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,�B1C$' DFE�G�=IHKJ$L�=�M$N�O�,�-$#�(1)P2�A�Q�4$A�R$2�4�5

1.1 SUTWVYXUZU[]\
0.9̇ = 1

��4_^a`$3$b�c$d�e�7�,$f�^�'�E�G$.1g�h�i$��jPk�@�,�-$#�l�m"nP2�4�5�b���7�'oDFp
L�M���4q^�d���N�r�.�s�+t51G�u$c�d�E�G$��v*w$NxDFG�u$>�'"M$y�z$'�3�{1|���#

(}�~$�������#���4$A
)19 ��� �������$����-�c�O�,�5���*#1#

0.9̇ = 1
.��*��2"A�d1k�^9|*�1���*=15��1��#�Q1��295

1÷3 = 0.3̇ � N�8 (1÷3)×3 = 1f$�
0.9̇ = 1

N�<�7�,�5
E�G$N"�${t|1�1���"p�L��*G1������4_^�d��*N��$@�k� $,�5t`�@*�

α =
√

2
�94q^aE*G�N�¡�@�k

 �,��
1.41421356 · · · ��4q^�f�^�3"�1�$N"�$@�k9 $,"5tE�¢�>1'�#"�1G�£*�$��+1¤$A*��G�."¥�¦�>'�§1¨�+$,�-$#�nP2�4$7$d�2� �3�4$N�8����$.��$@�,�-�#�c�g�,�5P����c�©$.���@�A�ªPf$^«5¬DFp

L��1G$#�­�®�¯�°$��E�G$.���+$��7�±²MP�94_^a³$´�c�O�,�5µ ����-1E$."¶$�1,�-�'$2�A��1�$'"`P�12�A"·$¸1|
0.9̇
.���@�A�ªPf$^¹5 µ �� �#�p�L��1G$c*O

,17�k�º�,"E1G�.���2�A"4�,�5$�9 �.
α
�9Q�»9-�'$21f�^«5

α
N

1
���1c1O*,�-�#�¶��1A�d1f�4$c

O�¼�^«5P½�A
α
N

1
f$�a�P½�4P��2�A�ª$,�5P�����

0.9, 0.99, 0.999,. . .
���$@�A�4P»���4�°$7�#

α
.�¾$@�,�5�°$¿P�«8

1 − α >
1

10n

��+$,$�
α < 0. 9 · · ·9

︸ ︷︷ ︸

n À
< 0.9̇ = α

3���c�Á�Â�5Pf�{�A
α = 1

5
������=�#ÃDFp�L��1GP��#�Ä$7"MY��4q^��1��.�g*h�i���¨*ÅP2�A�4�3�4$�*cÃDFG1u$>�MY��#�Æ�@

3�4�N�Ç�È�#"°�7��*,�7�d�29 $3"4�56����-�.�g*h�i���¨*Å�+1 $#�E�G���É1Ê�Ë�.�¨1Å$c1g�,"5Y2
7$29Ì�Í$#�Î$��Ï�($.�Ð�ÑP2�A���=�+$,�5Ò ÅÓc�EÔG$.�ÕÖ^��t×$m�3�Ø_�²Ù$NÛÚ$,�5ÔE�G$�ÛB�Ü�ËÔÝ$� Ò Å$cÞ��ß]�aà$¸ÛÙ$.tá�°Ó7�à$¸
,$�98
(1) â�ã H â�ã — ä�å G → æ G → Ú�(�GP��ç�è�2�8éÚ�(�G�7$k�E1G$."ê${�A�4P»a5��$2�A"8ëDì���ê${�|$d���#$�� P�� $��Ë�Ý$.�d�°�5íMP��2�A�8�B�Ü�Ë�Ý$.�î$y�+$,"5
(2)
B�Ü�Ë�Ý$#�è�ï�+$,$d��$��¶$��,"5$O$��#�g�h�i$��î$y$2�A�4P»ð5

(3)
B�Ü�Ë�Ý$#�è�ï�+$,$d��$��¶$��,"5$O$��d�O�¿P��g�h�i$��î$y$2�3�4�5

(4)
�P^a4_^�´�ñ$'�#�ò� $3�4 óì½�e�k�ô�õ$'�|�|P��3$2�öí5

3$b�N��$@Yk� $,Û5�÷�ø$¿�cÔ#���ùÓ��ï�úÓc�O�{�|�5P��� Ò Å$c�#Û��ù$7Yk
2 ûPü ��ïÞú$c�Ø$,-$'�+$,�5�E�G

