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3 R  �SUT�� x, y, z
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x + y + z = `
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V = xyz = xy(` − x − y)
'�`���7 ∂V

∂x
= y(` − 2x − y),

∂V

∂y
= y(` − x − 2y) c�d (
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∂x
= 0,

∂V

∂y
= 0
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x = y =
`
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2.26 ��� D
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(1) ���  ����� ���'�` d (�\ l '����� �!�����0���7
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(x, y) ∈ R
2
∣

∣ x >= 0, y >= 0, x + y <= `
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∂y
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= (0, 0)
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(2)
[�»�"���¼�V��

3 ·�¸  �#���'�º�b���� ��� ���-�. c 7

2.8 ½¨¾À¿Á�Â�Ã�Ä�"�8� �Å�#�Æ�Ç���w�������wW^,#�&�7
x2 + y2 = 1

�
x
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2x + 2y
dy

dx
= 0
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dx
= − x

y
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x2 + y2 = 1
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F (x, y)

0
F (a, b) = 0
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(a, b)
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y = f(x)Y�z�{Uw�%
F (x, f(x)) = 0

(
b = f(a)
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(a, b)
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y = f(x)
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(a, b)
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3 Ô �,���� �Õ � ��(/��� F (x1, x2, y)
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F (a1, a2, b) = 0
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(a1, a2, b)
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y = f(x1, x2)
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F (x1, x2, f(x1, x2)) = 0
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b = f(a1, a2)
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(a1, a2, b)
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y = f(x1 , x2)
��[�.��,0W&�o©7

28



@��
2.28 F (x, y)
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F (a, b) = 0

(
Fy(a, b) 6= 0
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y = f(x)
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Cr × 7 dy

dx
= − Fx

Fy
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F (x1, x2, y)
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F (a1, a2, b) = 0, Fy(a1, a2, b) 6= 0
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y =

f(x1, x2)
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F
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Cr × # | f
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Cr × 7 ∂y

∂x1

= − Fx1

Fy

,
∂y

∂x2

= − Fx2

Fy
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F (x, y) = x3 − 3xy + y3 = 0(Ú,Û�Ü�Ý  �Þ�ß�à ) á�R � x
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y′ =
x2 − y

x − y2
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y′′ =
2xy

(x − y2)3Y�É,����7

2
 � �Ê

x2 + y2 + z2 + w2 = 1, x + y + z + w = 0
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x, y
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x
"���w�%�È�É�V^ }

2x + 2zzx + 2wwx = 0, 1 + zx + wx = 0
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zx =
w − x

z − w
wx =

z − x

w − z��k,��7�å�Å�"
y
"���w�%�æ�ç�V�^ }

zy

w − y

z − w
wy =

z − y

w − z��k,��7
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8�'���� | ^���Ì�����"���w dy

dx
,
d2y

dx2

��-�. c 7
(1) 1 − y + xey = 0

(2) x3y3 + y − x = 0
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2 Ô �, òÕ � � ϕ(x, y) = 0

 ,��0�'� 
f(x, y)
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3 Ô �� �Õ � �óx ϕ(x, y, z) = 0

 ���0�'� 
f(x, y, z)

 �!��¡��-�.���3 4 ~Óª����ôx
ϕ1(x, y, z) =

0, ϕ2(x, y, z) = 0
 ���0�'s 

f(x, y, z)
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ϕ1(x1, · · · , xn) =

0, . . . , ϕp(x1, · · · , xn) = 0
 ���0�'� 

f(x1, . . . , xn)
 �!�����-�.���7ð�ñ�ö 1�!2��� ð�ñ  �÷�&�Õ � "�ø�ù�%�Z�õ,"�ú�wv&�7 ð�ñ�ö 1�!��, �3 4 ��`���û/ü�' ð�ñ  ÷�&�!���3 4 " Ô ���� �Y�ý�þ�ý�ÿ����� ���[�����m ����[�����m�	�'�`���7

