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5.5 3 ����
n ��������������������� n �� �!#"�$�%�&'��(�)�*�+���� 2 ,����-"�.�/10�2���3�4�5'��6#78�9 ��:���(-;�;�0�� 3 ,���������7�<�2�=�>-?@(

1) A�BDC�E'�GFIHKJ E = { (x, y, z) | a1 <= x <= b1, a2 <= y <= b2, a3 <= z <= b3 } 01LNMPOQ&�RTSIUV:
�T� f(x, y, z) ���G�W�GLN�N�VXTLNMY�V�G( E ZG�N[ ∆ = {x0, x1, . . . , x` ; y0, y1, . . . , ym ; z0, z1, . . . , zn}
"�� a1 = x0 < x1 < . . . < x` = b1, a2 = y0 < y1 < . . . < ym = b2, a3 = z0 < z1 < . . . < zn = b3

XT\�RT�^]GZNXG_`?a( max{xi − xi−1, yj − yj−1, zk − zk−1 | i = 1, . . . , `, j = 1, . . . , m, k = 1, . . . , n}
X���[�Z�C�b�c-"d_�_ |∆| 0�e��Y(���[ ∆ ��f-7

Mijk = max{f(x, y, z) | xi−1 <= x <= xi, yj−1 <= y <= yj , zk−1 <= z <= zk }

mijk = min{f(x, y, z) | xi−1 <= x <= xi, yj−1 <= y <= yj , zk−1 <= z <= zk }

"dg'h�i
S(∆) =

∑̀

i=1

m
∑

j=1

n
∑

k=1

Mijk(xi − xi−1)(yj − yj−1)(zk − zk−1)

s(∆) =
∑̀

i=1

m
∑

j=1

n
∑

k=1

mijk(xi − xi−1)(yj − yj−1)(zk − zk−1)

"d�'�1( lim
|∆|→0

S(∆) = lim
|∆|→0

s(∆) "�:���"�h1i f(x, y, z) � E 0�����j�k�0�2���"l_�_�im;�Z�n�o
p X

∫ ∫ ∫

E

f(x, y, z)dxdydz

"dqPrQ(sKt Z1SNU'uGvIw D �1f^71<I�Tx�ZGy'�1LNMI�z��( D ⊂ E "1:N�1FNHIJ�vNw E X'"��1( f(x, y, z)

��f-7 fE(x, y, z) =

{

f(x, y, z) (x, y, z) ∈ D

0 (x, y, z) 6∈ D
"dL�M{����( fE 3 E 0�����j{k�Z�"�h|i f

� D 0�����j�k�0�2���"}_�_�i
∫ ∫ ∫

D

f(x, y, z)dxdydz =

∫ ∫ ∫

E

fE(x, y, z)dxdydz

0�L�M�����(
S�U�u|v�w D ��f-7 idD(x, y, z) =

{

1 (x, y, z) ∈ D

0 (x, y, z) 6∈ D
"dL�M�����( idD 3 D 0�����j�k

Z�"�h�i�v�w D ��J���~VL-"d_�_�i m(D) =

∫ ∫ ∫

D

idD(x, y, z)dxdydz X���ZNJ��-"d_�?�(����
v�w'������<�J���~�L-"d����(
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2) �G�� �! D = { (x, y, z) | g1(y, z) <= x <= g2(y, z), h1(z) <= y <= h2(z), a <= z <= b} "1:��Y<�_��
"�h1i

∫ ∫ ∫

D

f(x, y, z)dxdydz =

∫ b

a

{

∫ h2(z)

h1(z)

{

∫ g2(y,z)

g1(y,z)

f(x, y, z)dx

}

dy

}

dz

"�:���(
� "�7�<1��Z�JI��X�����<��-��?����'����Z���� R Z���X D =

{

(x, y, z)
∣

∣ x2 + y2 + z2 <= R
}

"d�'��(�L������ 1 X D 0����-7�R�]�Z�3���Z�J���0�2���(
D =

{

(x, y, z)
∣

∣

∣ −R <= x <= R,−
√

R2 − x2 <= y <=
√

R2 − x2,−
√

R2 − x2 − y2 <= z <=
√

R2 − x2 − y2
}

"�:���Z�0�i

V =

∫ ∫ ∫

D

dxdydz =

∫ R

−R

{

∫

√
R2−x2

−
√

R2−x2

{

∫

√
R2−x2−y2

−
√

R2−x2−y2

dz

}

dy

}

dx =

∫ R

−R

{

∫

√
R2−x2

−
√

R2−x2

{

2
√

R2 − x2 − y2
}

dy

}

dx

"�:���(-;�;�0�;�Z�����X 2 ,�����������F��N( E =
{

(x, y)
∣

∣ x2 + y2 <= R2
} "d�-r�"

V = 2

∫ ∫

E

√

R2 − x2 − y2dxdy

0�2���( 2 ����Z���������0�n����'����������( x = r cos θ, y = r sin θ "d�-r�"di
V = 2

∫ R

0

{∫ 2π

0

r
√

R2 − r2dθ

}

dr = 4π

∫ R

0

r
√

R2 − r2dr =
4πR3

3

"�:��
2) �����{� x = x(u, v, w), y = y(u, v, w), z = z(u, v, w) "d_�?�����0|i (x, y, z)–  �¡�Z�vVw D

" (u, v, w)–  �¡�Z�v�w E 3�J�� 0 Z�¢���X�£�h 1 f 1 ��f�¤-7�<�_���"d�'��(�¥�¦�§d¨�©��

D(x, y, z)

D(u, v, w)
=
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∂u
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∂v

∂y

∂w
∂z

∂u

∂z

∂v
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∂w













¥�¦�§d¨�©�ª ( ¥�¦�§�«�¬ ) �
∂(x, y, z)

∂(u, v, w)
= det

D(x, y, z)

D(u, v, w)

0�2���(-;�Z�"�h
∫ ∫ ∫

D

f(x, y, z)dxdydz =

∫ ∫ ∫

E

f(x(u, v, w), y(u, v, w), z(u, v, w))
∂(x, y, z)

∂(u, v, w)
dudvdw

3��®�����(
;�;�0�� 3 x�¯�Z1n��I��e�°�X1±�_�<�i^]�? s�² ��Z�J���X1���I<��P��?³(N´�µ�:�g�h�H'3�¶�·

&���3�¸�¹���x�Z�º�3�±�_-»d&���(
x = r sin θ cos ϕ , y = r sin θ sin ϕ , z = r cos θ (0 <= θ <= π, 0 <= ϕ <= 2π)
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¥�¦�§�«�¬�� ∂(x, y, z)

∂(r, θ, ϕ)
= r2 sin θ "�:���Z�0�i

V =

∫ ∫ ∫

D

dxdydz =

∫ ∫ ∫

F

r2 sin θdrdθdϕ

"�:���(�R�¼�7 F = { (r, θ, ϕ) | 0 <= r <= R, 0 <= θ <= π, 0 <= ϕ <= 2π } "d����(-����<

V =

∫ R

0

{∫ π

0

{∫ 2π

0

r2 sin θdϕ

}

dθ

}

dr = 2π

∫ R

0

{∫ π

0

r2 sin θdθ

}

dr = 4π

∫ R

0

r2dr =
4πR3

3

X�½'��(
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