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2.4 ������������������������������ �!���"�#�$�%�&
'�(

2.11 z = f(x, y), x = x(t), y = y(t)
��)�*

z + t ,�-�.0/�1 ������ �! ,�2�3�465 %�&
dz

dt
=

∂z

∂x

dx

dt
+

∂z

∂y

dy

dt!7��8���"�#�9�: ,�;�3�1�<�=�.�>@?BA�C�D�>�E�/65 $ D &'�F
2.12 2 G �����7��H x = x(s, t), y = y(s, t)

#�I /
D(x, y)

D(s, t)
=







∂x

∂s

∂x

∂t
∂y

∂s

∂y

∂t







+�J ����� KL��H�M���N�O�P6Q�R@S D�D * J ��9�:���9�:�T +
∂(x, y)

∂(s, t)
= det

(

D(x, y)

D(s, t)

)

,�U7V�/ *�N�O�P�W�X (
N�O�P6Q�R�Y

)
S D[Z &

'�(
2.13 2 \ �����7��H x = x(u, v), y = y(u, v)

S
u = u(s, t), v = v(s, t)

#�I /
D(x, y)

D(s, t)
=

D(x, y)

D(u, v)

D(u, v)

D(s, t)

= ��] C %�&^ #�_�����#�� /�`  
D(u, v)

D(x, y)
=

(

D(x, y)

D(u, v)

)

−1

S�$�%�&
a�b7c�d

2.4
!�������#�I / ∂z

∂s
,
∂z

∂t
,
∂2z

∂s2
,
∂2z

∂t2
,

∂2z

∂s∂t
+�e�f�g &

(1) z = f(x, y) = x + y2,x + y = s, xy = t

(2) z = f(x, y) = x + y,x2 + y2 = s, x2y2 = ta�b7c�d
2.5

(1) x = u cos α − v sin α, y = u sinα + v cos α (α
 �h��

)
��S�i�! +�j�k &

1) z2
x + z2

y = z2
u + z2

v

2) zxx + zyy = zuu + zvv

(2) x + y = eu+v, x − y = eu−v
#�I / zxx − zyy = e−2u(zuu − zvv) = ��] C % J S +�j�k &

(3) x + y = u, y = uv
$ 4�l xzxx + yzxy + zx = uzuu − vzuv + zu

S�$�%�m +�j�k &
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a�b�c�d
2.6 x = r cos θ, y = r sin θ

S C % (2
!�n���o�prq U�j )

&����
z = f(x, y)

#�I / !
+�j�k &

(1) s�t�u�v�w ∂(x, y)

∂(r, θ)
+�x�y�k@g &

(2)

(

∂z

∂x

)2

+

(

∂z

∂y

)2

=

(

∂z

∂r

)2

+

(

1

r

∂z

∂θ

)2

(3)
∂2z

∂x2
+

∂2z

∂y2
=

∂2z

∂r2
+

1

r

∂z

∂r
+

1

r2

∂2z

∂θ2

2.5 3 z���������{�|}�~ , 2 G �7����� -�. # \�D7`������ & J�J�,  3 G ������# \�D�`�� %�& 2 G �����������S��7S ���6� 9�#���� =���� m =�������� %�&
'�F

2.14
���

y = f(x1, x2, x3) = (x1, x2, x3) = (a1, a2, a3) , x1

#�� /�`���������� S� 
lim

h→0

f(a1 + h, a2, a3) − f(a1 , a2, a3)

h

=�����C %�m +��[Z & x2, x3

# >���/�`�E�� "�#�h�� , i�%�&
x1, x2 ��� x3

#�� /�`� �-�.�¡�¢ ��)�*�£�# ��������� S �¤Z &�¥�¦ ,� �-�.�¡�¢ ��) 1 G �S ��§ "�#����¨� +�;�3 %©m =�, i�%¨& J65@4�+ x1

