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2.6 �������������������������� "!
z = f(x, y) #%$  %! fx, fy &%'�(�)+*�, #.-%/10.2%$  %!43%5.6�798 &�: / 71; fx # x2  %<47 $  %! (fx)x, y 2  1<.7 $  9! (fx)y

3
fxx, fxy ->=@? ;.A+B fy #9$  1!DC9E%F 2%GH : / 7%;JILKDM%3 2 N�# ' $  O! -%P"Q ; 3 N%RTS.# ' $  %!DC%E"F 2%G HVU K.7%; ∂z
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Y :"Z\[ -^] ∂z
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) ` M ∂2z

∂x2
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) ` M ∂2z

∂y∂x
-L=J? ; ∂z

∂y

3
x :"(T) X Bb "!c_ ∂

∂x

(

∂z

∂y

) ` M ∂2z

∂x∂y
W <d; ∂z

∂y3
y :%(�) X B� %!._ ∂

∂y

(

∂z

∂y

) ` M ∂2z

∂y2
-eW <1;

fxy

_
f
3%f�g._

x :%(b) Xeh.2 y :%(�) X B.C # :�i 7%; fyx

_
f
3%f�g._

y :%(�) Xeh.2
x :%(�) X B.C # :�iJj ] I # 2 k _%lbm 2%n [ C # :�i 7%; X

` X i 7%o�p #%q : _%l�r�<.7%;s�t
2.19 [ uTv�w%x�y%z s+t ] { (a, b) #%|�} : ] fx, fy, fxy &%~+� X1�%] fxy & (a, b) :%���.�M%� ] fyx

C ~�� X%� fxy(a, b) = fyx(a, b) &%��� <.7%;
�

f(x, y) & C2 � (2 N�# ' $  %! &%~�� X"� ��� ) � M%� fxy = fyx :�i 7"; "!
f(x, y) & Cn � (n N A : #%$  %! &%~�� X%� ��� ) :�i K�� n N A : #%$  %!._ x, y :(�) X B��%! & E.� :�i K.��� #%���.2.� Me���.7%;

�b� ! #%�T�.�"�.#OG�� 3%�b�.7TB�� 2%hc#%�b� 3 $�� <.7";�I #"�T� 3"��� X �"� -^]1G�� 3=./b  <.¡�¢ :%£�¤.�%¥.¦�:�i 7%;
s�§

2.20
∂

∂x

39¨ � X B4C #4-+X1�T© � ∂

∂x
f
_ ∂

∂x
& f 29ª � X1� � 7 ->« � <1;DI #�-d/¬c�® 2 D = h

∂

∂x
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∂

∂y
-OG H <V7T;VI #V-9/ Df = h

∂
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∂
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f -O« 79;.AcB D2 =
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h
∂

∂x
+ k

∂

∂y
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= h2 ∂2

∂x2
+ 2hk

∂2

∂x∂y
+ k2 ∂2

∂y2
- 5.6�7%;�l�m 2

Dn =
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h
∂

∂x
+ k

∂

∂y

)n

=

n
∑

r=0

nCrh
n−rkr

∂n

∂xn−r∂yr

-e« 7%;
s�t

2.21 [ ¯O°.±%°�z s�t ]

f(x + h, y + k) = f(x, y) + Df(x, y) +

· · ·+
1

r!
Drf(x, y) +

· · ·+
1

(n − 1)!
Dn−1f(x, y) +

1

n!
Dnf(x + θh, +y + θk)
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- � 7 θ (0 < θ < 1) &%~�� <.7%;
z = f(x, y) = x2ey 2%²DX (x, y) = (1, 1) : ���.�%��G�� 3%� � �%³.´.X%�%«D� [ ; 1

� ! #9G
�.#%µ�¶D- E%F 29]�G��.# 1

n!
Dnf(x + θh, +y + θk) #%· 31¸�¹ ·D- ��� Rn : W <1;DI�I : _¸�¹ · 3%º�» X B |+¼ 3%5.6�7%; X = x + h, Y = y + k - <47%;�f�g 2 n = 2 #%µ�¶ 315.6�7%;

∂f

∂x
= 2xey,

∂f

∂y
= x2ey � # : ∂f

∂x
(1, 1) = 2e,

∂f

∂y
= e :�i 7%; �%½T�

f(X, Y ) ∼= e + 2e(X − 1) + e(Y − 1)

