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1.6 ��
��������
��������� �"!$#�%'&)(�*$�'+�,$-'.�/)0�132�4��)5���6�7'8$9':�;�<>='?3%'@�A�?'+3,���B
%'CD�FE$G'H�I'J�%�K�L�M'N�O�P�Q'RDS>E�K�=>T�UWV$X>T�C�Y[Z�%�\�]��

f ′(x) > 0
?�S'-�^��'�_�`Wa�b�c =>T d"e�fD6��'�'+�,�g�S>h�g�E�% (1) C

i�j
1.18 [

&k(�*��'+�,
] l O f

-
[a, b]
�nm�o�p

(a, b)
�'.�0�qWrD=>J�%'Cs�'��='t�BW%

c (a <

c < b)
Q'u�vDw'V

f ′(c) =
f(b) − f(a)

b − aQ'xWy�J�%'C
���'+�,�G'z�J�K�L�M'{��'+�,�G'|�T�%�C
i�j

1.19 [Rolle( }�~ )
�'+�,

] l O f
-

[a, b]
�'m�o�p

(a, b)
�'.�0�q�rD=>J�%'C

f(a) = f(b)
?

S'�WB�%
c (a < c < b)

Q'u�vDw'V
f ′(c) = 0

Q'x�y�J�%'C
��� ���������������������������

c ������� ����� a < c < b
����� � ��� c � ������������������ �¡��

h ¢¤£3¥ c+h ��¦�§ [a, b] ¢¤¨�©�ª�«�¬®­ f(c+h) >= f(c) �¤¯�°�� �¤� h > 0
�®±�² f(c + h) − f(c)

h
>= 0

³´���
lim

h→+0

f(c + h) − f(c)

h
>= 0 �F¯�°´� �µ�W¶�· h < 0

�¸±F² f(c + h) − f(c)

h
<= 0
³´���

lim
h→+0

f(c + h) − f(c)

h
<= 0 ��¯�°�� �F�W� ©�ª f ′(c) >= 0 ¹�º f ′(c) <= 0 ��¯�°�� ������» f ′(c) = 0

�
¼ �¤�
½®¾

a < c < b
�F��� ¥ · � »À¿ ¬W��¯�°Á¥ ³ «�Â�Ã¸� f(a) = f(b) � ���´�Ä±F³ ©�ªµ« �F� f � �´ÅWÆÅ¸� Â´ÃW� �´� ��¯�°Á¥Fªµ« �����µ��ÅWÆµÅÀ��³ « ±Ç�´� � �F�¸¿��W±µ² ��È�É �FÊ´ËW�F��Ì´� ¢ Æ ¥Fª�Í� ­ � « �

���'+�,�g�S>&�(�*��'+�,�Q�zDÎ>E�%�Q'pD���'��-n&�(�*��'+�,�G'Ï�Ð�ÑDw�K'{��'+�,�G'z�J�C
{���+�,��

g(x) = x
=>J�EÄ�'&�(�*��'+�,�Q'Ò dÓC

i�j
1.20 [Cauchy( Ô 8�Õ'8 )

�'&�(�*�+�,
] l O f, g

-
[a, b]
�'m�o�p

(a, b)
�'.�0�q�rD=>J$%'C

[a, b]
�

g′(x) 6= 0
?�S'��B�%

c (a < c < b)
Q'u�vDw'V

f ′(c)

g′(c)
=

f(b) − f(a)

g(b) − g(a)

Q'xWy�J�%'C
�¸� Ö´×Ä�µ� � ¼ � � F (x) = (f(b) − f(a))(g(x)− g(a)) − (g(b) − g(a))(f(x)− f(a))

±ÇØÁÙ��®¿´��Æ
Å

F � [a, b]
�FÚ´Û�»

(a, b)
�µÜ�Ý�Þ´ß®� ¼ �F�®¶�·

F (a) = 0, F (b) = 0 �F¯´°�� �¤�®� ©�ª¤à´á �®�µ����¸�
c (a < c < b) �F���Á¥�ª F ′(c) = 0 �µ¯�°�� �F� F ′(x) = (f(b) − f(a))g′(x) − (g(b) − g(a))f ′(x)

³
(1) â¤ã�äæåæçkèêéæënì�íæî

III
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�´�
F ′(c) = (f(b) − f(a))g′(c)− (g(b) − g(a))f ′(c) �µ¯�°´� �¤�®¿�¿´� g′(x) 6= 0

³��´�
g(b) − g(a) = 0³�� à�á �W�F�´� ¢���� �´�F» g(b) − g(a) 6= 0 � ±F³´�F�¸� ©�ª�� ���¸�
	 Í´��¬¸­ ��� �
� � ¬ �µ�&W(�*��'+�,�g�S>{��
��Q'Ò d>Q�^��
�ÄM