#�� C % (
~ 1  x2, x3

#�� C % )   ���©�S �ªZ & x1

#�� C %   ������ 
∂f

∂x1

∂y

∂x1
fx1

zx1

«�¬ >�5 %�&
3 G ������������ -�.�¡�¢�®  �¯�°�±�#� ²´³�µ�¶���·�¸�¹ +�º�»�C %�&'�F

2.15 y = f(x1 , x2, x3)
 �¦

(a1, a2, a3)
��~ V¼?6, h��@½ 5�`�D�` * (a1, a2, a3) ,�-�.�¡¾¢S C %�&

ε(h1, h2, h3) =

f(a1 + h1, a2 + h2, a3 + h3) − f(a1, a2, a3) −
∂f

∂x1
(a1, a2, a3)h1 −

∂f

∂x2
(a1, a2, a3)h2 −

∂f

∂x3
(a1, a2, a3)h3

√

h2
1 + h2

2 + h2
3S6¿ÁÀÂ&

f(x1 , x2, x3) = (a1, a2, a3) ,�Ã�������� S� 
lim

(h1,h2,h3)→(0,0,0)
ε(h1, h2, h3) = 0

S�$�%�) +�D[Z &��������#�� /�`�E 2 G �@S � "���Ä�Å = ��] C %�&'�(
2.16 y = f(x1, x2, x3), x1 = x1(t), x2 = x2(t), x3 = x3(t)

��S�i
dy

dt
=

∂z

∂x1

dx1

dt
+

∂z

∂x2

dx2

dt
+

∂z

∂x3

dx3

dt
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2.17 3 G ����� 3 Æ ��H x1 = x1(t1, t2, t3), x2 = x2(t1, t2, t3), x3 = x3(t1, t2, t3)

#�I /

D(x1, x2, x3)

D(t1, t2, t3)
=















∂x1

∂t1

∂x1

∂t2

∂x1

∂t3
∂x2

∂t1

∂x2

∂t2

∂x2

∂t3
∂x3

∂t1

∂x3

∂t2

∂x3

∂t3















+�J ����� (
��H

)
� s�t�u 9�:@S D[Z & J ��9�:���9�:�T +

∂(x1, x2, x3)

∂(t1, t2, t3)
= det

(

D(x1, x2, x3)

D(t1, t2, t3)

)

,�UÁ/ * s�t�u�v�w S D[Z &
'�(

2.18 2 \ �����7��H x1 = x1(u1, u2, u3), x2 = x2(u1, u2, u3), x3 = x3(u1, u2, u3)
S

u1 = u1(t1, t2, t3), u2 = u2(t1, t2, t3), u3 = u3(t1, t2, t3)
#�I /

D(x1, x2, x3)

D(t1, t2, t3)
=

D(x1, x2, x3)

D(u1, u2, u3)

D(u1, u2, u3)

D(t1, t2, t3)

= ��] C %�& ^ #�_�����#�� /�`  
D(u1, u2, u2)

D(x1, x2, x3)
=

(

D(x1, x2, x3)

D(u1, u2, u3)

)

−1

S�$�%�&
a�b7c�d

2.7
!��������   ����� +�e�f�g &

(1) w = f(x, y, z) = x2y3z4 (2) w = xyz sin(x2 + y2 + z2)

(3) ex2+y3+z4

(4) x2y3 log(x2 + y3 + z4)

a�b7c�d
2.8

!�������#�I / ∂w

∂s
,
∂w

∂t
,
∂w

∂u
,
∂2w

∂s2
,
∂2w

∂t2
,
∂2w

∂u2
,

∂2w

∂s∂t
+�e�f�g &

(1) w == x + y2 + z3,x + y + z = s, xy + yz + zx = t, xyz = u

(2) w = x + y + z,x2 + y2 + z2 = s, xy2z = t, xy + yz + zx = u

a�b7c�d
2.9 x = r sin θ cos ϕ, y = r sin θ sin ϕ, z = r cos θ

S C % (3
!�n���o�p�q U�j )

&����
w = f(x, y, z)

#�I / ! +�j�k &
(1) s�t�u�v�w ∂(x, y, z)

∂(r, θ, ϕ)
+�x�y�k@g &

(2)

(

∂w

∂x

)2

+

(

∂w

∂y

)2

+

(

∂w

∂z

)2

=

(

∂w

∂r

)2

+

(

1

r

∂w

∂θ

)2

+

(

1

r sin θ

∂w

∂ϕ

)2

(3)
∂2w

∂x2
+

∂2w

∂y2
+

∂2w

∂z2
=

∂2w

∂r2
+

2

r

∂w

∂r
+

1

r2 sin θ

∂

∂θ

(

sin θ
∂w

∂θ

)

+
1

r2 sin2 θ

∂w

∂ϕ
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