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$�%�$DG<H�=�I�J�K�L�!�"�$�%�$���MDN 0�O � (P $�Q�� )
1�273R4�5�S�T7U�V�6�8D9<;�=�>�?�*

@�A BDC�E�W���G<M�X�=�.�!�"�$�%�$���8 Y�ZD[<\DW P�] I�^�_�F�`�=�����a���b O J<c�d�=�.

2.1 egfih
j Y�� ��`'G���k�l'=�T&,<I m�8'*�C�V�npoq+r,<� ��L�s�t�S ��nrou+�v I�M#.wE�x'C�y:z<{p|
S�� }�~���G<��M�V��D��,�.
��� ���R� ������_'*RG�J�X#=wG�}�L����wS�I�=�� F����R�����R��`#=�.

P = (x, y),Q = (x′, y′) ∈
R

2 S��:C (P, Q) =
√

(x − x′)2 + (y − y′)2
G<�DN�G<L

(1) ������� d(P, Q) >= 0
.����������

P = Q
��G�}����

(2)
��� ��� d(P, Q) = d(Q, P )

(3) 3 ��  ��A � d(P, R) <= d(P, Q) + d(Q, R)

F�� ��H�=�.#¡�¢ ��£�W7¤�¥�I�>�F�� ��H�=7. ¦�S7L ��§ (1)–(3)
F��-o¨� 0 T',<I�W���*��#�DG© X =�.
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2.1 ¬�­ LDW�U�®�J 2 ¯�° (

���
)
S %±C�V�²�³�H�=´F�L�¤�¥���>��

n ¯�° ¡±¢ (1) ��W�¤µ¥��² ³�����}�=�.
Uε(P ) =

{

Q ∈ R
2
∣

∣ d(Q, P ) < ε
} *

P
�

ε–¶#· G¸M-,�. R
2 �7¹ )�� _'* 1 0&º 8»C�V A

G
H�=�.

P
��¼�½��

ε–¶�· F A
G<¾�¿���*�À 0 G�}�L P

*
A
� � �ÁG<M-,�.

A
� � ��Â�Ã����´_

* ◦

A
G<�:NÄ.

P
�

ε–¶�· � A
G<¾�¿�¹´)�F�I�MDW���F�ÅRÆ�H�=�G�}�L

P
*

A
��Ç��DG<M-,�.

A
��Ç����±W� �&��W�I�M���*�È�É��DG<M�M�L�È�É���Â Ã�����_�*

∂A
G<�DNq.

A
S��»C

∂A ⊂ A
G�I�=&G�}7L

A
*�Ê7� _DG¸M-,/.

∂A∩A = Ø
G�I�='G�}

A
*�Ë���_»G<Mr,�.

A
F ¯ � �´§ *µÀ 0 G#}µÌRÍ (connected)

�´`´=gGÎMÏ,
:
¼´½g�

2
�

P, Q ∈ A
S��ÐC�Ñ´¢

I = [a, b] O J A Ò ��Ó Ô�Õ�Ö�� f(a) = P , f(b) = Q
G�I�=�W���F�Å�Æ�H�=�.

Ó�×�I#Ë���_'*�Ø�Z:GÙM-,�.
D
F�Ø Z'� £

D∪∂D
*

D̄
�7Ú&v�C �Ù;�* Ê7Ø�Z:G¸M-,�.gÛÜÊ7Ý�Ø

Z�F `�=�Þ�ß {

(x, y) ∈ R
2
∣

∣ x2 + y2 <= M
} S�à�á�;�=�£�â�É���`�=�G<M-,�.

ã�ä
2.2 ( å�æ�ç�è ª ) ¬�­ L é�ê#� ë�G��'ì���^ _�L���_���íîâ�m�Q���I d�J O I�ï�ð�� O ��á;�E ñ�@�ò�S�m�=�>�S�H�=�.

