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2.8 ���������������������������� �!�"�#� %$&��'�(
x2 + y2 = 1

�
x )�*�+�,�-&. 2x + 2y

dy

dx
= 0

��� )�/ dy

dx
= − x

y
)�0�- (1
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2.26
6�7

F (x, y) . F (a, b) = 0 . � -�N (a, b)
��O: / a

��PRQ
(1) ) 8�9TS%$�!�6�7 y =

f(x)
>�UWV: X; / 1)

8�9:SY$�;X' -XZ�[ � x
�DOT 

F (x, f(x)) = 0 / 2) b = f(a)/ >�\�] ,�-� / F 2�N (a, b)
��P�Q )�/_^�`�a y = f(x)

��8�b -�. ' K (&c�! C � f
�

(a, b)
��P�Q ) 8�c-�? 6�7 . ' K (

3 d 7e6�7&�Df_g 2D/ 6h7 F (x1, x2, y) .i/ F (a1, a2, b) = 0 . � -DN (a1, a2, b)
�hO: / (a1, a2)��P�Q

(2) ) 8�9jS%$�!�6�7 y = f(x1, x2)
>�U�V: �;

F (x1, x2, f(x1, x2)) = 0/ b = f(a1, a2)
>�\

] ,&- � / F 2�N (a1, a2, b)
��k�'�; /�^�`�a y = f(x1 , x2)

��8�b -�. ' K (
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2.27 F (x, y)
��O: 

F (a, b) = 0 / Fy(a, b) 6= 0
��m�n

a
��P�Q )R? 6�7 y = f(x)

>�U�V ,
- ( C ��� / F

>
Cr o �&m f

#
Cr o ( dy

dx
= − Fx

Fy

)�0�- (
F (x1, x2, y)

�_O� 
F (a1, a2, b) = 0, Fy(a1, a2, b) 6= 0

��m_n
(a1, a2)

�pPeQ )q? 6_7 y =

f(x1, x2)
>rURV ,j- ( C �R� / F

>
Cr o �jm f

#
Cr o ( ∂y

∂x1
= − Fx1

Fy

,
∂y

∂x2
= − Fx2

Fy

)
0�- (

F (x, y) = x3 − 3xy + y3 = 0(s&t�uwv ��x�y�z ) {�| � x )D*�+�,�- C . � J�}
y′ =

x2 − y

x − y2

��~ - ( C $������ x )�*�+�,�-D� � J�}
y′′ =

2xy

(x − y2)3

> + " - (

2 � ��1 x2 + y2 + z2 + w2 = 1, x + y + z + w = 0
>�� B m%$�;�' -�.%,�- ( C � . E 2 � �d 7 2D��} � 2 � � d 7���6�7 .%�e- C . >��D� - (�� z, w

�
x, y

��6h7 .%� ; x
�_6� D; *_+

, $&n 2x + 2zzx + 2wwx = 0, 1 + zx + wx = 0
> + " - ( C $����:� .

zx =
w − x

z − w
wx =

z − x

w − z

(1) ���_����������� δ �����p��� { x | |x − a| < δ } �������� h¡�¢�£
(2) ¤ ¡�¥� h¡����_����������� δ �����p��� {

(x, y)

∣

∣

∣

√

(x − a)2 + (y − b)2 < δ

} �����¦�� §¡�¢�£
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��~ - (�¨���� y
��6� �;�©�ª , $�n

zy

w − y

z − w
wy =

z − y

w − z��~ - («�¬&�®
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� ) � B m%$ -�? 6�7���6� dy

dx
,
d2y

dx2

��¯�b J (
(1) 1 − y + xey = 0

(2) x3y3 + y − x = 0

2.9 °�±³²µ´W¶�·¸º¹ � EY»r¼q½Y¾ .Y2 2 d 7&�Yfrg 2 ϕ(x, y) = 0
�q# .Y) � f(x, y)

�Y»p¼W�Y¯Wb - ½Y¾ )p0r- (
3 d 7���f�g 2À¿ ϕ(x, y, z) = 0

��# .�) � f(x, y, z)
��»�¼���¯�b - ½�¾�Á�c�! 2À¿ ϕ1(x, y, z) =

0, ϕ2(x, y, z) = 0
��# .X) � f(x, y, z)

�D»R¼���¯�b - ½�¾WÁ )�0�- (�Â�Ã�� 2 ϕ1(x1, · · · , xn) =

0, . . . , ϕp(x1, · · · , xn) = 0
��# .�) � f(x1, . . . , xn)
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2.28 2 d 7W6Ö7 f(x, y)
�YO� 

gradf =

(

∂f

∂x
,
∂f

∂y

) . k×��(ØÂrÃ n d 7W�r6§7 f(x1, · · · , xn)