:�i 7%; n = 3 #%µ�¶ _
f(X, Y ) ∼= e + 2e(X − 1) + e(Y − 1) + e(X − 1)2 + 2e(X − 1)(Y − 1) +

1

2
e(Y − 1)2

¾�¿aÀ%Á
2.10 h.#  %!.3 (a, b) 2%Â � � n = 3 -�X B ���.�%��³.´ 3%Ã.� � ;

(1) z = f(x, y) = (x − 1)(y + 2) (a, b) = (0, 0)

(2) z = f(x, y) =
1

1 − 2x + 3y
(a, b) = (0, 0)

(3) z = f(x, y) = sin(x + y) (a, b) = (
π

2
,

π

2
)

2.7 Ä�Å
i 7 { (a, b) #>Æ jL: f(a, b) #"Ç &OÈ # f(x, y) � jÊÉ / � -%/OËbÌTÍD- �Î[ ;ÐÏ 2 È #%ÇV� jÑ U � -%/%Ë�ÒbÍD- �Ó[ ;TÔ�Õ 2 ZÎ[ -e] i 7%Ô�! δ &%~�� X%�%] 0 < (x − a)2 + (y − b)2 < δ �M%�

f(x, y) < f(a, b) &%��� X%� � 7 -9/%] f(x, y)
_

(a, b) :%Ö�É - ��� ] f(a, b)
3 Ö�É ÇD- �[ ; f(x, y) <= f(a, b) &%��� <.7 -"/%× H # Ö�É - ��� ] f(a, b)

3 × H # ÖTÉ ÇD- �Ó[ ; Ö Ñ C%EF 2"G H : / 7%; Ö�É ÇÙØ Ö Ñ Ç�¶.Ú%Û.� Ö ÇD- �Ó[ ; Ü!
z = f(x, y) & fx(a, b) = 0

` k fy(a, b) = 0
3OÝaBO< -%/"]%{ (a, b)

3"ÞbßTà -"POQ ; 1
�!. %! - E%F 2 z = f(x, y) & { (a, b) : (× H # ) Ö Ç 3 - K.� ] (a, b) &�á%â { :�i 7%8 &%)
`

7%;JI # Ï # ã á%â { _ Ö Ç�ä _%l�m 2 Ô X�? �%�.& h &%��� <.7%;s�t
2.22 (a, b)

3� 9!
z = f(x, y) # á%â {�- <.79; H(x, y) = fxxfyy − f2

xy
-eÂD?�-eh &%���<.7";

(1) H(a, b) > 0 #.-%/ f(x, y)
_

(a, b) :%Ö Ç 3 - 7%;
1) fxx(a, b) > 0 #.-%/ f(a, b)

_ Ö�å Ç :�i 7%;
2) fxx(a, b) < 0 #.-%/ f(a, b)

_ Ö�É Ç :�i 7%;
(2) H(a, b) < 0 #.-%/ Ö Ç :b�%� ;
(3) H(a, b) = 0 #.-%/ _.IeKa¡�¢ : _ ) M �%� ; Ö Ç.2 � 7 µ�¶ C � M �%� µ�¶ C i 7%;
æ

2.23 z = f(x, y) = x4 + y4 + 2x2y2 − 2y2 # Ö Ç 3%ç�� � [ ;Tf�g 2 Ö Ç�èbéD- � 7 áOâ { 3Ã.� � [ ; zx = 4x3 + 4xy2 = 0, zy = 4y3 + 4x2y − 4y = 0 #%êbë�ì & Ãa��7.C #T2 � 7%;�I # �� Ybí  3%î�! #%ï.ð : ìD?�- (x, y) = (0, 0), (0, 1), (0,−1)
3%ñ.7%;
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zxx = 12x2 + 4y2, zxy = 8xy, zyy = 12y2 + 4x2 − 4 � # : H(0,±1) = 32 > 0, H(0, 0) = 0 -
� 7"; G�� 2.22 � j ] z

_
(0,±1) :OÖ Ñ :�i 7%; H(0, 0) = 0 � # : (0, 0) # Fbò._ G�� 2.22

`
M%_ )

` M �O� ;1ó�ô 2 çT� � ¢%Kc� � M �"� ;.I #%µb¶ _ Ö Çc2 �Jj � [ C �%� -%õ j 3 k ¢ ��%Ka3%ö�<1;
x– ÷bSa2%øcù.X"� 5c6�7 -e] f(x, 0) = x4 :�i 7O; x– ÷TS : _ (0, 0)