E
* a���T�,<I�W���G<H�=�.´íîâ�m�Q���ó:J O I�ï�ð�ò�F ∂E

G�I�=�.
(1) ô n = { (x1, . . . , xn) | xi ∈ ô (i = 1, . . . , n) } õ n öÙ÷Ùøúù�ûýüÙþÙÿ����u÷ P = (x1, . . . , xn) õ��#û ü���� 2 �

P = (x1, . . . , xn), Q = (y1, . . . , yn) ù��
	��7õ d(P, Q) =
√

(x1 − y1)2 + · · ·+ (xn − yn)2 
�������� �
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2.2
���������

! "´$�%�$�������S�����"´$�F
2
Q ¬ � ��`�=R%�$�*�M-,ÎF�L�é�ê �±W�U ®±J 2

"�$�%�$�S´%
C�V�²�³ H�=

(
��¹

3
" $�%�$:W<+p,

)
.!� �'�

n
"�$&%�$'� ¬&­ � 2

��¹�)&*
n
S�"'X�=&G�ë#"

¤�¥&S���}�=�. � ��S
R

2 ��¹�)���_ D
��8�YD9<;�E�%�$�*

2
"�$�%�$DG�$�%�L

f : D −→ R

G<Ú�v�H�.�!�"�$±%�$��
1
"�$�%�$ÐG'&�IDo)( *�1�F�`´áDo,+�SRE�E�I�M´. ����"�$�F

2
Q���£

��--,�.�V�( *�1�Fµ�0/�=RF
3 ¯�°�1 I��´��v O oÎS�N<M�.R� 2�ð���Ú±v�H 3�4DW�`�=´F�Â 5��G�J�X�S�N<MDC<L�"�$���Q�$�F�!DN�I�=�G¸�0/�I�N�I�=�.

ª�«
2.3 ( 6�è ) D

�78�YD9<;�E�%�$
f : D −→ R

S��:C<L
P = (x, y)

*�mDo<I'N
P0 = (a, b)

S ¶ 7 /�E�£�L f(P ) = f(x, y)
F�mDo¸I�N�`#= � A

S
¶ 7 N�£ Û 0 áDo�L d(P, P0) =

√

(x − a)2 + (y − b)2
*�mÐo<I�N

0
S ¶87 /�=R£�L |f(P ) − A| FmDo¸I�N

0
S ¶ 7 N�£�ÝqL

lim
P→P0

f(P ) = A, lim
(x,y)→(a,b)

f(x, y) = A, lim
x→a
y→b

f(x, y) = A

f(P )−→A (P−→P0) f(x, y)−→A ((x, y)−→(a, b))I�ì G<��}�L
P
*

P0
S ¶ 7 /�E�£#� f(P )

��9�m�G':-,�.
;

2.4

(1) f(x, y) =
xy

√

x2 + y2
((x, y) 6= (0, 0))

�
lim

x→0
y→0

f(x, y) = 0

�´`´=�. <�=�I±J
x = r cos θ, y = r sin θ

G>9 ?�@�Ú AÐC�Vµ��=�.
(x, y) → (0, 0)

GÎM ,q>
�

θ
FCB�ê I�"RB±*gCµI´FgJ

r → 0
G�I´=µ>g*µ½�DµH»=µ.

f(x, y)
*!98?�@±�µ�g}CE'HÐG

f(x, y) =
r cos θr sin θ

r
= r cos θ sin θ

G�IDo�LD�<;��
r → 0

��G�}
f(x, y) → 0

G�I�=�.
(2) f(x, y) =

xy

x2 + y2
((x, y) 6= (0, 0))

S´%�C�V © X�=µ.&¤µ¥gS�98? @�����}CE�HÐG
f(x, y) =

r sin θr cos θ

r2
= cos θ sin θ

I�����L
θ
�ú"�BRS)F Å�HR=ú.,GRX�K

θ =
π

4

*)HR~�I FRJ
(x, y) →

(0, 0)
G<H'=�G

f(x, y)
� 1

2

S�I J�H�=�C<L
θ =

3π

4

*�H�~�I�F�J
(x, y) → (0, 0)

