
������������	�

#7 2002–6–27 ��

5 �������
��������� �"!�#�$

(%�& #�$ ) '�(�)�*�+�%�,.-�/�0�1�2�3�465 768�9�:�;�<�=�+�>�?.@�8�AB ;C@�;�D�EGF�H�I6<�=�J�K�L�0�M�N�O
P�Q

5.1 K JR@S4UT�NVO # 0.WYX[Z.E V 'R\ ( ]S)_^ ) 4R`[a.bVc.d�8V<.=fe_g�*YXh*R9�i�;
(1)–(8) ;�j�k�J�l�]�TmN�n V J K o�;�p�q r"s�t�u (vector space) 46X�X V ;�vYw�J�p�q r"s
(vector) 4�x�yYO u, v, w J V ;�wG4�) α, β J K ;�wG46TmN�n

(1) (u + v) + w = u + (v + w) (z�E�{�| )

(2) u + v = v + u (}�~�{�| )

(3) ����W�w o (� ��� �"!�� +���wG4�x���gmN ) 8C���G)�*�����; ��� �"! '��G)
v + o = v 4�W�N�O

(4) ����; ��� �"! v '��G)R��N ��� ��! v′ 8����f)�* (v ;��[wG46X 7 ) v + v′ = o 4�W.N
(��� v′ = −v 46��T )O

(5) α(u + v) = αu + αv ( ����{�| )

(6) (α + β)v = αv + βv ( �[�Y{�| )

(7) (αβ)v = α(βv)

(8) 1v = v

@ L 8�@ K ;����.@�0���Nh4�M�9�\�+ L ;�\�9 K ;�wG4�;���J�`�a�bVc�dG46��W�TG469.<�=
5.1 ; (1)–(8) J���3�Tm;�0�9 L + ��� �"!�#m$ J�W�T�O L 8 K o�; ��� �"!Y#�$ 4�)C* n i�w�;
4�MC9G��; n J���� L/K ;�����i�?G46X�X [L : K] 46�G��O

K = Q,L = Q(
√

2) ;�4�MR9 L J K o�; ��� �"!�#�$ 46��W�TG469 1,
√

2 8�����J�W�T���8R�� NCOG �2�* [Q(
√

2) : Q] = 2 0���N�O
K = Q,L = Q( 3

√
2) ;�4�M�9 L J K o�; ��� �"!�#�$ 46��W�TG469 1, 3

√
2, ( 3

√
2)2 8�����J�W�T

��8C� � N�OG �2�* [Q( 3
√

2) : Q] = 3 0���N�O
¡�¢

5.2 L J K ;�����@G46T�N�O α ; K o�;�i�?�J n 46T�N�469 [K(α) : K] = n 8¤£�¥�T�N�O
¦�§

1, α, α2, . . . , αn−1 8�����J�W�T���8�¨�©�0�M�NCO

6 ª�«¬
®�¯

F J�°�±�@G46T�N�O
¡�¢

6.1 K ⊂ L J�°�±�@G46T�N�O [L : K] = n 46T�N�4 #(L) = #(K)n 0���N�O
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¡�¢
6.2 F ;�²�?�+ 0 0�+�W�X�O

¦³§
1 + · · ·+ 1
︸ ︷︷ ︸

k

= ϕ(k) 4�´h��O F +U°[±µZVE³WV;V0U9·¶V�¸�[MUX n 'µ¹VX[*U9 ϕ(1), ϕ(2), . . . , ϕ(n)

8�T�º�*�»hW�N���4R+�W�X�Of �2Y* n > m 4�W�N[��N n 4 m '¤�f) ϕ(n) = ϕ(m) 8¤£[¥�T�N�O
1 + · · ·+ 1
︸ ︷︷ ︸

n

= 1 + · · ·+ 1
︸ ︷︷ ︸

m

 �¼�9 1 + · · ·+ 1
︸ ︷︷ ︸

n−m

= 0 8�½G¾6g�9�²�?�8 0 0�W�X���8�� � N�O
¿�À

4.4  �¼·°�±�@ F ;�²�? p +�Á�?�0���N�O Fp = {0, 1, 1 + 1, . . . , 1 + · · ·+ 1
︸ ︷︷ ︸

p−1

} 46ÂÃ��469 Fp

+�@Ã4�W�N�;�0�9 F + Fp ;�����@�'�W�2Y*�X�N (Ä�Å F = Fp ;�D�EGFÇÆ�È )O F +�°�±�ZYE�W�;
0�9 Fp o�; ��� �É!�#�$ 46��3�4�M�°�±Ci�w�0���N�OG��;¤i�w�J n 46T�N�O F ;C��� α1, . . . , αn

