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0.9̇ = 1 !#"%$'&)()*,+)-/.�0�1)23$#4/5�6)798�:�;)!#<>=,?�1/@)A�B�CED>F#"�GH*�I/0�4KJMLN/O !#"%$,-/P�Q/R)7�SETUG�6�VW+)-#5�6)P/X9Y)Q JM6ZV)[�4 OW\/] 4�(�^Z_�P�A (̀ba3c>d#e�f
A�g,")h )19 i�j)P�k�l/m)n�P/@W+�o�1/G
mWp�A 0.9̇ = 1 7/q�rHF/h)-Z=)$#_9s�P/t�uHF#GU5�6)Q/v)^U_�w�x�P,L N/y 6�z�{>!|"%$/-EP�Q} ?W=�~)1,GU&W?�l α =

√
2 !�"�$'596)QE�W?)=�~)1W! 1.41421356 · · · !�"�$/2W$#(Ez�{WQ } ?W=

~)1,G�5)��[Z4�A y 69��m3p/T9�)hZP/6W7/�9�)[Z4/�9��T31/@WA/DHF#"30)-9F#~3(/"WQ/��z�{)7 }
?�1,@)A�+�8�1/G>I�I/+/�)7 } ?�h/�>2)$�G�JML N/y 6WA/�������)P/5�6)7/z�T)P�0�� O !#"%$'�� +9o�1/G� I/P/@95)7/�3s�1/@W4)F/hE���)4,&>!9F/h/�3��_ 0.9̇ 7 } ?�hE�>2)$�G � I#~3A/L N/y 63+�o
190W=��)1,5Z6)7,zHF/hE"W1/G�I�~)7 α !|t� |@)43F92)$�G α Q 1 m3p�+9oZ1/@WA,�)sZhW-�2�"W+
o�¡>$¢G>£/h α Q 1 2)¤ y £#">!�F/h/�)1/G>I/P�w 0.9, 0.99, 0.999,. . . ! } ?�h/"> �!#"��¥0�A
α 7/¦)?�1/G��)§>¤�� 1 − α >

1

10n
!#T)1)! α < 0. 9 · · ·9

︸ ︷︷ ︸

n ¨
< 0.9̇ = α (�P�+/©�ª�G>2/^�h α = 1 G

I,P/«�¬WA­JML N/y 6>!,A/®)0 O !#"�$/I9!/7�8Z:�;W!#�Z¯>F,h/"W(/")PZ+­JM69V)[ O !/A/°3?
(/"WQ/±H²/AE�W0�sZ1�0W-�F|~)(E"�G�I/P/@W7�8Z:�;W!#�Z¯�T9~)A,5�63P/³9´�µ37/�9¯)+98�1EG�F
0)F|¶�·)A/¸)P/¹�º)7/»�¼>F/h/«�¬�T)1/G½ ¯¥+/5b6)7/¾¿$#wUÀ)C�(/Á%¤ÃÂ)QÅÄ)1/Gb5�6)PÅÆ�Ç�µbÈ)P ½ ¯)+ÉP/Ê ¤'Ë)�ÅÂ)7UÌ��¥0/Ë)�
1)!|�
(1) Í�Î ÏÐÍ�Î — Ñ|Ò�6 → Ó�6 → Ä�º96>!#Ô�Õ�F#�9Ä�º96)0)=#5Z6)7/ÖW^Zh/"> ×G3x)F,h/�ØJÙI
P/Ö)^�_)-/P�A)I#~>I#~)P/µ�È)73-#��G O !�F/h/��Æ�Ç�µ�È)7/Ú \ T)1EG

(2) Æ�Ç�µ�È)A/Õ�Û�T)1)-/P)!#�)s�1EG)o)!/A�8�:�;)!#Ú \ F/h/"> ÜG
(3) Æ�Ç�µ�È)A/Õ�Û�T)1)-/P)!#�)s�1EG)o)!�-/o�§>¤#8�:�;)!#Ú \ F/(/"�G
(4) x>$'"%$ �/Ý 4�A/Þ�~)(/" ßÙ£/.3=/à/á)4�_�_>¤#()F#âãG
()*,Q } ?)=�~)1,GUä�åW§�+ZA/�9æ)PEÛ�çW+�o9^Z_,G�I/P ½ ¯3+�A/�9æ)03= 2 è>é,P/ÛZç)+,Á)1E@
4/TW1/G�5�6 — JML N X�Y O 7/<>=/?)2)$/!�F/_/ê)ë�P/ì��)P/�9í)7/º�î>F/h) #~)_)=�!#ï%$�G
(1) ð�ñ ßM��â

