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5.3 ������
1 ������������������������ (!� �����" ) #�$�%�&�')(+* x = ϕ(t) ��,�-/.�0)1 a = ϕ(α), b =

ϕ(β) 243�5�64%7�7248
∫ b

a

f(x)dx =

∫ β

α

f(ϕ(t))
dϕ

dt
dt

9 0�5�:4*������� 7�4�7����;4<7=?>A@ 2 B70���* 1 B7@4����C�D7.4�7E��7F�2HG 2 BJI�@ dϕ

dt
2

%K( factor .4LNMHO 9 0��4* 2 PJI�� dϕ

dt
@ x– Q�R 9 ����SN2 t– Q�R 9 �4��S7��TJ2VU7WYXHZ7��*[ �\� 9 FHZ���0�:��\��@4] 9 0�^J(+*���� x, y �4_J2H��� u, v �4_7.�0\5�6`G7'���a�� x =

ϕ(u, v), y = ψ(u, v) 2b%K(c,�-d.\0/�d2bed�`* (x, y)– f/g\h7�\0/�`C/D D #`UdW/�`*JF��`i\j
�7k71 (u, v)– f�g�h7�`C�D E 2Hi\jJl464%��72Hed�4* 1 ���7�`����C�D��4�� d@ D m7X E n7�
�/ 7�`i/j\ed��* 2 PoI`� dϕ

dt
�`i\j/ed���/@`] 9 0\^J(+* 2 p\qd��r\s7'�Zd@`g/�\T7��i\j\e

��* 1 p\�/ A =

(

a b

c d

) 9 @�g\�\T�@\'/�`t\u/vd��w\i\x | detA| = |ad − bc|
9 0�5�:�*

y/z �`�� x = ϕ(u, v), y = ψ(u, v)
9 @4{\|7}/��@\~7�/�ct�ud�4t/u�v ( ~d�\�4�/= )

∂(x, y)

∂(u, v)
=

det

(

D(x, y)

D(u, v)

)

=

∣

∣

∣

∣

∣

∣

∣

∂x

∂u

∂x

∂v
∂y

∂u

∂y

∂v

∣

∣

∣

∣

∣

∣

∣

.�'4Z7��3��4* [ ���7�4r�s7�4������ 7@4p 94� W7XHZ7�4*

���
5.6 x = ϕ(u, v), y = ψ(u, v) 3��4i�j 9 (x, y)– f�g7�4C�D D 2 (u, v)– f�g7�4C�D E .4g��

0 �4���7#���%76 y i y i�j)l464%764GY~7���4��= ∂(x, y)

∂(u, v)
. 0 ��3��4C�D7@�g������J2HeY�4*JF

�72�84p7.4����e7�4*
∫ ∫

D

f(x, y)dxdy =

∫ ∫

E

f(ϕ(u, v), ψ(u, v))

∣

∣

∣

∣

∂(x, y)

∂(u, v)

∣

∣

∣

∣

dudv

� #4UYW7k�(+* D = {x2 + y2 <= 1} 2�lVG c > 0 #����J2Ve7��2�84G I =

∫ ∫

D

1

x2 + y2 + c2
dxdy

#�U/W���* x = r cos θ, y = sin θ 2VeY��* E = { (r, θ) | 0 <= r <= 1, 0 <= θ <= 2π } 2V�NM�2VG�F���i�j
,�-/����%�6�G r = 0, θ = 0, θ = 2π ������#���%Y6 y i y 9 0�1+G�F������Y@�g�� 0

9 0���*�~����
��=�@ ∂x

∂r
= cos θ,

∂x

∂θ
= −r sin θ,

∂y

∂r
= sin θ,

∂y

∂θ
= r cos θ 3�� 9 ∂(x, y)