J 1 ¹[Ê�Ë�Nh4 F ;V�.�h;Rw a ∈ F + a = a1α1 + · · · + anαn 4U�.T[��8.0�M[NRO�ÌhÍ F +
Fp × · · · × Fp
︸ ︷︷ ︸

n

4�HVA�Î�0�M.N�;�0V9 #(F ) = pn 0���N�O�3�Ï�) #(F ) +�Z.E F ;�wh;�Ð�?�J��
T¸O ® o�'� �¼·i�8�ÑGe6g�3�O
P�Ò

6.3 F J�°�±�@G46T�N�469���N�Á�? p 4�Ó6Ô�? n 8����G)�* #(F ) = pn 0���N�O
Õ Á�;�Ð�?�8 q Ð�0���N¤@�J q w�@Ã4�x�Ö Fq 46��T���'�T�N�O 2 w�@Ø× 3 w�@Ù× 4 w�@Ú× 5 w�@
+�����T�N�8 6 w�@�+����G)�W�X���8�� � N�O
i�' 2n w�@mJ�Û�@ � '���*¤XG��7�OVÜ�Ý�+ 2 w�@�OÞ�6g�+ F2 = Z2 = {0, 1} 0��ß¼·T�0�'�àmá
0�X�N�O
i�+ 4 w�@�OY²�?�+ 2 W�;Y0�9 1 + 1 = 0 4�W�2Y*�X�NCO F2 = {0, 1} ⊂ F4 46��W�T��m8�0�M�N�O

α ∈ F4 − {0, 1} W�NCw�J�â�2Y*h�¤N�4 1, α + F2 o�; ��� �"!�#�$ 4�)�*�; F4 ;�����'YW�2�*�X
N�O α2 + F4 ;�w�W�;�0 α2 = aα + b (a, b ∈ F2) 46�ß�6��8�0�M�N�O a = 1

� ¹ b = 1 ;�D�E ®�ã
+ α ∈ F2 4�W�N�;�0 α2 = α + 1 9Ã�6g�J�ä�åG)¤* α2 + α + 1 = 0 J�½�N�O α + F2 o�;¤æ�ç�è�åé

X2 + X + 1 ;�-�0Y��N�O
Ì�Í F2 ;Rê[A�;�æ[ç 2 i[è.å é X2 + X + 1 ;R- α J 1 ¹S4�2�*³M[3�4RMV9 F4 = F2(α) 4
W�2¸*�X�N¤O F4 = {0, 1, α, α+ 1} 0���N�8�9 0 +�æ�ç�è�å é X ;�-�9 1 +�æ�ç�è�å é X + 1 ;�-Y9
α, α + 1 +�æ�ç�è�å é X2 + X + 1 ;�-�'�W�2�*�X�N�O

4 w[@�; data ë.Öh:�;R\G4_��JVì.^�íh'�î�ï�ðSñ6ò[ï � T�NV��JRó�ô.NVO F2 = {0, 1} + 1bit

data 4�)�*�õ�ô�¾6g�*RX�N�46ó�ô�N�O bit data 4�)�* bit \�J ⊕
bit ��J ⊙ 0���TVO F4 ;Cw�+

aα+b ;C,mJ�)¤*CX�NUOöìY^�í�o[0Y+C��÷m+ 2 øY?[0 ab 4Ç��ùYT�N¤O_Ì�Í data ;CZYEÃ4Y)ö*Y+C�Y÷
D = {00, 01, 10, 11} Jm4CNCO ab, cd ∈ D 'C�ß)Ç\ + + ab+cd = (a