1) ò · · · a + b Q/��¯>£#~)h/")1
1. (a + b) + c = a + (b + c) (ó�ô�õ�ö )G
2. 0 !#"%$'5�6)Q/÷�v>F/hE��T��)h�P/5�6 a 4/ø>F a + 0 = 0 + a = a(ù)P/÷�v ) G
3. ú�5�6 a 4/ø>F a + a′ = a′ + a = 0 !/(91/5�6 a′ Q/÷�v�T)1EGHI/P a′ 7 −a !#û
  ( ü�õ)P/��ý)P/÷�v )G
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4. a + b = b + a ( þ�ÿ�õ�ö )G
2) � · · · a · b Q/��¯>£#~)h/")1/G

1. (a · b) · c = a · (b · c) ( ó�ô�õ�ö )G
2. 1 !#"%$'5�6)Q/÷�v>F/hE��T��)h�P/5�6 a 4/ø>F a · 1 = 1 · a = a( ����ý3P/÷�v )G
3. ú�5�6 a(6= 0) 4/øHF a · a′′ = a′′ · a = 1 !/(�1,5�6 a′′ Q/÷9v�T)1,G�I/P a′′ 7 1/a

!#û>  ( ��õ)P/��ý)P/÷�v )G
4. a · b = b · a ( þ�ÿ�õ�ö ) G

3) ����õ9ö
1. a · (b + c) = a · b + a · c G

(2) ���
1) ���

1. 	�
)P/5�6 a,b 4/ø>F a <= b §�_�A b <= a Q/Õ�Û9T)1/G
2. a <= aG
3. a <= b, b <= c ()=/l a <= cG
4. a <= b, b <= a ()=/l a = b G

2) ò Ï��
1. a <= b ()=/l a + c <= b + cG
2. a >= 0, b >= 0 ()=/l a · b >= 0 G

(3) ³Z´9µ · · · I,PEµ9È3Q/Ä9º96�!|5Z6W7��,¸ZTW13-,P94�(Z^�h,"31,G�À3CU( ê3Q/¸WC�4E5963P/Æ
���� 7����W_�P9+EÌ��W0��3^ _/�Z¯WQ/Ä31/G�I9I/+ZA/�9¯W()FE4����3(/¹9ºW7�oZ��h,t� |G
• 	�
)P,L N/y 6�z�{)4/ø>F/x/~)+/z��>£#~)1/596)Q/÷�v�T)1/G
• ���9ô)+9(/"ZË)4,Ä��)(E5�6WP������Zô)A/� y Ë�� (Ë N ) 7��9� ( �! �"�#)e�$&%('�)
P/¹�º )G

• *���ë In + [an, bn] (n = 1, . . .) Q/Tb�)h�P n 4,ø�F [an, bn] ⊃ [an+1, bn+1] 7�,)_/T
!/8/� ∞⋂

n=1

In 6= Ø +�o�1 ( -�./%10�#)P/¹�º ) G
• 5�6�2��W7��)+Z(/"/3 �)P������9ô A, B 4�� � � A P�	�
WP/ý3A B P�	�
)P,ý>23¤ y
£#"H!/8,� A 4/��4Zý)Q9o�190 B 4,� y ýWQ�oZ1�09P/"Z��~W0�Q65>IE1 (7�7�8�./% P
¹�º )G

Weierstrass P/¹�º3+�9)./~)h/")1/¼�:)P/��¯)7�8�:�;)!�F,h/t>I)$�G
;�<

1.1 5�6 R P�������ô A Q/Ë)4/Ä��3+�o�1)!,A�o�1E5�6 α Q/÷�v>F/h A P�	�
)P/ý a ∈ A

4/øHF/h a <= α Q/Õ�Û�T)1/@)7/"%$�G>I/P�w α 7 A P/Ë��>!#"%$�G
Ë=�3A,÷Zv T319wZA?>A@,vb19Q3I,PUB9+E� y (W-EP9Q v9~3lUx,~W7E� y Ë�� (Ë N ) !|"U"Z� sup A