1 � +���G�w'V
����C
i��

1.21 l O f
Q)\3]

I
��+�� Î>E$V'T�%�=�J�%�C

I
M���J�%
�����

x1, x2
M��Dw Y

x1 < x2?�S'�
f(x1) < f(x2)

c Q�x3y)J$%�=�t������ �$�)B�%$=�T�d�C
I
M!��J$%�� ���

x1, x2
M�� w

Y
x1 < x2

? S'�
f(x1) > f(x2)

c Q'x�y�J�%�='t
����"�#���B�%�=>T d C
I
M
��J�%
�$���

x1, x2
M
�Dw Y

x1 <= x2
?�S'�

f(x1) <= f(x2)
c Q'x�y�J�%�='t%����&�"�#��

B�%Ä=>T dÓC
I
M
��J�%%�����

x1, x2
M
�Dw Y

x1 <= x2
?�S'�

f(x1) >= f(x2)
c Q'x�y�J�%�='t
�

��&'��� (2) ��B�%�=>T dÓC
(

1.22 f, g
-�\�]

I
�n.�0�q�rD=>J�%'C

(1)
\�]

I
M
��T�V

f ′(x) = 0
?�S'�

f(x)
-'+�O l O���B�%'C

(2)
\�]

I
M
��T�V

f ′(x) = g′(x)
?�S'��B�%'+�O

C
Q'u�vDw'V

f(x) = g(x) + C
=*),+�%'C

�¸� ¦�§.- �F �¡¸� x1, x2 ¢Fº�«Àª » x1 < x2

± � �W± à�á �W�µ�'�¸�W� ¼ � c (x1 < c < x2) �F���¥µª f(x2) − f(x1) = f ′(c)(x2 − x1)
±0/'1��µ��2.3W�W�

f ′(c) = 0
³����

f(x2) − f(x1) = 0 4'5  �¡W�
x1, x2 ¢µ£Ä¥ f(x2) = f(x1) �F¯�°´� �µ�W¿ ¬¸� f � ��Å¸ÆFÅ¸� ¼ ��6W��7 ¥Fªµ« �F�

(2) � h(x) = f(x) − g(x)
±ÇØW²µ»

h(x) ¢ (1)
�
8.9 ��¬¸­ � « �

(
1.23 f

-�\�]
I
�'.�0�q�rD=>J�%'C

(1)
\�]

I
M
��T�V

f ′(x) > 0
?�S'�

f
- _�`�akb ��B�%'C

(2)
\�]

I
M
��T�V

f ′(x) < 0
?�S'�

f
- _�`�:$; ��B�%'C

���
(2)
�=<>7@?BA �

x1 < x2

�=C�· �  �¡�� x1, x2 ¢�£À¥ à�á ���������D8>9 � ��± ¼ � c (x1 < c < x2)�����À¥¤ª f(x2)−f(x1) = f ′(c)(x2−x1)
±E/�1����>¿���±�²

f ′(c) < 0, x2−x1 > 0
���

f(x2)−f(x1) < 0

4�5 f(x1) > f(x2)
±F³´�F�®� ©´ª f �
F.G�H.I � ¼ �F�

(
1.24 f

-�\�]
I
�'.�0�q�rD=>J�%'C

(1)
\�]

I
M
��T�V

f ′(x) >= 0
?�S'�

f
- _�`�J$:�; ��B�%'C

(2)
\�]

I
M
��T�V

f ′(x) <= 0
?�S'�

f
- _�`�Jka�b ��B�%'C

���
(2)
�=<>7@?BA �

x1 < x2

�=C�· �  �¡�� x1, x2 ¢�£À¥ à�á ���������D8>9 � ��± ¼ � c (x1 < c < x2)�����À¥¤ª f(x2)−f(x1) = f ′(c)(x2−x1)
±E/�1����>¿���±�²

f ′(c) <= 0, x2−x1 > 0
���

f(x2)−f(x1) <= 0

4�5 f(x1) >= f(x2)
±F³´�F�®� ©´ª f �
F.G�K.L�M � ¼ �µ�

�FEDS'�
��M � T�V'Ï�N'O���C�� 1.22
-
P�Q�.�/�0��
R�SW+�,�G'H�I'J�%�='tk7'8�M�?�%'e�f

��BW%'C��
1.23
p

1.24
-
T�UkO�1�M
��T�V
)�T�K a�:�V �
R�W�M�BW%'e�f���B�%'C

&W(�*��'+�,�G ; w*X,Y�w'K%Z��
)�t
[�^ dÓC
b = a + h

=�wFp
θ =

c − a

h

=*����=>&k(�*��'+
,�-

f(a + h) − f(a) = f′(a + θh)h (0 < θ < 1)

