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4.4 ��������
3 ��������� X, Y, Z ����� Z = Y × X ������ �!�"�#�$�%&� Z '�(�)���*�+�,.-�/�0�1�2�"3  �4�$�"�5687�9

(:�; )=(<>= )×( ?@� ) #A/CBA���� �!�"�5�<>= v  �?�� t ����D�4�!�"�#AE�"�5>F�� v

, v(t) #AG>HI5�?�� t0 J�K ?�� t1 ������L�/�M�:�; ` '
` =

∫ t1

t0

v(t)dt

4�N 7 KAO "�5P � Y  �� X ����D>#QE�"�5 X ��R�S&T�U�V�U8, x #�WA% Y = Y (x) #AG>HX5&� X  x0 J�K
x1 Y 4�Z�[>W�M�#\$���� Z '

Z =

∫ x1

x0

Y (x)dx

4�N 7 KAO "�5]
(̂�* )=(_ )×(̀ )a�b��&4�% R =

{

(x, y) ∈ R
2
∣

∣ a <= x <= b, 0 <= y <= f(x)
} ��^�* S '

S =

∫ b

a

f(x)dx

4�N 7 KAO "�5]
(c�* )=(_ )×(̀ )×(de= )af4�!&"�5hg8�&i��\j�kl R ,.m 7 "�5�n�^ x = u # R �.o�p&q�+

��^�*�, m(u) #QE�"r5�sltuF�F�4�' ] (c�* )=(̂�* )×(d�= )a>#Av�0�/�"�5 x < a Y M�' x > b

��#\$ m(x) = 0 #AE�"�5 R �\c�* V '
V =

∫ b

a

m(x)dx

4�N 7 KAO "�5w�x  �(�y�4�b�/�z�{�,�m 7 "�5 ] (|�� )=({ w�x )×(}>= )a�b���4r}>= ` ��z�{�,rm 7 "�~ x

���8��"�{ w�x , µ(x) #AE�"�#�$�F���z�{���|�� M '

M =

∫ `

0

µ(x)dx

4�N 7 KAO "�5
tf����#������ : 3 �&�8�\�&c D ,.m 7 "\5 D �.~ P = (x1, x2, x3) �\�l��" w&x , µ(x1, x2, x3)

#AE8"�5 ] (|�� )=(
w�x

)×(c�* )a� ����>W�0�/�"�5>F�����c���|&� M '
M =

∫ ∫ ∫

D

µ(x1, x2, x3)dx1dx2dx3

4�N 7 KAO "�5
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�8����{���}e=�,�1�2&" 3 ,�m 7 "�5&n�^������\{ C  �R�S�T.U�V t ����� x = x(t), y = y(t),

(a <= t <= b) #A�>= O 0�/�"�#AE�"�5 [a, b] ��+�� ∆ ,�m 7 "�5
∆ : a = t0 < t1 < · · · < tn = b

Pi = ((x(ti), y(ti)) (i = 0, 1, . . ., n) #�W�� O { P0P1 · · ·Pn 4��.{ C ,.����E�".5�� O {��\}>=.'
n

∑

i=1

Pi−1Pi =

n
∑

i=1

√

(x(ti) − x(ti−1))
2

+ (y(ti) − y(ti−1))
2

=

n
∑

i=1

√

x′(ci)2 + y′(di)2(ti − ti−1)

#�b�"�5�M���W ci, di ' ti−1
<= ci, di <= ti #�b�"���D�4�!�"�5�F�F�4�+���,�� J H�W�0�/��&M����

,�m 7 "�#A%�����4�'
( ��{ C �\}>= ) =

∫ b

a

√

x′(t)2 + y′(t)2dt

#�b�"�5

5 �����¡ ���¢�£�¤
*�+�,.¥�Z�Dl�\¦�§8W&��B�5h¦8§�= O "���'.¨�©�*&+�4�'�b�HI%h©&*�+�4&!�"�5 ] *�+ = ©&*�+�a
4�!>�ª%�¨�©@*�+�'@«��r¬��®¯4�!�"u#A/°B 3 �¯ �%�¥�Z�D��@b�"u# 1 Z�D��²±�³>�u��´²µ�¶��
b�"�5 ] ¥�Z@D�a�#Q/·B¸��¹¯4�!@"� �%�º�+�®��¯#�$�#r»�y��²¼�½��@' 2 Z�D���D¯��±�³¯,�¾CB¿5
3 Z�D8��D8��´AÀ�WAÁ O "� .%�(�)�� n Z�Dl��D��\±�³8'�¾�Â&b�/�5rÃ8Ä�!�"8´���'.Å�Æ8!�Ç�M.ÈÉ�ÊÌË ,�Í�m���W�0�Î>WA/�5