!#z9TUG
Weierstrass P/¹9º)A6B)43-!C9�)_ZQ/�D�)+�(,"ZÄ��W(��9ô)4ZA/Ë N QE÷�v9T)1,@)7�E�FWF/hE")1,G
&)7,Ì��)0�G>2)$�G
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H
1.2 (1) A = {2 − 1

n2
|n ∈ N } A/Ë)4/Ä��)+ sup A = 2G

(2) A = {x ∈ R | 0 < x, x2 < 2} AEËW4/Ä��ZGUË N 4E��"WhZA,¸)49wZ4�C9�31 (5WA sup A =
√

2

4�(�1 )G
(3) N A/ËW4/Ä��)+�(/"�G
J 5Z6WP/³9´Zµ O 0W=�L N/y 6W4/ø�I�F/h,5Z6)Q,÷9v�T31,@)7E&W+6G)hE�H2)$�G�&3A 0.9̇ 4ETW1,G

a1 = 0.9, a2 = 0.99,. . . !#T)1,GU�)§>¤ an = 0. 9 · · ·9
︸ ︷︷ ︸

n ¨
!#tH ÜG A = {an | n ∈ N } !#TW1)! A A/Ë

4/Ä��)+�o�1/G α = sup A !#t> ÜG>I|~)Q 0.9̇ 4/ø�I�T)1/5�6>! } ?�1/@)Q�+�8�1,G
& 1.2 P (2) P/� y Ë��)Q √

2 49(�1/@)7/{)x>$�GHI#~>2)¤ 2 P6J�Â�K)A/÷�v�T)1/@3Q��)1/G��L 46M)P/6)P�J�Â�K)P,÷�v)A�B�ë��)P/�Zº�N)+/{�T�@)Q�+98�1�Q/�>I�IE+�A�O�P JM596)P/³�´�µ O
0)=RQ�")h,�>2)$�G A = {x ∈ R|x > 0, x2 < 2} !#t> �!�� 1 ∈ A 2)¤ A 6= ØG x ∈ A 7 A P/ý>!
T)1)! x2 < 2 < 4 = 22 G x > 0 2)¤ x < 2 Q��%¤ 2 A A P/Ë���G>2/^9hÅ� A A/Ë)4/ÄS��G�JM5�6
P/³9´�µ O (Weierstrass P/¹Zº ) 2)¤'� y Ë��3Q/÷�v�T)1/GWx/~)7 a = sup A !#t> ÜG a2 = 2 7�T
º�õW+/{�TUG a ≥ 0 4�U�
>F/h b =

2a + 2

a + 2
!#t> �!#� b > 0 +/��V�W�Õ�Û�G

b2 − 2 = 2(a2 − 2)/(a + 2)2

b − a = (2 − a2)/(a + 2)

a) a2 < 2 !!X���T)1/G>I/P�w/� b2 − 2 < 0 (�P�+/� b ∈ A G>!�I/¡�Q/� b > a (�P�+U� a Q/Ë��>!
"%$,I�!/4/©�ª�G

b) a2 > 2 !!XZ��T)1,G b2 > 2 (�P�+E� b A A P/Ë��9G�!�I/¡9Q/� b < a (�P�+E� a Q/� y P/Ë��
+�o91/@)4/©�ª�G

1.2 Y[Z]\_^
§,� JM6�`)P�a N/O 4/�b")h } ?�1/GÉä9å¥w/a)Acb n Q N ¤#() !4)8) /(É1�w/� an A N ¤#(¥ 

A 4�d�e> ×GgfH!/8/�Z6�` an A A 4�h�i�T)1)!#"9"��HI/P A 76a N �>!�jZ;�+/")_/GHF/03F�I/P
O�k)[/�b¯)A)2É  } ?�1)!l�>=Å(/"�G�I/P/�É¯)Q/6bV)[É4 \/] ()-UP�()=Åx�P/ønm)7¥!/^�h)-��
�)(9A/�)+�o�1/Go���)(�p Ý Acb an Q N ¤#()  A 4�d�e> /0�(/")w,� n A N ¤#() q4)8) /()=/(
"�Grf>!/(�1�Q)I|~)A \/] +�o�¡>$#0,G� �./%!s/+3-!t�~)_�Q�u����WA�v)^�_�w�4�AZx�P/º�¬)[/Æ
���� A�w�� \/] +�A�(�0�^�_/G>I/P�a N XbY)4�x)F/h)-!y)4 18 i�j)4�A�z�{¥Q�5>I/^9_ÅG 1 &
!�F,h 1 − 1 + 1 − 1 + · · · !#"%$(|�6W7 } ?�h/�>2)$�G�Ì��)0�P } ?/Â)7�}�~>F�2)$¢G
(1) α = (1 − 1) + (1 − 1) + · · · 2)¤�� α = 0

