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3.3 ��
��
�������������������� �!#"���$�%�&('�%�)�*�+-,#.�/10#2�3�4�2�*�+-,#.�5�6�7�8������#��9:�; 2#<>=?6�@ ; 2#<BA�C#��D�.�/

1 E�F�G�H�I�J�K�L�M5�6N7�8#�
2 O�P#Q�R � 1 O�P 2TS�8���UV��W�XNY�Z����#)\[#]��\^#_�`\a#.�718 (

4�b#7�8
)��cedBf�g��-W�.�/1����h�i�)�j�k ; 2�l�m�.������-n#doZ1p�q�r�)�sutwv�x�`�����h-i#g��#"-.

y 2�9�z�,#.�f>{B,#.�/
I =

∫

x4 + x3 − x − 4

x3 − 1
dx
)�r�2#{�.�/

(1) |�M�H#}�~�M�H��3�4#2����#� O 8#g����#� O 8>�#tw��W���X#Y�����8#���#2#��`����#� O 8#)��>��dB,#.�/
x4 + x3 − x − 4

x3 − 1
= x + 1 − 3

x3 − 1

n�����Z 3

x3 − 1

�����#)��#��X�Y#�Ba�/
(2) ��M�M�H��#�� ����8��#��)�,#. R ��2����#)�S�8���U�,#.�/

x3 − 1 = (x − 1)(x2 + x + 1)

{�n�.�/
x2 + x + 1

��9�8#���#�����
1 O�P 2�S�8-��U#��W�n�a�/

3

x3 − 1
=

a

x − 1
+

bx + c

x2 + x + 1)�� R ,���8 a, b, c
)���!#��.�/����#)�����{

3 = a(x2 + x + 1) + (bx + c)(x − 1)
g���b ;

2����>��`�a#.�����Z
a = 1, b = −1, c = −2

��D�.�/>��_�`
∫

3

x3 − 1
dx =

∫

1

x − 1
dx −

∫

x + 2

x2 + x + 1
dx

{�n�.�/
(3) L�M�I����

(x2 + x + 1)′ = 2x + 1
n���� ∫ 2x + 1

x2 + x + 1
dx = log(x2 + x + 1)

x + 2

x2 + x + 1
=

1

2

2x + 1

x2 + x + 1
+

3

2

1

x2 + x + 1

{�n�.-����Z ∫ 1

x2 + x + 1
dx
g�� Q X�Y#�

a�/
x2+x+1 =

(

x +
1

2

)2

+
3

4

{�n-.����
u = x+

1

2

{¡ �81 �¢-,�.�{ ∫ 1

x2 + x + 1
dx =

∫

1

u2 +
( √

3
2

)2 du =
2√
3

arctan
2√
3

u =
2√
3

arctan
2√
3

(

x +
1

2

) {�n�.�/�£�v#)�¤#¥�¦
.#{

I =
x2

2
+ x − log |x− 1|+ 1

2
log(x2 + x + 1) +

√
3arctan

2x + 1√
3
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(4) §�¨wF�©#ª�«¬�­ ��5�6#7�8#��®������#g�4�b#7�8���¯>�BX#.�"#°#�B"�)�±#²�`�³#.�/
j�k#��5T6#7�8#)

R(x) =
f(x)

g(x)

{B,#.�/
(1)
��´�µN�����#� O 8#�����#� O 8>�#t¶�>�Ba{B·��>��`#�Ba�/ O 2 g(x)

��S�8���U#)�9�z�,#.�/#¸�¹>º#»¡¼�½���¾�¿>��n�a#g�Z�9�8#���
���

1 O�P#Q-R � 2 O-P 2�S�8���U>�ÀX�.�f�g�^ÂÁÀX#`�a#. ( Ã 8�Ä#��Å�Æ���6 )
/ÈÇ�É�S�8�g

2 Ê £�v�¾�¿�,#.�Ë�¤><�D�.�����Z � ����8#)�9�z�,#.#{BZ O ���#��7�8#��Ì#2�n�_�`�a#.�/
f1(x)

(x + a)n
,

f2(x)