G<H�=�G
f(x, y)

� − 1

2

S�I J�H�=�.�!�"�$&��I J���8�Y���K L0M�N0O P0Q'R#��8�� � S�I J�H�=�>I�����LD����^�_ I JDC�I�M�.
ã�ä

2.5
!�"�$g��9�m±G'S ¯ 9�mR*�T�¤±C�I�MÁT�,<Sµ. U���G±� 2 VXW ��S ¯ 9�m´��Å�ÆRH�=�.������Y Z 9�m�G��

lim
x→a

lim
y→b

f(x, y)
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��¥&I�@���9�m���`�=�. � ��G���M-,�G'[ \'S y
*

b
S ¶ 7 / L ¯ S x

*
a
S ¶#7 /�=�W�����`=�.�a�;�S��DC<!�"�$���9�m��

x
G

y
* ¤].�S ¶ 7 /�=�W�����`�=�.�!�"�$���9�m�F�Å´Æ�H�;�KY Z^9�m���Å�Æ�H�=�F�L�¦�� � C�N�I�M�.

ª�«
2.6 D

��8�Y:9<;�E�%�$
f(P ) = f(x, y)

F��
P0 = (a, b)

��Ó�ÔDG��
lim

P→P0

f(P ) = f(P0), lim
(x,y)→(a,b)

f(x, y) = f(a, b), lim
x→0
y→0

f(x, y) = f(a, b)

F�� �#H�=�>�*�:r,¨.�8 Y�Z
D
��_��&��Ó#Ô&��£

f(P )
�

D
��Ó�Ô'� `�=&G<Mp,�. �7� £

f
*a`

S�Ó Ô�%�$DG<M-,�.
Ó Ô±%�$��!b�L c�L8d�L e���F�ÓRÔ�%�$±S�I�=´���

1
"�$�%�$ÁG�¤0.Î.�_���%�$���Ó�Ô � W�¤.<.^[ f � 8 g�S�� h�H�=���F ¯ ��i j�� `�=�.

ª k
2.7 ( l�å m ª k )

â�É�Ê���_���8 YD9<;�E�Ó�Ô�%�$���[ f � *�G�=�.
1
"�$�%�$&��^�_#[ f � 8 g�*an�M�I'N�V�W¸L#o p Ú�*�n M�=�>'S�T�oq[ fsrt[ u�*an�M�=7>�F��} E�.�!�"�$�%�$�����[ fvrw[ u�� x�j&*�}�~���G<+��-,�G<H�=�G�����8 g��  #y z S�I�=�.

2.3 {�|~}
1
"�$�%�$���(#)���^�_ L����&%�$'F�Å Æ�H�=a�gG<M-,u>DG����#ð�F�Å�Æ�H'=�� G<Mp,q>&��¤0.Ù�

��� `�U E�.»C O C 2
"�$ ¬ � ��(�)'* © X�=�G 2 0 ��&�I =����DG�I#=�. 8�Y 2.8 ( � (#) y �

� )
������%�$'F�Å�Æ�H&=�� >'S�� h�H&=�.#8 Y

2.9 (
Â´( ) y �#� )

������ð&F�Å�Æ#H�=���>�S��
h�H�=�.D����¥�S

1
"�$�%�$g����¤0.�S��±X�E�����F

2 0 S�) �RH�=�.�(�) 4��µ� � 1 I����C��
(
ÂR(�) y ��� )

��`�=�.
� ��%�$DG�� 2

"�$�%�$
f(x, y)

S��DC�V�L G�X�K
x
����*�"�$DG'��V7(�)DC�E�W�����`�=�.