(2) â¤ã]\_^a`_bdce\a^dfdg=c_\d^=hdf=gdce\d^dha`_bnãEidjnìEk%lEmon�÷ ì]p%q"ø�ù¤ðýñ�ò>â¤â�ånãEidj�÷rk%lsmtn�÷Óì
\d^_`ab

⇐⇒ u jnã]`=bdc=\d^dfdg ⇐⇒ u jnãEfdgdc=\d^dhdf=g ⇐⇒
`dbdc=\d^dha`_b

⇐⇒
fdg�÷ÿðkèwv=xdy%zñ�ò
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='?W%
θ
Q'u�vkJ�%Ä=æT d{Z�MW?�%nC��'��Z���|,}k%�=Fp

h
Q�~��Ä='t 6>+W,�-nx�yWJ�%�C!�,�n{

�
ZÄ�
���Ä%
��Qk��t�%�CDY l O f
-�\�]

I
�'.W0�q�rD=æJ�%'C

a, a + h
Q�\W]

I
M
� w'V'T %�=

t�BW%
θ (0 < θ < 1)

Q'u�vDw'V
f(a + h) − f(a) = f′(a + θh)h

=*),+�%'C c

I. � i������,��®�n�W-ý&W(�* ��+k,)���W|�=kw�V
3 � �%� Gn� �Ó!Ä#�%nC*�$�)-��W+!Z ���o���WB�%�C l O ������ �

lim
x→a

f(x)

g(x)

G%�ÄL�%��)G�|o}�%�C
lim
x→a

g(x) = B 6= 0
�Ä=nt®-%�ÄM!��f)-k?�T�C

lim
x→a

f(x) = A

=>J�%�=
lim
x→a

f(x)

g(x)
=

A

B

=n?)%'C
B = 0

��='t
A 6= 0

?�S'���'�
�,��-
���Dw'?'T�CDX'UWV��
%��W-

B = A = 0
��=�t��
� ��B�%�Cs�'�����'��+�Zs=>T�TWp

f(x), g(x)
M�X'UkV�����Q%��?W%'C

��+'Z��
�,��M l w'V�-'{��'+�,�Q
�����WB�%
����Q
 �T�C
i�j

1.25 [L’Hôpital( }!¡
¢�~ )
�'+�,

] lim
x→a

f(x) = 0, lim
x→a

g(x) = 0
��='t�£!¤��
¥�¦$Q
����J

E��
lim
x→a

f(x)

g(x)
= lim

x→a

f ′(x)

g′(x)Q'xWy�J�%'C
§ =�w'V

lim
x→0

1 − cos x

x2

G
|,}�X�dÓC }�¡
¢�~ �'+�,DX��

lim
x→0

1 − cos x

x2
= lim

x→0

(1 − cos x)′

(x2)′
= lim

x→0

sin x

2x
= lim

x→0

(sin x)′

(2x)′
= lim

x→0

cos x

2
=

1

2

{�- ; w*¨ ©�UkK §
lim
x→0

(

ax + bx

2

)

1

x G
|,})%
(a, b > 0)

C
f(x) =

(

ax + bx

2

)

1

x =*ª«��CD�
�'�

lim
x→0

logf(x)
G
¬�­�J�%'C

lim
x→0

logf(x) = lim
x→0

log(ax + bx) − log 2

x

= lim
x→0

(log(ax + bx) − log 2)′

(x)′

= lim
x→0

ax loga + bx log b

(ax + bx)

=
log a + log b

2
= log

√
ab

�����
y = logx

- √
ab
�'m�o�?����

lim
x→0

log f(x) = log
(

lim
x→0

f(x)
) Q'x�y�J�%'CDX'UWV

log
(

lim
x→0

f(x)
)

= log
√

ab

Q'xWy�J�%'C
y = log x

� _�`$® X��
lim
x→0

f(x) =
√

ab
Q
¯DS>E�%'C

}°¡
¢n~ ��+k,�- lim
x→a

f(x) = ∞, lim
x→a

g(x) = ∞ ���$�D6Fx�ykJÄ%'C��ý�
±Ä?
Z 6d��+'ZD=%²�³
∞/∞ ¢ :,´W�%��+'ZD=%²�µ�C����%NWT�¶Ä�nT d�=�6k=��
ZÄ- 0/0 ¢ :·´�=æT d�C¹¸ÄM 0 ·∞,∞−
∞, 00, 1∞,∞0 º �
��+$Z�Q�B�%'C
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»�¼·½
¾
1.5