⊕
c)(b

⊕
d) 4CWVN¤Oö��+ F4 0

+ (aα+b)(cα+d) = acα2+(ad+bc)α+bd = ac(α+1)+(ad+bc)α+bd = (ac+ad+bc)α+(ac+bd)

46�Ãe6g�N�;�0 ab · cd = ((a
⊙

c)
⊕

(a
⊙

d)
⊕

(b
⊙

c)) ((a
⊙

c)
⊕

(b
⊙

d)) 4�W�N�O
i�' 8 w�@ F8 J�ó�ôYN�O F2 o�; 3 i�;�æYç�è�å é + X3 + X2 + 1 4 X3 + X + 1 ; 2 ¹�0��Y2
3�8C9[:�gG4�ú�76(¤>�T�N�;�0���ûG7"O 4 w�@�;CD�Eß4�H�ü�' F2 = {0, 1} ⊂ F8 46��N���4�8Y0�M
N�O α ∈ F8 − {0, 1} 46T�N�4�W�N¤w�JCâ�2Y*��CN�O 1, α, α2 8 F2 o�; ��� �É!�#�$ 4�)�*�; F8 ;
����'�W�2V*�X�N���J�ÑG)¤3�X�OýF�)�:ß760�W�XÃ46T�Nm469 F2[X] ;���N 2 i�èYå é f(X) 8����
)�* f(α) = 0 4�W�2V*�X�N�Oh��;�4�M f(X) = X2 + X + 1 4�Wß¼�9 F2(α) ⊂ F8 + 4 w�@G4¤W�NCO
[F8 : F2(α)] = n 46T�N�469 ¿�À 6.1  �¼ 8 = 4n 4�W�N�8��6g�+�þ�ÿ�O
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α3 +���� 1, α, α2 ;�%�&.z�E�0R����N[;�0�9���N 3 i é f(X) '��S) f(α) = 0 0���NRO f(X)

8�æ�ç�0�W��Vg�� α + 2 i��.3�+ 1 i�;Rè�å é ;�-h'�W�N�8��6g�+�þ[ÿ�9G �2Y* f(X) +�æ�ç�0
�[N�O F2 oh; 3 ih;�æ.ç�è.å é + g(X) = X3 + X + 1 �[3�+ h(X) = X3 + X2 + 1 ; 2 ¹�0
�[N�O g(X + 1) = h(X) W.;[0�9 h(α) = 0 ;h4�M.+ g(α + 1) = h(α) = 0 4RW.N�OG�V;�4RM α

J α + 1 '�´�M�~�ô.*���Å�JVT�g��� _X�;�0�9 g(α) = 0 9�Ì�Í f(X) = g(X) 4�)�*��hJ�ø�Ë�NRO
F8 = {0, 1, α, α+ 1, α2, α2 + 1, α2 + α, α2 + α + 1} 4�W�2�*¤X�*�9 α, α2, α2 + α + g(X) = 0 ;�-
0��Ã¼�9 α + 1, α2 + 1, α2 + α + 1 + h(X) = 0 ;�-�0���N�O
��;��[X
	�JVTßN�4_9 g(X) = 0 ; 3 ¹h;R- α, β, γ 9 h(X) = 0 ; 3 ¹�;Y- δ, ε, ζ 4UT�Nß4_9

F8 = {0, 1, α, β, γ, δ, ε, ζ} 0���N�O
�����¢

6.1 8 w�@ F8 ; data ë�Ö�:�;�\G46��J 4 w�@�;�D�EG4�HRü�'�ì�^�í�'�î�ï�ðGñ_ò�ï���  6O
� '�)6¹G��� 16 w�@mJ�ó�ô�N�O�æ�ç 4 i�è�å é + f(X) = X4 + X + 1, g(X) = X4 + X3 + 1,

h(X) = X4 + X3 + X2 + X + 1 ; 3 ¹�0���N¤O α ∈ F16 −F2 J�4C2Y*���N�O α 8�æ�ç 2 i�	�� é
;�-�'�W�N��GF¤��N�8�9[:�g�+���0¤1 7·��'�)¤*�9ý����0Y+�:Ã76W�2V*�X�WCXG46TmN�O α + 3 ¹�;
æ�ç�	�� é ;�ú6g � ;�-�'�W�2Y*�X�NCOÃ����0Y+ f(X) = 0 ;�-�0���N�4Y)�*���ÅÃ)� �7 OYì�^�J��� T�N�4 f(X) = 0 ;�-�+ α, α + 1, α2, α2 + 19 g(X) = 0 ;�-�+ α3 + 1, α3 + α, α3 + α2 + 1,