(x2 + ax + b)n

���Ng
(x2 + ax + b)n ��Ë�¤#�1 �8� �¢N� (x2 + a2)n {B·��>��`#�Ía�/����#) (x + a) Q�R�

(x2 + a2)
�1�#�\,#.N�({�2N�#tÎZ f1(x)

(x + a)n
=

a1

x + a
+ · · · + an

(x + a)n
,

f2(x)

(x2 + a2)n
=

b1x + c1

x2 + a2
+ · · · + bnx + cn

(x2 + a2)n

{1��WT.\/�£TvV2#�Nt O � 3
!V���T�Ng��(W�XNYV�BaTfNg��

"�.�/
∫

1

(x + a)n
dx,

∫

x

(x2 + a2)n
dx,

∫

1

(x2 + a2)n
dx

1 Ï>Ð � u = x + a, 2 Ï>Ð � u = x2 + a2 {BÑ#��Y�,>Ò���W�.�/ 3 Ï>Ð �����#)�Ó�Ô�Õ#²�.����Ö>�Ba#g O ��×�Ø P 2#�#tw����,#.���{�g���W�.�/
Jn =

∫

1

(x2 + a2)n
dx
{BÙÂd�{BZ�×�Ø P

Jn+1 =
1

2na2

{

x

(x2 + a2)n
+ (2n − 1)Jn

}

g�����,#.�����Z>��� P 2#�#twÚ O ����,#.�f#g���W�.�/
Û�Ü�Ý�Þ

3.2 O ��7�8#��®������#)��#�#�B/
(1)

x3

(x + 1)2
(2)

1

x4 + 1
(3)

1

x(x4 − 1)

(4)
1

(x2 + 1)2
(5)

x − 1

x2 + 2x + 2
(6)

x2 + 1

x(x − 1)2

2 3 ß#G�H�I�E�F#G�H
∫

R(sin x, cosx)dx
���#������Z R�à ������� R(s, t)

�
s
{

t
��5�6#7�8�/

t = tan(x/2)
{BÙ>d�{BZ

dx =
2

1 + t2
dt,sinx =

2t

1 + t2
, cos x =

1 − t2

1 + t2
n�����Z

∫

R(sin x, cosx) =

∫

R

(

2t

1 + t2
,
1 − t2

1 + t2

)

2

1 + t2
dt

{�netá5�6#7�8�������2�â�ã���W�.�/V�¡X���ä�å���D�.-g�3�æ#��h�i>{���ç#Á�n�a�/èr�²-Y�Z
tan x��¯e�BX#.�é��

t = tan x
{BÑ>dBh#g�j�k#2�ê�ë#2�n�.�/

I =

∫

1

sin x
dx
�

t = tan
( x

2

) {BÑ>d�{BZ

I =

∫

1 + t2

2t

2

1 + t2
dt =

∫

1

t
dt = log |t| = log

∣

∣

∣
tan

( x

2

)∣

∣

∣
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{�n�.�/
I =

∫

(tan x)2dx
��Ë�¤

t = tan
( x

2

) {BÑ�a#`#<�ì�í#.�g�Z����#��î>�Bï�ð#��D�.�/>���#{�W
t = tan x

{BÑ>d�{BZ dt

dx
=

1

(cos x)2
= 1 + (tan x)2 = 1 + t2

n����

I =

∫

t2
1

1 + t2
dt =

∫

1 + t2 − 1

1 + t2
=

∫

dt −
∫

1

1 + t2
dt = t − arctan t = tanx − x

{�n�.�/
Û�Ü�Ý�Þ

3.3 O ��7�8#��®������#)��#�#�B/
(1)

1

cos x
(2)

1

1 + sinx
(3)

1

sin x − cos x

(4)
1

tan x
(5)

1

a cos2 x + b sin2 x

3 1 ñ�M�H�ò�I�ó�F#G�H
∫

R

(

x,
k

√

ax + b

cx + d

)

dx
���#������Z R�à ������� R(s, t)

�
s
{

t
��5�6#7�8�/

t =
k

√

ax + b

cx + d

{BÑ>d�{BZ
x =

b − dtk

ctk − a
, dx =

(ad − bc)ktk−1

(ctk − a)2
dt
�#t

∫

R

(

x, k

√

ax + b

cx + d

)

dx =

∫

R

(

b − dtk

ctk − a
, t

)