@�Î
2.29 2 Ô �/�ò� f(x, y)
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gradf =

(

∂f

∂x
,
∂f

∂y

) 0_Ögj 7 Z�õ
n Ô �s ���� f(x1, · · · , xn)

 �Õ � � gradf =

(

∂f

∂x1

, · · · , ∂f

∂xn

) 0WV���7
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������ <���@������ ) ϕ(x, y), f(x, y)

�
C1 × �ò�Ó0 V �ò7 P = (x, y)

Y
ϕ(x, y) =

0
������w�#�Y | Ô�� V���0WV���7 f(x, y)
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P = P0
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F (x, y, λ) = f(x, y) − λϕ(x, y)

0WÖUj�0W(
gradϕ(P0) = 0
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gradF (P0, λ) = 0
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x2 + y2 = 1
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ax + by
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x2 + y2 = 1
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ϕ(x, y) = x2 + y2 − 1, f(x, y) = ax + by, F (x, y, λ) = f(x, y) − λϕ(x, y)
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gradϕ =

(

∂ϕ

∂x
,
∂ϕ

∂y

)

= (2x, 2y), gradF =

(

∂F

∂x
,
∂F

∂y
,
∂F

∂λ

)

= (a − 2λx, b − 2λy,−x2 − y2 + 1)
0�#��� 

'�(
gradϕ(x, y) = 0
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(0, 0)

 �t�7Ów��,w l  ���'�� ∂F

∂λ
= −x2 − y2 + 1
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x =
a

2λ
, y =

a

2λ
, a2 + b2 = 4λ2
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a

2λ
,

b

2λ
) = ±

√

a2 + b2
#� �'������� √

a2 + b2
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3 Ô �� �Õ � ��0 d `�� c o©7 ϕ(x, y, z) = x2 + y2 + z2 − 1, f(x, y, z) = ax + by + cz
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ϕ(x, y, z) = 0
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f(x, y, z)
 ¦�s������£�s���¦-¡. c o©7 F (x, y, z, λ) = f(x, y, z) −

λϕ(x, y, z)
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gradϕ =

(

∂ϕ

∂x
,
∂ϕ

∂y
,
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= (2x, 2y, 2z), gradF =

(

∂F

∂x
,
∂F

∂y
,
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∂z
,
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)

=

(a − 2λx, b − 2λy, c − 2λz,−x2 − y2 − z2 + 1)
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gradF = 0
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(0, 0, 0)
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gradF = 0
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2λ
, a2 + b2 + c2 = 4λ2
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(1) ϕ(x, y) = 2x2 + y2 − 1 = 0
 ���'

f(x, y) = xy
 ����� � �����,��-�. c 7

(2) ϕ(x, y) = x2 + y2 − 1 = 0
 ���'

f(x, y) = ax2 + 2bxy + cy2
 ��������-�. c 7

(3) [ ��� <��! #",M%$'&)(#*�K%+/M-,�.0/21,K ] ϕ(x, y, z) = x2+y2 +z2−1 = 0
 ��Ù'

f(x, y, z) =

ax2 + by2 + cz2 + 2pxy + 2qyz + 2rzx
 �����,��-�. c 7
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) ϕ1(x1, · · · , xn), . . . , ϕm(x1, · · · , xn), f(x1, · · · , xn)

�
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x = (x1, · · · , xn)
Y

ϕ1(x) = · · · = ϕm(x) = 0
���g�¡w2#/Y | Ô5� V¡�g0�V¡�27

F (x, λ1, · · · , λm) = f(x) − λ1ϕ1(x) − · · · − λmϕm(x)
0 Ö¨j¦Ã¦(

f(x)
Y � ���¡ #	�!£�Ó�¡0 ^

}
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(

D(ϕ)

D(x)

)

= rank

(

D(ϕ1 , . . . , ϕm)

D(x1, . . . , xn)

)
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gradF = 0
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