α3 + α2 + α 9 h(X) = 0 ;�-�+ α3, α3 + α + 1, α3 + α2, α3 + α2 + α + 1 8�� � N�O�� ¼6; 2 ¹
α2 + α 4 α2 + α + 1 + 2 i�	�� é X2 + X + 1 = 0 ;�-�0���N���8�� � N�O

α 8�æ�ç 2 i�	�� é ;C-�;�D�E�J�1�Â 7"O���; α 4����G)CW�XG �7Ç'�:�;�wmJ β 46��M���:G7�O
Ì�Í β + X2 + X + 1 ;�-G4_T�N�O F2(β) + 4 w�@�'[W�N�;.0��6g�J F4 46�G�ÇO F4 o�; 2 i�æ
ç[è�å é + X2 + X + β, X2 + X + β + 1, X2 + βX + 1, X2 + βX + β, X2 + (β + 1)X + 1,

X2 + (β + 1)X + β + 1 ; 6 Ð�0���N�O
F16 − F4

� ¾Çw α J�4C2�*���N¤O 1, α + F4 o�; ��� �É!�#�$ 4�)�*Y; F16 ;����m'�W�NCOß �2
* α +Co�; 1 ¹�; 2 i é � ¾�0�M[N�	
� é ;�-�'[W�2�*�X�NRO�� X2 + X + β ;�-G4���<[T�N�O
 �2�* F16 ;�w�+ x, y J F4 ;�wG46T�N�4�M�9 x + yα 46����N�O�3�4�ô�� x = β + 1, y = β ;�4
M�9 x + yα = (β + 1) + βα = α2 + α + 1 + (α2 + α)α = α3 + α + 1 4�W�2�*RX�N�O
i�' 3n w�@�J��S �7 O n = 1 ;�4�M�+ F3 = Z 3 0���N�O F3 o�;�æ�ç 1 i�è�å é + X, X + 1,

X +2 ; 3 ¹m0���N�OCæ�ç 2 i�è�å é + f(X) = X2 +1, g(X) = X2 +X +2, h(X) = X2 +2X +2

; 3 ¹�0��YNUO f(X) = 0 ;¤-[J α 4ÇTmN³4 9 f(X) = 0 ;¤-³+ α, 2α, g(X) = 0 ;¤-�+ α+1, 2α+1

h(X) = 0 ;�-�+ α + 2, 2α + 2 0���NCO F9 = {0, 1, 2, α, α+ 1, α + 2, 2α, 2α+ 1, 2α + 2} 4�W�2Y*
X�NCO
æ�ç�W 3 i é + a(X) = X3 + 2X + 1, b(X) = X3 + 2X2 + 1, c(X) = X3 + X2 + 2, d(X) =

X3 + 2X + 2, e(X) = X3 + 2X2 + X + 1, f(X) = X3 + X2 + X + 2, g(X) = X3 + X2 + 2X + 1,

h(X) = X3 +2X2 +2X +2 0��YNCO a(X) = 0 ;C-mJ α 4 T�N�4 9 a(X) = 0 ;C-�+ α,α+1,α+2,

b(X) = 0 ;�-�+ 2α2 + 1,2α2 + 2α,2α2 + α, c(X) = 0 ;�-�+ α2 + 2,α2 + α,α2 + 2α, d(X) = 0

;V-�+ 2α,2α + 1,2α + 2, e(X) = 0 ;R-h+ 2α2,2α2 + 2α + 2,2α2 + α + 2, f(X) = 0 ;R-�+
α2,α2 + α + 1,α2 + 2α + 1, g(X) = 0 ;V-�+ α2 + 1,α2 + α + 2,α2 + 2α + 2, h(X) = 0 ;R-�+
2α2 + 2,2α2 + 2α + 1,2α2 + α + 1 0���N�O
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