(ad − bc)ktk−1

(ctk − a)2
dt

Û�Ü�Ý�Þ
3.4 O ��7�8#��®������#)��#�#�B/

(1)

√

1 − x

x
(2)

1

x +
√

x − 1
(3)

x

(x − a)
√

x + b

4 ô�õ÷ö?I#ø�I 2 ñ�ò (1)
∫

R
(

x,
√

ax2 + bx + c
)

dx
���#������Z R�à �BZV����� R(s, t)

�
s
{

t
��5�6#7�8�/

2 ù t¡�h�i������#)�,#.�/è3�4#�
3 ú 7�8�)�û�a#`� �¢-,#.�<��-)�*�+>�ÀZ O 2�ü�6 P )�û�a�.#<���)�*+�,#.�/

3 ú 7�8#)�û�a#.� �¢#�\Ë�¤ 2 O�P ��D#Á�"#É\� a2 − x2, x2 + a2, x2 − a2 ��a�ý�XN"���#2� ��>�BX#`�a#.#<��#{B,#.�/
(1)

∫

R
(

x,
√

a2 − x2
)

dx

x = a sin t
{BÑ>d�{BZ

∫

R
(

x,
√

a2 − x2
)

dx =

∫

R (a sin t, a cos t) a cos tdt

(2)

∫

R
(

x,
√

x2 + a2
)

dx

x = a tan t
{BÑ>d�{BZ

∫

R
(

x,
√

x2 + a2
)

dx =

∫

R
(

a tan t,
a

cos t

) a

cos2 t
dt
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(3)

∫

R
(

x,
√

x2 − a2
)

dx

x =
a

sin t

{BÑ>d�{BZ
∫

R
(

x,
√

x2 − a2
)

dx = −
∫

R

(

a

sin t
,

a cos t

sin t

)

a cos t

sin2 t
dt

a�ý�X#��Ë�¤><
3 ú 7�8#��5�6#7�8#2�â�ã#��W�.�/

5 ô�õ÷ö?I#ø�I 2 ñ�ò (2)ü�6 P )�û�a#`�¹�þ ÿw� � 2 2 O�P g�D�.�Ë�¤#����� ∫ R
(

x,
√

ax2 + bx + c
)

dx
)��#��.�/

(1) a > 0
��Ë�¤

√
ax2 + bx + c = t−√

ax
{BÑÂd�{ÀZ

x =
t2 − c

2
√

at + b
, dx =

2
√

at2 + 2bt + 2
√

ac

(2
√

at + b)2
dt, t−

√
ax =

√
at2 + bt + c

2
√

at + b

{�n�.-���
∫

R
(

x,
√

ax2 + bx + c
)

dx =

∫

R

(

t2 − c

2
√

at + b
,

√
at2 + bt + c

2
√

at + b

)

2
√

at2 + 2bt + 2
√

ac

(2
√

at + b)2
dt

(2) ax2 + bx + c = 0
g��wU

α, β(α < β)
)���!Né1/

ax2 + bx + c = a(x − α)(x − β)
{1n�.\/

t =

√

a(x − β)

x − α
Q(R �TÇVÉT�({ à g √

ax2 + bx + c = t(x − α)
{ÍÑ d({ÍZ

x =
αt2 − aβ

t2 − a
,

x − α =
a(β − α)

t2 − a
, dx =

2a(β − α)

(t2 − a)2
dt
�#tÎZ

∫

R
(

x,
√

ax2 + bx + c
)

dx =

∫

R

(

αt2 − aβ

t2 − a
,

a(β − α)t

t2 − a

)

2a(β − α)

(t2 − a)2
dt

)��#.�/
h�i#����a#�
	��#g�j��
�����#�B2���²�.�é#<�D-.�/�r#²�Y�Z

I =

∫

1

x
√

x2 − 1
dx
)�±#²�.�/

3

ú 7�8#��Ñ�¢�,#.#{BZ
I = I1 = − sin−1 1

x{�n�.�g�Z�ü�6 P )�û�a#.#{BZ
I = I2 = 2 tan−1(x +

√

x2 − 1)

{�n�.�/��#"��������Bg�Z�9#�
I2 = π + I1

{�n�_�`�a#.�/
Û�Ü�Ý�Þ

3.5 O ��7�8#��®������#)��#�#�B/
(1)

1√
a2 − x2

(2)
1√

x2 + a2
(3)

√
x2 + a

(4)
√

a2 − x2 (5) x2
√

a2 − x2
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−− − ����� − − −
6 � 8�7�8#��5�6#7�8 : t = ex {ÀÑ>d�{ ∫ R(ex)dx =

∫

R(t)
1

t
dt.