��f�g 2 gradf =

(

∂f

∂x1
, · · · , ∂f

∂xn
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2.29 ( Ù�Ú�Ù�Û�Ü�Ü�Ý%Þ�ß L�à a�á ) ϕ(x, y), f(x, y)
�

C1 o 6Y7 .�,q- ( P = (x, y)
>

ϕ(x, y) =

0
��â�!� ���>�m d�ã�,�-�.%,�- ( f(x, y)

> N P = P0 ) ÒÓä�9���Õ�»�¼�� .�-�. E /
F (x, y, λ) = f(x, y) − λϕ(x, y) . kÈ� .%/ gradϕ(P0) = 0

c�! 2 gradF (P0, λ) = 0
>�\�] ,�- (

å .  D; ¿ x2 + y2 = 1
� ¸�¹ ��æ ) ax+ by

��ç�è_¼�ç�é�¼&��¯eb J (êÁ . ' K ½�¾e> A&B m�$- (ºç_è�¼ / ç�é_¼&��� B_-�N&2 ä�9&�D»�¼e����ër;D' - � )�/ì¿ x2 + y2 = 1
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ϕ(x, y) = x2 + y2 − 1, f(x, y) = ax + by, F (x, y, λ) = f(x, y) − λϕ(x, y) . kT��( gradϕ =
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∂ϕ

∂x
,
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∂y
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∂F

∂x
,
∂F

∂y
,
∂F

∂λ
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gradϕ(x, y) = 0 . � -�N&2 (0, 0)

��î�(j D"� C � N�)�2 ∂F

∂λ
= −x2 − y2 + 1

>
0
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) = ±

√

a2 + b2
��� ) ç�è�¼ 2 √

a2 + b2 )�0�- (
3 d 7���f�g×� .�}%0�ï�J�K ( ϕ(x, y, z) = x2 + y2 + z2 − 1, f(x, y, z) = ax + by + cz .i,ð- (

ϕ(x, y, z) = 0
� ¸W¹ �Ræ ) f(x, y, z)

�XçWè�¼wñòçRéW¼��X¯ðb J×K ( F (x, y, z, λ) = f(x, y, z) −

λϕ(x, y, z) . k:��( gradϕ =

(

∂ϕ

∂x
,
∂ϕ

∂y
,
∂ϕ

∂z

)

= (2x, 2y, 2z), gradF =

(

∂F

∂x
,
∂F

∂y
,
∂F

∂z
,
∂F

∂λ

)

=

(a − 2λx, b − 2λy, c − 2λz,−x2 − y2 − z2 + 1)
�R� ) gradF = 0 . � -�Nð2 (0, 0, 0)
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∂λ
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x =
a

2λ
, y =

b

2λ
, z =

c

2λ
, a2 + b2 + c2 = 4λ2

��~ - ( J ë_;rç�è�¼ 2 √
a2 + b2 + c2 / ç�é�¼

2 −
√

a2 + b2 + c2 )�0�- («�¬&�®
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(1) ϕ(x, y) = 2x2 + y2 − 1 = 0
��æ ) f(x, y) = xy

��ç�è�¼óñ¦ç�é�¼e��¯�b J (
(2) ϕ(x, y) = x2 + y2 − 1 = 0

��æ ) f(x, y) = ax2 + 2bxy + cy2
��ç�è�¼���¯�b J (

(3) [ ôrõrÞ&öY÷�øWùYú×ûýürþrÿ��Wù������	�qÿ ] ϕ(x, y, z) = x2+y2+z2−1 = 0
�ºæ ) f(x, y, z) =

ax2 + by2 + cz2 + 2pxy + 2qyz + 2rzx
��ç�è�¼&��¯�b J (
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��� ) ϕ1(x1, · · · , xn), . . . , ϕm(x1, · · · , xn), f(x1, · · · , xn)

�
C1 o �r67 .Y,�- ( x = (x1, · · · , xn)

>
ϕ1(x) = · · · = ϕm(x) = 0

�_âj!ð _�e>�m deãq,j-j. ,j- (
F (x, λ1, · · · , λm) = f(x) − λ1ϕ1(x) − · · · − λmϕm(x) . k��X� / f(x)

> Ò äR9ð�rÕ�»R¼×� . $n
rank

(

D(ϕ)

D(x)

)

= rank

(

D(ϕ1 , . . . , ϕm)

D(x1, . . . , xn)

)

< m
c�! 2 gradF = 0
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