5.1 Ï·ÐÑ��Ò�Ó·Ô
©�Õ���Æ8� 1 Z�Dl��D��\±�³�,.ÖC�¸×8"�5 1 Z�D���±�³�*�+�#�'��\D>#�Ø����.Ù>W�!�"���Dl,�ÙÚ =�Û�"�Ü�Ý>#Am 7 " 3  �4�$&M : s�t��.D f #�Ø�� [a, b ] ��Ù>WA��D J(f ; [a, b ])  �Þ&ß>W�0��
� 4 ����à�|�,�á���5
(1) [ â�ã�ä ]

1) J(f + g ; [a, b ]) = J(f ; [a, b ]) + J(g ; [a, b ])

2) J(αf ; [a, b ]) = αJ(f ; [a, b ])

(2) [ å�æ�â�ã�ä ]

J(f ; [a, b ]) = J(f ; [a, c ]) + J(f ; [c, b ])

(3) [ ç�è�ä ] é�ê�� x ∈ [a, b] ��Ù�W f(x) <= g(x) #�b�"�#�$
J(f ; [a, b ]) <= J(g ; [a, b ])

(4) [ ç�ë�ì�í ] î� 1 4�!�"�©�D8��D τ ��Ù>W
J(τ ; [a, b ]) = b − a
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ï c8ð�ñ���'�%�+�� ∆ = {x0, . . . , xn} ��Ù>W
n

∑

i=1

mi(xi − xi−1) %
n

∑

i=1

Mi(xi − xi−1)%
n

∑

i=1

f(ξi)(xi − xi−1) #�W�M�#�$�% ‖∆‖ , 0 ����ò���M�#�$�������#�W�0�©�Õ�= O M�5
«8F²4 2 Z�D��²D���*@+>#�Wr0�'��¯��y�bu´���,²m 7 M²/�5 2 Z�D��rD f # R

2 ��!�"rj�k D

��ÙeWA%���D J(f ; D) ,�Ù Ú =AÛ�"�Ü�Ý�4���� 4 ����à�|�,�á���5
(1) [ â�ã�ä ]

1) J(f + g ; D) = J(f ; D) + J(g ; D)

2) J(αf ; D) = αJ(f ; D)

(2) [ ó�ô�â�ã�ä ] j�k D1, D2 ��Ù>W m(D1 ∩ D2) = 0 ��#�$�õ@ö�³ C1 ∪ D2 , D1 + D2 #AG
HI5�M���W m(X) '�j�k X ��^�*>#�E�"�5

J(f ; D1 + D2) = J(f ; D1) + J(f ; D2)

(3) [ ç�è�ä ] é�ê�� (x, y) ∈ D ��Ù>W f(x, y) <= g(x, y) #�b�"�#�$
J(f ; D) <= J(g ; D)

(4) [ ç�ë�ì�í ] î� 1 4�!�"�©�D8��D τ ��Ù>W
J(τ ; D) = m(D)

F\�²y�b�*�+ J ,�©�Õ�E�"�M@2 1 Z�D��r±�³>#�»�y���+��¯,�-�/�0�©�Õ�E�"r5�M���W 2 Z�D¯�
b�"8#Aj�k��.÷� �ø�¹l��b�"���4�©&Õ�' 2 ù�ú&4�ûÌB�5rü�ý8'�j�k� .}�þ�÷��.±�³�%r����(�)��.±
³�,\¾CB�5
ÿ�� ô���������ó�ô�ì���	 : R =

{

(x, y) ∈ R
2
∣

∣ a <= x <= b, c <= y <= d
} #AEl"�5 R 4�
���b 2

Z�D8��D f(x, y) ,�m 7 "�5 R ��+�� ∆ = {x0, x1, . . . , xn ; y0, y1 . . . , ym} #�'
a = x0 < x1 < · · · < xn = b, c = y0 < y1 < · · · < ym = d

#�b�"�´���#AE�"�5 i, j (i = 1, . . . , n, j = 1, . . . , m) ��ÙeW��}�þ�÷�j�k ∆ij #�'
{