ª�«
2.8 ( � �0��� )

%�$
z = f(x, y)

F
(x, y) = (a, b)

S���M�V
x
S�%�C�V

(y
S�%�C�V

) � � �� � G��
lim

h→0

f(a + h, b) − f(a, b)

h
(

lim
k→0

f(a, b + k) − f(a, b)

k

)

F�I^J�H�=�>�*�:-,�.D����£�����9�m � *
∂f

∂x

∂z

∂x
fx zx

(

∂f

∂y

∂z

∂y
fy zy

)

G��DNÄ.
x
S´%gC�V±W

y
SR%±C�V±W � (�) y � ��£µL^`±S � (R) y8� G': , . _´�g� � (�) y ���£

1
"�$DG�¤�.<¥�S���%7$�* © X�=�>�F���}�=�.»�<;:J�*

x
S�%�H&=

(y
S�%�H�=

) � ����� G:-, .

32



� (�) y � G<Mr,,�#���a��M^� �'��` =�. � (�) y � ��`#=�F�Ó�Ô&�#I�M^G�F7Å�Æ H�=�. ¯ �#%$��a����� � (�) y � ��`�=�F�Ó�Ô�����I�M�.

f(x, y) =







xy

x2 + y2
(x, y) 6= (0, 0)

0 (x, y) = (0, 0)

���0�C 
2.1 � �´%µ$gF��´�gS��´M±V�ÓRÔ±��I�M´>�*CA�¡�.�á´E!���±Sµ�0/R= � �g%µ$�*C¢d�T

1
"R$±���£�´ð�F�Å�Æ´Hg=��DGÎM-, ���g�

2
"R$±%�$g��� �£� �´� F�Å�Æ´Hg=��DGµI�=µ. 8´Y

2.9
F�a�;�S�� h�H�=�.

ª�«
2.9 ( ¤ � � � � ) f(x, y)

���
(a, b)

��á vDo<�78�Y:9<;�V�M�V7L
(a, b)

� � (�) y � (2) G<H=�.

ε(h, k) =

f(a + h, b + k) − f(a, b) − ∂f

∂x
(a, b)h − ∂f

∂y
(a, b)k

√
h2 + k2G<�:NÄ.

f(x, y)
F

(a, b)
� ¤ � � � � G��

lim
(h,k)→(0,0)

ε(h, k) = 0

G�I =�£�*�M-,�.�Â�(�) y � *�`�S � � �^� G<M-,q^�_DW�`�=�.
8 Y

2.9
��M-,�G<L

(a, b) +
∂f

∂x
(a, b)h +

∂f

∂y
(a, b)k

F�� ��� *�ÚDC�V�M�=�.
(
�������

h, k
*�"

$DG¥��V�M�=�.
)
� ����%�$DG ��� ��c�F�¦^§�S�uD9�N�I�=�>�*�½0D�C�V�M�=�.

Â (�) y � *�E �^A�H'��� � ¨ I�^#_DW�`�=#F�L ¯ ��8^g�F7��� H�= ���7L�é�ê���+p,q!:N��#%$���Â�(�) y � ��`�=�>�F�) O =�.
ª k

2.10 fx, fy

F�Å�ÆDC�V�L�a��7M ©�; O F�Ó�Ô�I�J f
��Â�(�) y � ��`�= (3) .

� ���� 
2.2 ª « x�j 2.1

��%�$���������Â�(�) y � � I�M�>�*�A ¡�.
� ���� 

2.3 ¯ ��%�$�� � ��%�$�*�¢�d�T<.
(1) z = x3 − 3xy + y3 (2) z = (x3 + y4)100

(3) z =
x − y

2x + 3y
(4) z =

√

x2 + y2

(5) eax2+by2

(6) z = x arctan
x

y

(7) z = xy sin(x2 + y2) (8) z = x2y2 log(x3 + y3)

(9) z = xy arcsin
x2 − y2

x2 + y2
(10)z = xxyyxyyx

(2) ¬®­�¯�°�±�²´³�µ �#¶�·´¸t¹)º ÿ�» ­�¯�°®±�²�¼#½t¾À¿tÁ ÿ�Â�Â 
 ³�Ã�Ä �
Å�Æ�Ç´��È�É µ �À¶t¹�Ê#¸ �
(3) Ë´Ì�³�Í�Î �®Ï�Ð�Ñ�Ò p83 Ó�Ô´��Õ
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