(2) α = 1 + (−1 + 1) + (−1 + 1) + · · · 2)¤¢� α = 1

(3) α = 1 − (1 − 1 + 1 − 1 + · · ·) = 1 − α 2)¤�� α = 1/2

m�ËWP/«�¬)4)2)¤�� 0 = 1 = 1/2

I,P��)(�(90�+�a N X�Y)7 \/] 4)FE_�P�A��R0)e�0 (Cauchy) +�o9^�_,G��)A/X��9m)p�P��34 }
?9_,G�b N ¤|(W !d�eH !f�!�"�$'XZYWA�b����W7/ÌH=E+)- y £� ,+98�1�fU@ ��-3$��>F|6ZV)[94ZA�^
8>¤,£!�)1)!�bÙ�)?)=#~)_)*/;�(�M)P/6>2W¤(���)7 y £� /+�8�1�f�@>! } ?�_/G
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xWF/h�b N ¤#(W !4)83 /(�16fH!#" $'X�YWA�b n 7/"H �=/+3-!4)8W #T)1�f9@���-)$��>F#6ZV)[
4�A9^�8>¤/£!�)1)!�bÙ�)1�4)8�()Ñ#Ò�6>2W¤/-!4)8) #T)1�f�@>! } ?�_/G
;�<

1.3 m�Ë)0)=#6�` an Q A 4�h�i�T)1)!/A
	�
)P�M)P/5�6 ε 4/ø>FEo�1)Ñ#Ò�6 N Q/÷�v>F/h N 2)¤(4)8/"�	�
)P)Ñ#Ò�6 n 4/ø
F |an − A| < ε Q/Õ�Û�T)1/G

!��R0)e�0)A/��¯>F/_/G��)CW- Í�Î)4/Ê%¤ ¾%$#w�4�A)I#~)7/»�¼�T)1/G>I/P)!/8
lim

n→∞

an = A §�_�A
an−→A (n−→∞)

!#z9TUG
°9"�Â)7��)?�1)!!V)P��)4W-#°)?�1/G “ 	�
)P6M�6 ε 4/ø>F/h an ! A !/P����)Q ε m�Ë)+�o�1

n A/Ä N ¨>F/0�(/"�G ”

VWPÅ��º�A���_�¤(B�4�G)?É1�0¥-�F#~�(/"¥Q�a N P/�É¯)7/ÍÉÎ)4UT)1/@¥()F/4 JMÚ \ÅO +�8�(
0�^9_)!#"%$/I�!/A�U�
�T)1/���)Q�o�1/G
;��

1.4 ( ��������� ) lim
n→∞

an = A, lim
n→∞

bn = B !#T)1,G
(1) ��� ;���� �1���1�������

1) lim
n→∞

(an + bn) = A + B

2) lim
n→∞

αan = αA

3) lim
n→∞

(an · bn) = A ·B

4) B 6= 0 P�w/� lim
n→∞

an

bn

=
A

B

(2) ����� an
<= bn (n = 1, 2, . . .) P�w/� A <= B

(3)  ¢¡l£_¤�¥¦� ;n� an
<= bn

<= cn (n = 1, 2, . . .) PÉw lim
n→∞

an = lim
n→∞

cn = A +Éo/~¥l
lim

n→∞

bn -!h�i>F/h�a N �)A AG
6�`)P�h�i)+�A�V)P/��º)Q/º�¬)[�4)-#5W��[�4)-!§��)+�o�1/G

;��
1.5 Ä��)(���¨�6�`)A�h�i�TW1/G

º�¬W[�(6©)+E"%$,!�IEP/��ºWA­JM596)P/³Z´�µ O !��6�)+�oZ1/G�I/P/�9º)7/¹Zº)4WF/h­JM596)PE³
´�µ O 7/Ú \ TW1/@WQ�+Z8�1,GDV)P)IEP/�9º3P/5W�/ËW+�P�ª/"9�3A ‘ h�i�TW1�0W*)$�0 ’ !#"�$'@�!
‘ a N �)7�«)s�1/@ ’ 7�� � =#~)1/�)+�o�1/G