—
DFp$L�v1w�M$.�jPk�@$f$^���2�|�ý$þ���ÿ�ª���¯��$.�(�)P2�A$»9 $|$k����_^«5
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E1G$��B�Ü$>�Ë�Ý$'��$2�A�¿$����A�QP��^«5
(1) ���

1) � · · · a + b
N�¨�ÅP½� $A�4$,

1. (a + b) + c = a + (b + c) (��	�
�� )
5

2. 0
��4_^aE�G$N
���P2�A�8�+�¤$A���E�G

a
'
�P2

a + 0 = 0 + a = a(� �
��� )
5

3. � E�G a
'
�¬2

a + a′ = a′ + a = 0
��3�,�EÔG

a′
N
���Þ+$,�5P���

a′
. −a

�
� »

(��
 ��©��$�
��� )
5

4. a + b = b + a ( ����
�� )
5

2)
; · · · a · b N�¨�ÅP½� $A�4$,�5
1. (a · b) · c = a · (b · c) ( ��	�
�� )

5
2. 1

��4_^aE�G$N
�1�P2�A�8�+�¤$A���E�G
a
'
�P2

a · 1 = 1 · a = a( ��� �$�
��� )
5

3. � EÞG a(6= 0)
'��¬2

a · a′′ = a′′ · a = 1
�t3Þ,�EÔG

a′′
N��Ô�Þ+$,t5��t�

a′′
.

1/a
� � »

(��
 ��©��$�
��� )
5

4. a · b = b · a ( ����
�� )
5

3)
<�� 
��
1. a · (b + c) = a · b + a · c 5

(2) ���
1) ���

1.  �! ��E�G a,b
'
�P2

a <= b
¿�|�#

b <= a
N�è�ï*+$,�5

2. a <= a
5

3. a <= b, b <= c
3$k��

a <= c
5

4. a <= b, b <= a
3$k��

a = b
5

2) � H ;
1. a <= b

3$k��
a + c <= b + c

5
2. a >= 0, b >= 0

3$k��
a · b >= 0

5
(3)
É*Ê1Ë · · · ���"Ë1Ý�N�Ú1(1G��9E*G�.�"�Î*+�,�d��1'�3*{éA�4�,�5é×�mt3�ý�N�Î�mé'"E1G���BC�#%$1.'&�ª�|��1c"á�°�7
(�{�|�¨*Å�N�Ú�,�56�1��c*#�¨1Å�3$2"'�)
*�3�Ï1(�.�O*¸�A�Q�»95

•  �! ��p$L���G����$'
�P2��� $c���+P½� $,�E1G$N
����+$,�5
• ,�-�	 c�3�4*à�'�Ú�.�3�E1G��
/1< -�	 #����*à�. (

à$L
)
.101°

( 243�5�6$��798;:�<��Ï�(
)
5

• = "�þ In > [an, bn] (n = 1, . . .)
N�+�¤$A��

n
'
�¬2

[an, bn] ⊃ [an+1, bn+1]
.
?$|�+

��g�8 ∞⋂

n=1

In 6= Ø
c�O�,

( @�AB8DC�6 ��Ï�( )
5

• E1G1&*¦�. , c13�4FEa°��'/1< -�	 A, B
'�<G$"8

A
�  �! �1��# B

�  �! �'��f�� �½�4P��gt8
A
'��IH��$NÔO�,�7

B
'��Þ���$NÔO�,�7Þ��4Ô®� $7ÞN
JP�Û,

( K�KML�AB8��Ï�(
)
5
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Weierstrass NPO1Q�RPS�TPU�V4WYX4Z\[�N4]_^Y`1a\b1c�d\e4VPf�gGhjik\l
1.1 m1npoqNPr1sut1v A w4xYy4zu{�R\|1XYd�}\|1XPm
n α w4~1��ePV A NP�1��NP� a ∈ A y4��e

V a <= α w4�\�1��X4�Y`4W�h�iYg1N4� α ` A N4x1{�d�W�h�i
x�{�}�~_�\��X���}����P��X_w1g_N_�1R��\���_�1N_w��\U����1U�`��1�_x_{ ( x�� ) d�W_W_� sup A d��_�_i