(x, y) ∈ R
2
∣

∣ xi−1
<= x <= xi, yj−1

<= y <= yj

} #\b�"�´.�8#AEl"\5 ∆ij �\���&"\���&%�����,&« O� O Mij , mij #AE�"�5�� Y �
Mij = sup {f(x, y) | (x, y) ∈ ∆ij } mij = inf {f(x, y) | (x, y) ∈ ∆ij }

#AE8"�5
S(∆) =

n
∑

i=1

m
∑

j=1

Mij(xi − xi−1)(yj − yj−1), s(∆) =

n
∑

i=1

m
∑

j=1

mij(xi − xi−1)(yj − yj−1) #A��HI5
+��8�.ü���� ‖∆‖ , ‖∆‖ = max{xi − xi−1, yj − yj−1 | i = 1, . . . , n , j = 1, . . . , m} 4.©�Õ�El"\5
‖∆‖ → 0 #AE�"�#�$�% S(∆), s(∆)  �»��A�l��î�������E�"�#�$�% f ' R 4�������� (integrable)

4�!�"�#A/�/�%�����î�,
∫ ∫

R

f(x, y)dxdy
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4���Er5
ÿ�� ô�������ì�� 	 : D , R

2 ��
���!²j�k>#AEu"�5 f , D 4�©@Õ>= O M�
��¯b���D># E�"�5
D ,�"�#�}�þ�÷�j@k R , 1 ��$²©�E�"�5>F���#r$ fR(x, y) =

{

f(x, y) (x, y) ∈ D

0 (x, y) 6∈ D
#A©@Õ

E�"\5 fR  R 4�*�+�%�&���#�$�% f ' D 4�*�+�%�&�4�!�"�#A/�/�%
∫ ∫

D

f(x, y)dxdy =

∫ ∫

R

fR(x, y)dxdy

4�©�Õ�E�"�5
FhF\4 2 �('rê�,�W 0\�uHI5 1 �*)\'�F � ©�Õl ,+.-�blHX©rÕu= O 0 /�" J #Q/�Bª~�4r!�" 5 R #0/

b�" }rþr÷rj�k R′ , #A� M�# $ %
∫ ∫

R

fR(x, y)dxdy  ÞrßrE8"r�r�
∫ ∫

R′

fR′(x, y)dxdy  Þ�ßuW.b
J ��Me�¿E�"l#�% *�+�%1&e#�/�B32�4 '.¶�©�W\b\/&5 Y M

∫ ∫

R

fR(x, y)dxdy #
∫ ∫

R′

fR′ (x, y)dxdy

��î8 �/�b�"�#A*�+�î� �¶�©>W�b�/�5
2 �5)�'�*�+�%�&�à8��ø.¹�4�!�"�5 D ��÷�'76�8�b�´.�� �m 7 KQO "���4\%r©�D��.D τ ��Ù>W.0
´

∫ ∫

D

τ (x, y)dxdy  \Þ�ß>W.b�/e´.�� �!�"\519:8�'&«��\y�b.j�k8'\m 7 b�/eF&#��\E�"\5r*&+�j
k D #A/8�&M K % D ��4\©�Dl��D�'\*�+�%�&8��b�" 3 ,7;�©�E8"�5 ( F��\y�b\j�k�,.^�*�¶�©>#7<= 5 ) 
��7>���? K�J b&��{�4�@ Y O M�A�÷�'.^�*�¶�©84�!�"&��4�% «���y�bl´�������"�F�#.��E
"�5eF���;�©�����4�����©��� ��C�¸����5
ÿ�B

5.1 f  D 4�C�D���#�$ f ' D 4�*�+�%�&�4�!�"�5
1 Z�D��8#�$l#�»E�Ayl� Reimann õ�,\-�/80�´Q©�Õ84�$&"�5h� Y �3�j&k ∆ij J�K ~ (ξi, ηj) ,
é�ê8��F�G�4�H�"�5>F���#�$

Σ(∆; ξi, ηj) =

n
∑

i=1

m
∑

j=1

f(ξi, ηj)(xi − xi−1)(yj − yj−1)

#A�eHI5�+���,�� J H�W�0�/���M�#�$�% ξi, ηj ��F�I�þ���� K�J »��A����î�������E�"�#�$�%�*�+
%�&e#A©�Õ�E�"�#AÆ���©�Õ>#�»�î�4�!�"�F�#� �+ J "�5
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