an = an(0 <= a < 1) P�h�i�7 } ?�h¦G>2)$ G�¸3PUÂ�õ)+¥-/+�8�1bQ/�>I�I/+ÉA/��º 1.5 7�9�t
$¢G an Q���¨�¬��b6�`)+�o�1/@)A/T®­!�)1/G)§�_¦¯)4�A�()=/(/")P�+/Ä��)+�oÉ1/G>2/^9h�hSi�T
1/G�a N �)7 α !#T)1)!#� an+1 = aan 2)¤�� α = aα Q��)1/G a 6= 1 2)¤ α = 0 7/r)1/G

VW4 J°xE6)P6a N/O 7 } ?)2)$ G�O�kW[�4�A “f(x) 4/t�"3h x 7 N ¤#()  a 46d�e � 1�w f(x)

A A 4 N ¤#(W !d�e�  ” @�±�Q/� I#~>-��q0)e�0)4W2/^Zh/m)p9P��)4 } ?)=#~Z��¯>£|~)_/G�b N ¤
7



() Rd�eH !f)!#"�$'X9Y)AE6�`WP/çZô>!6�)²R�)4�bÙ�)?W=#~W_)*E;�(6M)PE6>2W¤(���)7 y £9 /+Z8
1�f9@>! } ?�_/G
§9_�b N ¤#(W !d�e � 1�f�!#"�$'X�Y3A²br���37 y £� #T31�f @���-)$³�>F|6�VW[�4�AZ^98>¤E£

�)1W!�br���)7�o�1��>2)¤ y £� #T)1�f�@H! } ?�_/G
;�<

1.6 m�Ë)0)=�x/6 f(x) 4/t�")h x 7 N ¤#()  a 4�d�e � _�w A 4�h�iZT)1)!/A
	�
)P¦M)P/5�6 ε 4/ø>FÅo�1�M)P/5�6 δ Q/÷bv>F/h 0 < |x − a| < δ !/(�1�	�
�P/5
6 x 4/ø>F |f(x) − A| < ε Q/Õ�Û�T)1/G

!��R0)e�0)A/��¯>F/_/G��)CW- Í�Î)4/Ê%¤ ¾%$#w�4�A)I#~)7/»�¼�T)1/G>I/P)!/8
lim

x→a

f(x) = A §�_�A
f(x)−→A (x−→a)

!#z9TUG
x→∞ -����)4/��¯>F/h/")1/G
	S
¥P�M¥PU5É6 ε 4Åø�F/ob1Å5b6 L QÅ÷bv�FÅh L 2¥¤(4¥8U"S	n
¥PÅ5�6 x 4Åø�F
|f(x) − A| < ε Q/Õ�Û�T)1,G

I/PW!/8
lim

x→∞

f(x) = A §�_�A
f(x)−→A (x−→∞)

!#z9TUG
I,P/¬�õ)7 ε-δ ¬�õ>!#"%$ ( ´�µ)(�p�¶�õ�± )G
6�`)P�a N 4�x/T)1/��º 1.4 !����)4�x/6)4,ø>F/h)-!V)7/{�T�@)Q�+�8�1/G

;��
1.7 lim

x→a

f(x) = A, lim
x→a

g(x) = B !#T)1�w
(1) ��� ;���� �1���1�������

1) lim
x→a

(f(x) + g(x)) = A + B

2) lim
x→a

αf(x) = αA

3) lim
x→a

(f(x) · g(x)) = A · B

4) B 6= 0 P�w/� lim
x→a

f(x)

g(x)
=

A

B

(2) ����� f(x) <= g(x) (n = 1, 2, . . .) P�w/� A <= B

(3)  �¡l£®¤�¥�� ;�� f(x) <= g(x) <= h(x) (n = 1, 2, . . .) P�w lim
x→a

f(x) = lim
x→a

h(x) = A +
o/~)l lim

x→a

g(x) -!h�i>FEh�a N �)A AG
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