Weierstrass NPO1Q�}��Yy1���\ �¡_w4��¢�R\�4W_z\{���t1vYy_}4xY�_w4~1�_�YX4�Y`�£1¤Ge�VPW�X�i_¥Y`�¦1§¨P©�ª hji
«

1.2 (1) A = {2 − 1

n2
|n ∈ ¬ } }Px�y�z1{YR sup A = 2i

(2) A = {x ∈ o | 0 < x, x2 < 2} }�xYy­z
{\i1x®�uy4§uW®Vu}4¯®y­��y­�u �X ( m®} sup A =
√

2 y
�1X )i

(3) ¬°}4x�yPz1{YR1�4W\i
± m_n�NP²_³_´1µ ¨�¶¸· ���_n�y��_¹Ge�V�m\n�w�~1�_��X��Y`�¥�R © V�º ª hji�¥�} 0.9̇ y���XPi a1 = 0.9,

a2 = 0.99,. . . d»��XPi1§®¼�½ an = 0. 9 · · · 9
︸ ︷︷ ︸

n ¾
d»f�¿Ài A = {an | n ∈ ¬ } d»�®X�d A }­x�y­z1{®R\|
XPi

α = sup A d¸fG¿Ài�g4UYw 0.9̇ y4�\¹_��X�m\nÁd�Â�Ã_X4��w\R_a1X�i�~1�ÁePV�W�X α }�Ä�N�Å���nYR_|1ÆÁhji
m\n 1 d¸Ç1È\��X�d (1) α > 1, (2) α = 1, (3) α < 1 N 3 §�NPÉ1vYN�Ä�U ¨1Ê w (1),(3) NYd4a1}PË1Ì\��X
N\R ( Í�Î\}4ÏGÐ¸Â�Ã ª ) (2) R_|�½Ñ� α = 1 R\|_X4i1ÒYb 0.9̇ = 1 R1|\X4i
¥ 1.2 N (2) NP�1�1x\{�w √

2 y1�_X4�Y`4Ó\�ÔhÕiYg4U ª ½ 2 N4Ö\×1ØY}4~1�_�YX4�Yw4s�X4i\Ù_Ú�yPÛ�N
nYN�Ö1×\Ø�N4~_�Y}1�\Ü4Ý�N�]\Q1ÞYR4Ó_�1�Yw1R\a_X1w4��g\g1R\}4ß1à ± m1n�NP²1³1´\µ ¨�¶¸á W�V4º ª hji
A = {x ∈ o |x > 0, x2 < 2} d�f�¿\d�� 1 ∈ A

ª ½ A 6= Ø i x ∈ A ` A NP�%d¸��XYd x2 < 2 < 4 = 22 i
x > 0

ª ½ x < 2 wPsG½ 2 } A NPx1{1i ª_â VP� A }Px�yPz1{1i ± m\n�NP²1³_´1µ (Weierstrass N4O\Q )
ª

½¸�1�\x1{�wP~u�1��XPi1�\U�` a = sup A d¸fG¿�i a2 = 2 `4ã1Q\ä�RPÓ
��i a ≥ 0 y4å\�Ge4V b =
2a + 2

a + 2d¸fÁ¿1d¸� b > 0 R4�1æ\ç1�\�1i
b2 − 2 = 2(a2 − 2)/(a + 2)2

b − a = (2 − a2)/(a + 2)

a) a2 < 2 d�è\]1�YX4i�g\N4�\� b2 − 2 < 0 �1N\R4� b ∈ A i�d4g1Æ\w4� b > a �\N1RP� a w4x\{Gd�W�h»g�d
yPË_Ì1i

b) a2 > 2 d�è\]1��XPi b2 > 2 �1N\R4� b } A NPx1{1i�d4g\Æ1w4� b < a �1N1R­� a wP�1�YN4x1{YRu|1X
�Yy�Ë1Ì\i

1.2 éëêíì9î
¿�® D GIï$��J$L�M$'�°�4$A��$@�,�5�÷�ø$� ~ #ñð

n
N�LP��3$»òH$g$»�3�,���8

an

#1L¬��3$»
A
'
ó�ôP» 5öõ ��g"8éG�ï

an

#
A
'
÷�ø�+�,$�94�418$���

A
.�J�L
*��
ù*i1c�4�|�562�7�2��"�

ú�û >�¨ÔÅ$#$fÞ»��Y@�,$� <PkÛ3�4�5U����¨ÞÅ$N�GÔu$>Þ'�y�zÓ3$dt��3$kÛ���
�ýü$.Ó��{�A$d
)
*$31#�®$c1O�,�5ý)
*$3
þ�ñ�#ÿð

an

N�LP��3�»
A
'
ó�ôP»�7�3�4���8

n
#�L���3$»4H$g$»�3�k�3

4�5 õP��3�,�N$�9 $#�y�z$c�O�¼P^�7�5 3%AB8 � c�d��� $|�N�:�;�<�#��${�|���'�#*����(�=$>�BC�#G$�#���<$y�z$c�#�3�7�{1|Û5�����J$L�v�w$'��$2�A$d��$'
18 ��� '�#��
	$N'JP��{�|�5 1

