g(X) = f(X) − f′(X)
5K*�£�5 � deg(g) < deg(f)

��3)p � g(α) = f(α)− f ′(α) = 0
5 X 4T,�} É�

g(X) = 0
� X £���� X ¸ X�S ,

� � � fα(X) 8 M���! n 8 5 ¾ � α 8 (K
ð 8 )

M����
n
5 S #-,

.��
4.9 L P K 8
- ½��)5�� � α ∈ L − K

5KR�4�,
α 8 K

ð 8 M���! n 8 5 ¾
K(α) =

{
a0 + a1α + · · ·+ an−1α

n−1
∣∣ ai ∈ K(i = 0, . . . , n − 1)

}

5KJ ª 4�,
Ò Ó

K(α) =

{
f(α)

g(α)

∣∣∣∣ f(X), g(X) ∈ K[X], g(α) 6= 0

} �^3D4 8 � � K(α) 8 c`� f(α)

g(α)
8_¢`P�T� S 4T, fα(X)

5
g(X)

�IH ;�J ��!u3TG�F fα(X) 8I'�!uÕ y�¸ Æ Gµ� fα(X)
�D3D4�, + 8 5 ¾

g(α) = 0
5 X 4 8 � � fα(X)

5
g(X)

� ?DS � � �D3^4T,g�D� 4.7
}µp

q(X)g(X)+r(X)fα (X) = 15 X 4 q(X), r(X) ∈ K[X]
!�h�i�R�4{,)+ 8 5 ¾ q(α)g(α) = 1

,)} É � f(α)

g(α)
= f(α)q(α)

542
Ñ 4T,¯ ð ��}�p

K(α) = {f(α) | f(X) ∈ K[X]}
5 X 4�! � f(X) = q(X)fα(X) + r(X) (deg(r) <

deg(fα) = n)
5KJ�R)5

f(α) = r(α)
5 X 4�,
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