∂(r, θ)
= r cos2 θ+ r sin2 θ = r

3�� 9 ~7���4��=�. 0 ��3��4���J�Hg�� 0( g������ )
9 0��4*Jk45�64G I =

∫ ∫

E

1

r2 + c2
rdrdt =

∫ 1

0

{
∫ 2π

0

r

r2 + c2
dθ

}

dr = 2π

∫ 1

0

r

r2 + c2
dr 2b3���*���@ 1 �4������� 9 0���*�F�F 9 t = r2+c2

2H�)M�2 dt

dr
= 2r 3�� 9 G I = 2π

∫ 1+c2

c2

r

t

1

2r
dt = π

∫ 1+c2

c2

1

t
dt = π log

1 + c2

c2
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p7� I =

∫ ∫

D

(x + y)dxdy ( D = {x2 + y2 <= 2x} ) #`U�W\�`*��/�\C/Dd@ (1, 0) #/�`�o2
e��\��� 1 �\�/3�� 9 x − 1 = r cos θ, y = r sin θ 2b�oM/2�G�i/j\e�� (r, θ)– f/g 9 ��C/D E

@ E = { (r, θ) | 0 <= r <= 1, 0 <= θ2π } 2`3/� ∂(x, y)

∂(r, θ)
= r

9 0�1������`���d#��7:dl46�%d��� 9

I =

∫ ∫

E

(1 + r cos θ + r sin θ)rdrdθ =

∫ 2π

0

{
∫ 1

0

(r + r2 cos θ + r2 sin θ)dr

}

dθ = π 243��4*

5.4  ¢¡¤£�¥�¦
1 ���7�4§�¨����J24©4ª7� 2 ���7,4�7�4iJlH§�¨����7#4��¨�e��4*
��«

5.7 (0) R
2 ������¬�s���u A1, A2, . . . , An, . . . .�p7#���:�eJ2�8�G D ���®�¯�°�±)2H%?(²*

(1) ³ n �4iJl An @4´7µ�¶4¬�s
(2) ³ n �4iJl An ⊂ An+1 ⊂ D

(3) D �4·7¸4Z7�4¹�º7�4´�»7¶4¬�s K �4iJl K ⊂ An 2�3�� An

.4¼�½�e7�4*
(1) ¸4¾ f(x, y) >= 0 �4r�s�#4U7W��4* {An} # D �4¿�À�Á�Â�uJ2He��4* In =

∫∫

An

f(x, y)dxdy

2Ve/��* lim
n→∞

In .�¼�½�e/��2b8�G f(x, y) @ D 9�Ã «�Ä�Å�Æ�Ç 2È%�%�GÉF���Ê/Ë�#
∫ ∫

D

f(x, y)dxdy

2HÌ�e�*
(2) ÍYÎYÏYÐYÑ f(x, y) ��i?l f+(x, y) = max{f(x, y), 0} G f−(x, y) = −min{f(x, y), 0}

2���MÈ*JF��d2�8 f+(x, y) >= 0, f−(x, y) >= 0 G f(x, y) = f+(x, y) − f−(x, y) 2�3�5�6É%d��*
∫ ∫

D

f+(x, y)dxdy,

∫ ∫

D

f−(x, y)dxdy .4Ò7��¼�½�e7�7248 (§�¨�����Ó�Ô 9 0��7248 )G f(x, y) @
D
9 §�¨�����Ó�Ô)2V%�%

∫ ∫

D

f(x, y)dxdy =

∫ ∫

D

f+(x, y)dxdy−

∫ ∫

D

f−(x, y)dxdy
9 ��¨�e���*

,��7.4��Õ�Ö7��×4§�¨����7@4¿�À�Á�Â�u��4Ø�Ù�Ú7�7k�X434%�O7.4ÛJXHZ764%7�4*
���

5.8 f(x, y) . D h 94Ü�Ý79 ��Õ�ÖJ2He7�4* {An}, {Bn} # D � 2 B7�4Á�Â�¿�À�uJ2He7�72HG
lim

n→∞

∫ ∫

An

f(x, y)dxdy = lim
n→∞

∫ ∫

Bn

f(x, y)dxdy

.4����e7�4*
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