`
��2�A

1 − 1 + 1 − 1 + · · · ��4_^���G�.��$@�A�ªPf$^«5�á�°$7����$@�Ù$.�
��P2�f$^«5
(1) α = (1 − 1) + (1 − 1) + · · · f$�«8 α = 0

(2) α = 1 + (−1 + 1) + (−1 + 1) + · · · f$�«8 α = 1

(3) α = 1 − (1 − 1 + 1 − 1 + · · ·) = 1 − α
f$�«8

α = 1/2
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��à�����=$'$f$�«8
0 = 1 = 1/2�����$313�7�c"J$L�v�w$.*y�z�'$2�|1��#�� C$�1C (Cauchy)

c�O�{t|�5��$#�v����$�1����'��
@1|�5�ð LP�93�»�ó�ô�»�õ6��4q^av*w�# ð�����.�á�k"c$d9��½�»�c1g�,'õt-�8Yd�^��P29G*u$>1'*#�{
gP��½��$,$� ðì¡$@$k� $|$b�i�3��$��GPf����
�$.��P½�»�c�g�,
õ�-P���$@�|�5
��2�A ð LP�93$»�H�g$»�3�,
õY��4q^av*w$# ð

n
.�4P»1k�c�d�H$g�»�+�,
õt-�8Yd$^���2�G�u�>

'�#1{�gP��½��$,$� ðìº$,
H$g�3 ä�å GPf���d�H$g$»�+$,
õ�-P���$@�|�5
�
�

1.3
��à$7$k�G�ï

an

N
A
'
÷�ø�+$,$��#

 �! � �$��E1G ε
'
�P2�O�, ä9å G N

N
����2�A
N
f$��H$g"4  �! � ä9å G n

'
�
2 |an − A| < ε

N�è�ï�+$,�5
�
� C$�
C #�¨�ÅP2�|�5
!$m�d â�ã '�ß_� Õ_^���'�#$�� $.�Ð�Ñ�+$,�5P���$��g

lim
n→∞

an = A
¿�|�#

an−→A (n−→∞)

���1+t5
Æ14�Ù$.#"$@*,$�9�$� �$'�d�Æ�@�,"5

“  �! ���1G ε
'
�P2�A

an

�
A
�������$N

ε
��à�c�O*,

n
#�Ú$L À 2�7�3�4�5 ”

���Û¨�(Y#
$�|¬��%Y'�&$@Þ,�7Ód�2� Y3�4ÓN�J$LÔ��¨ÞÅ$. âÞã 't+$,�-Ó3$2�' DFî$yÛM$c�g�3
7�{1|$��4_^�����#�' ! +$,�­�/$N�O�,�5
�
(

1.4 ( )�*�+
,
- ) lim
n→∞

an = A, lim
n→∞

bn = B
��+$,�5

(1) .0/ �
1
2 /430/45
+
)�*
1) lim

n→∞

(an + bn) = A + B

2) lim
n→∞

αan = αA

3) lim
n→∞

(an · bn) = A ·B

4) B 6= 0
����8

lim
n→∞

an

bn

=
A

B

(2) 6
7
8 an
<= bn (n = 1, 2, . . .)