_ Ö Ñ ]Ðú.û � ? M : C |?%2 f(0, 0) � jüÉ / � Ç 3%ý.7 { &%~�� <.7%; y–÷�S.2%ø.ù <.7 - f(0, y) = y4 − 2y2 : I # 4h  "!._ y–÷�S : _ (0, 0) :%Ö�É ]1ú.û � ? M : C |D?O2 f(0, 0) � j Ñ U � Ç 3%ý.7 { &"~�� <7%;
2 k 3 ¶.Ú%Û 7 - (0, 0) &%Ö Ç :��%� 8 &%)

` 7%;
¾�¿aÀ%Á

2.11 h.#  %! # Ö�É Ø Ö Ñ 3%Ã.� � ;
(1) z = x2 − xy + y2 − 2x + 3y + 1 (2) z = x2 − 5xy + 2y2 + x − y − 3

(3) z =
ax + by

x2 + y2 + 1
(a 6= 0, b 6= 0) (4) z = e−(x2+y

2)(ax2 + by2) (a > b > 0)

f É Ç�Ø f Ñ Ç 3"þ.6�7 { _ × H # Ö Ç.2 � ½b� � 7 # : ] f É Ç�Ø f Ñ Ç 3%Ãc��7 -"/ Ö Ç.ÿ�.3���� : / 7%; h.#�� 3%5.6�7%;� z�����	 s z�
�����z����������Ì��������%z����������
3 �.#�� U 3 x, y, z - <.7%;�� & l G � # : ] �%K.3 ` - <.7 -e] x + y + z = ` :�i 7%;��� 3
V - <.7 -e] V = xyz = xy(` − x − y) :Ti 7%; ∂V

∂x
= y(` − 2x − y),

∂V

∂y
= y(` − x − 2y) �

j ] ∂V

∂x
= 0,

∂V

∂y
= 0
3 ��� U Û.�%ìD?�- x = y =

`

3

3%ñ.7%;
I #%ì�! _Ol «J� U � [ 2�"aÚ Kc7 & ]$#.? 5.6 ��% 7 - ö X"� � 7 # _'& f É Ç &O~�� <.7 �M%�b�%K._

x = y =
`

3
:�i 7�( - �Ó[ 8.¡�¢ :�i 7%;Tf É Ç.# ~b��)�* CL<.7�B�� 2 _ h 3,+�-

- <a7%;s�t
2.24 . â�/�0 ¶ : G HDU K.B ���  %!._%f É ÇÙØ f Ñ Ç 3 - 7";

1�Á
2.25 2�3 D : G HDU K.B� %! & f É Ç 3 - 7 -%/%h.# � ��K

`
:�i 7%;

(1) 2�3.#�4�5.#%{ :�iDj ] �.I : × H # Ö Ç 3 - 7%;
(2) 6 â S.#%{ :�i 7%;
S.#�ÿ � 2%k � � C [ l87�9$: 29ì�;�X�� [ ;.� # B�� 2 _ . â</�0 ¶.#+ÿ � 2 <.7=+�- &�i7%; k A j?> Y �.¡�¢ :�� ? ã k�Q K.B > Y � ä Ce5.6�7�+�- &�@ ��A 7%; V = xy(` − x − y) -<.7

(` > 0)
;

D =
{

(x, y) ∈ R
2
∣

∣ x >= 0, y >= 0, x + y <= `
} S : V # f É Ç 3%Ã.��7 ÿ �.3%5467%;

D
_ . âB/�0 ¶ : ] V

_ �b�  %! � # : f É Ç &%~�� <.7%; 6 â S : #%Ç _ V = 0 � # : f
É Ç _ D #�4�5�2 ~�� <.71; �%½��%× H # Ö Ç.2 � ½T� � 79; V # Ö Ç _

(

∂V

∂x
,
∂V

∂y

)

= (0, 0)

- � 7 & ] IeK.3 ìD?�- x = y =
`

3
- � 7 # : ] IeK & Ã.��7.C # ;¾�¿aÀ%Á

2.12

(1) 3 �.# � & l G.# 3 C ¬ #�D :�E  �f É # C # 3%Ã.� � ;
(2) G�F�2�4�G <.7 3 C ¬ # �

`
:�E  �f É # C # 3%Ã.� � ;
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