7

∫

R(x2)√
a + bx2

dx

u =
x√

a + bx2

{BÑ>d�{BZ
∫

R(x2)√
a + bx2

dx =

∫

R

(

au2

1 − bu2

)

1

1 − bu2
du

8 ���
� 7�8�)�û�a�. : cosh x =
ex + e−x

2
, sinh x =

ex − e−x

2

)
hyperbolic cosine, hyperbolic sine{��
��/>�BX#)�����{B¹�þ ÿw� � �

2 O�P ��Ë�¤ )
) O � y 2�ì�í#.�/

x = a sinh t
{BÑ>d�{BZ

∫

R
(

x,
√

x2 + a2
)

=

∫

R (a sinh t, a cosh t) a cosh tdt

x = a cosh t
{BÑ>d�{BZ

∫

R
(

x,
√

x2 − a2
)

=

∫

R (a cosh t, a sinh t) a sinh tdt

a�ý�X#��Ë�¤>< � 8#7�8#��5�6#7�8#2�â�ã���W�.�/
9 I =

∫

xm(a + bxn)q/pdx (p, q ∈ Z , m, n ∈ Q)

(1) m, n ∈ Z
�1Ë ¤V2\â(ã �(WT.1/

m =
m1

m2
, n =

n1

n2

�
r
)

m2, n2
�13 �����(8�{�,N.1/

t = x1/r {BÑ>d�{BZ x = tr,dx = rtr−1dt
�#tÎZ

I = r

∫

tmr+r−1(a + btnr)q/pdt
{�n�.�/

(2)
m + 1

n
∈ Z

��é
t = (a + bxn)1/p {¡Ñ>d�{BZ x =

(

tp − a

b

)1/n

, ptp−1dt = bnxn−1dx
�#t Z

I =

∫
(

tp − a

b

)(m+1)/n−1

tp+q−1dt 6)
���� "!�2�n�.�/

(3)
m + 1

n
+

q

p
∈ Z

��é
t = (ax−n + b)1/p {BÑ>d�{BZ x =

(

a

tp − b

)1/n

, ptp−1dt = −nax−n−1dx
�#tÎZ

I = − p

na

∫
(

a

tp − b

)(m+1)/n+q/p+1

tq+p−1dt 6)
���� "!�2�n�.�/

10 #"$ ��� R(x, y)
)

x, y
��5�6#7�8>{B,#.�/>����é

R
(

x,
√

ax3 + bx2 + cx + d
)

, R
(

x,
√

ax4 + bx3 + cx2 + dx + e
) n#°������#��%�&�n� �8� -¢#)�z

39



��{('*) #"$ ���#)�+�W�,wZ�-�.��
∫

R
(

x,
√

(1 − x2)(1 − k2x2)
)

dx (0 < k < 1)
����2���W�.�/V�BX#�
/#2 O �103254#���-�2�â�ã#��W�.�/

(1) 687 2 #"$ ��� ∫ 1
√

(1 − x2)(1 − k2x2)
dx

(2) 6 �32 #"$ ��� ∫
√

1 − k2x2

1 − x2
dx

(3) 6 032 #"$ ��� ∫ 1

(x − a)
√

(1 − x2)(1 − k2x2)
dx

�BXeÁ���4�b#7�8#����¯>�BX#n�a>��{�g�^eÁBX#`�a#.�/
) #"$ ���#��r#)�D�x�`�Ù>d / I =

x4 − 1

x2
√

x4 + x2 + 1
dx

�BX��
t = x +

1

x

{BÑ>d�{
I =

√
x4 + x2 + 1

x

{�n�.�/
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