����8
A <= B

(3) 9;:=<?>�@A+ �B( an
<= bn

<= cn (n = 1, 2, . . .)
�Þ�

lim
n→∞

an = lim
n→∞

cn = A
cÞOÛ $�

lim
n→∞

bn

d�÷�øP2�A"J$L
*$#
A
5

nDCYNFEHG�R1}Pæ�NP]1Q�wPQ#IHJ�y1�Pm#KHJ�y1�FLHM�R\|1X4i
kHN

1.5 z1{��PO#Q\n#C�}PE#G\��X4i
QHIDJ��SRYR�WÔh�d4g_NP]_Q�} ± m_nYN�²1³_´1µIdFT�ÝYR_|1X�i�g1NP]_Q�`�O1Q�yYe�V ± m1n�NP²_³1´_µ�`4ÍÎP��XP��w1R\a1XPi1æ�N\g1NP]1Q�NPm#K\x�R1NHU4WHV�} ‘ E#G1�YX ¨ Ä�h ¨ ’ d�WÔhÀ�Gd ‘ W��PÝ�`FXZY1XP� ’

`Ps�[ ¶ U�XFVYR1|\X4i
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an = an(0 <= a < 1) NFEHG®`4Â�Ã\V ©Yª hji
¯YN4×\ä�R1�\R1auX1wP��g\g1R1}P]uQ 1.5 `PS1fÔhji an w
OHQD\#]\n#C�R\|1XP��}��_^¸s�XPi�¼1¡P`�y1}\� ¶ �PW�N\R4z1{�R\|1XPi ª1â VSE#G\��X4iHW���ÝY` α d��
XYd�� an+1 = aan

ª ½Ñ� α = aα w4sYX4i a 6= 1
ª ½ α = 0 `FaYX4i

��'ÃD ��G$��J�L�M .��$@�f$^¹5 ú�û >*'�#
“f(x)

'�Q*4$A
x
.�L���3�»

a
'
ó�ôG$�,*�

f(x)#
A
'�LP�93$»�ó�ôP»

”
- � N�8Y�� Pd�� C$�1C '$f"{1A��$�*���$'��$@$k9 �¨*ÅP½� �|�5�ð LP�3$»4ó�ô�»�õ$��4q^av1w$#"G�ï���ú 	 �1)$ÈF�$' ðì¡$@�k� �|$b"i�3#�$�"GPf������$."�P½1»�c*g,
õ1-P���$@�|�5

¿1| ð LP��3�»�ó�ô%$1,
õY��4q^av�w�# ðb�
��.���½�»�+�,
õ�-�8Yd$^c�P29G�u�>�'�#*{1gP�"½
�$,�� ðb�
�$.�O�,
*Pf$�a�P½�»�+$,
õ�-����$@�|�5
�
�

1.6
��à$7$k
��G

f(x)
'�Q�4$A

x
.�L���3$»

a
'
ó�ô%$�|��

A
'
÷�ø1+$,$��#

 �! �A�$��E�G ε
'
�U2�O�,��$��EÞG

δ
N
���¬2�A

0 < |x − a| < δ
��3�,  �! ��EG

x
'
�P2 |f(x) − A| < ε

N�è�ï�+$,�5
�
� C$�
C #�¨�ÅP2�|�5
!$m�d â�ã '�ß_� Õ_^���'�#$�� $.�Ð�Ñ�+$,�5P���$��g

lim
x→a

f(x) = A
¿�|�#

f(x)−→A (x−→a)

���1+t5
x→∞ d
)��$'�¨�ÅP2�A�4$,�5
 I! �d�Ó�tEÞG ε

'��P2ÛOÔ,ÛEÔG
L
N��Ô�P2ÛA

L
fY� HÓgt4  ý! �ÛEÞG x

'��U2
|f(x) − A| < ε

N�è�ï�+$,"5
������g

lim
x→∞

f(x) = A
¿�|�#

f(x)−→A (x−→∞)

���1+t5
����= 
 . ε-δ

= 
 ��4_^ (e
f 3
þ
g 
$� )
5

G�ï$��J$L�'���+$,�¨�(
1.4
�
)��$'���G$''�P2�A$d��$.���+�-$N�c�g�,�5

�
(
1.7 lim

x→a
f(x) = A, lim

x→a
g(x) = B

��+$,��
(1) .0/ �
1
2 /430/45
+
)�*

1) lim
x→a

(f(x) + g(x)) = A + B

2) lim
x→a

αf(x) = αA

3) lim
x→a

(f(x) · g(x)) = A · B

4) B 6= 0
����8

lim
x→a

f(x)

g(x)
=

A

B

14



(2) 6
7
8 f(x) <= g(x) (n = 1, 2, . . .)
����8

A <= B

(3) 9�:=<h>�@�+ �i( f(x) <= g(x) <= h(x) (n = 1, 2, . . .)
���

lim
x→a

f(x) = lim
x→a

h(x) = A
c

O� $�
lim

x→a
g(x)

d�÷�øP2�A�J$L
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