{��
�,��G
��L�X>C
(1) lim

x→0

x − sin x

x3
(2) lim

x→1

log x

x − 1

(3) lim
x→0

ax − bx

x
(a, b > 0) (4) lim

x→0

x − arcsin x

x3

(5) lim
x→0

(cos x)1/x (6) lim
x→∞

(

log(x2 + 1) − logx2
)

II.
��¿
l O��
��*�M l w'V
À�Á G�w�X�dÓC l O f

Q
x = c

�
Â �>�'+��sÎ>E�V'T�V
, x = c

�
Ãk0�Ä��
�W-

f(x) < f(c)
Q�xkyWJ %Ä='t

f
-

x = c
� �'Å �kBW%Ä=æT d�CÁ6 d ; wnt'��Æ =
N dn=�Bk%
Ç

�'O
δ
Q'u�vDw'V

0 < |x− c| < δ
��='t

f(x) < f(c)
Q'x�y�J�%Ä='t
��È��kB�%�=>T dóC

f(x)
G

�'Å'¿ =FT dóC°É%±ÄM l O f
Q

x = c
��Â �F�n+'� ÎæEÄV'T V

, x = c
��Ãk0'ÄÊ�n��-

f(x) > f(c)Q'x�y�J�%�='t
f
-

x = c
� ��Ë ��B�%$=>T dÓCD6�d ; w't���Æ�=*N d'='B�%
Ç���O

δ
Q'u�vDw

V
0 < |x − c| < δ

� =�t
f(x) > f(c)

Q'x�y)J�%�='t���Ì���B)%�=>T d�C
f(x)
G ��Ë�¿ =>T�dÓC

��ÈW*ÎÍÏ��Ì�*�G
Ð�ÑDw'V ��¿ =>T dÓC��W*�M l w'V�-'{�Q'x�yDw'K'C
Ò�¾

1.26
.�0�q�r�? l O f

Q
x = c

�
��*�G�=>E��
f ′(c) = 0

Q'x�yWJ�%'C
�¸� Ó�Ì´��� Â�Ã �
<.7 � � f � x = c

�
Ó�Ì¸³����F» ¼ �
Ô�Å
δ �F���Á¥Fª  �¡¸� h ¢F£Á¥ |h| < δ��C®· � ³'� ­ f(c + h) < f(c)

±F³ ©�ªµ« �¤� h > 0
�¸±F² � f(c + h) − f(c)

h
< 0
³´���

lim
h→+0

f(c + h) − f(c)

h
<= 0 �F¯�°´� �µ�W¶�· h < 0

�¸±F² � f(c + h) − f(c)

h
> 0
³����

lim
h→+0

f(c + h) − f(c)

h
>= 0 �F¯�°´� �µ�W� ©´ª f ′(c) = 0

� ¼ �F�
y = f(x) = x3, x = 0

�
����g�S>0�g�%�X�d>M'e�f
1.26
�
Õ�-'x�yDw'?'T�C

III. Ö
× ��Ø��
l O�� a�:�Ù ³���*�Q'0�g'E�� l O�� ( Ú�Û�Ü � ) Ý Z�G
)��*��Q���t�%'CD���'��-�6�d ; w*ÇÞ M�)��'K�L l O���ß�à�M l w'V
À�ÁDw'V�����C\�]

I
!���+���Î>E$K l O f

G�|,}3%'C
f
� Ú Û�Ü !��
����� 2 á A, B

M!�Dw�V'p Ú�Û�Ü �
A, B
�W]WMkB�%'â
ã Q
ãW0

AB
�n!'ä�Mk?'T =�t

f
-

I
�%å·æ�çk��BW%�=FT dÇC¹è$é�G�¤ �
)Ê�

=*�'���
x1, x2 ∈ I

=
α + β = 1, α > 0, β > 0

G
ê�K'J������
α, β
M � T�V

f(αx1 + βx2) <= αf(x1) + βf(x2)

Q'xWy�J�%'C�Õ�M
ã�0
AB
��£
ä M�?'TD='t

f
-

I
�
ë,æ�ç���B�%�=>T dÓC

Ò�¾
1.27 I

��+$�DÎFE K�.W0kqWr ? l O f
M � TÄV�p f ′

Q
I
� J�:$; ?ÄSn�

f
-'£WM�àk�WBk%�C

f ′
Q

I
� J�a�b ?�S'�

f
-'!�M�à��WB�%'C

»�¼·½
¾
1.6

{�� l O�� Ý Z�G
),+ýC
(1) y = x−x2

(2) y = xe−x2

(3) y =
x

1 + x2
(4) y = x logx (x > 0)

(5) y =
x2 − x + 1

x2 + x + 1
(6) y = e−x sin x
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