
�������
I ��� #13 2003–7–9 	�


3.3 ��
��
�������������������� �!#"���$�%�&('�%�)�*�+-,#.�/10#2�3�4�2�*�+-,#.�5�6�7�8������#��9:�; 2#<>=?6�@ ; 2#<BA�C#��D�.�/

1 E�F�G�H�I�J�K�L�M5�6N7�8#�
2 O�P#QSR � 1 O�P 2�TU8���V#��W�X#Y�Z����#)�[#\���]#^�_�`#.�7�8 (

4�a#7U8
)��bdcBe�f��-W�.�/1����g�h�)�i�j ; 2�k�l�.������-m#cnZ1o�p�q�)�rtsvu�w�_�����g-h#f��#"-.

x 2�9�y�,#.�e>zB,#.�/
I =

∫

x4 + x3 − x − 4

x3 − 1
dx
)�q�2#z�.�/

(1) {�M�H#|�}�M�H�~3�4#2����#� O 8#f����#� O 8>�#sv��W���X#Y�����8#���#2#��_����#� O 8#)��>��cB,#.�/
x4 + x3 − x − 4

x3 − 1
= x + 1 − 3

x3 − 1

m�����Z 3

x3 − 1

�����#)��#��X#Y#�B`�/
(2) ��M�M�H��#�� ����8��#��)�,#. R ��2����#)�T�8���V�,#.�/

x3 − 1 = (x − 1)(x2 + x + 1)

z�m�.�/
x2 + x + 1

��9�8#���#�����
1 O�P 2�T�8���V#��W�m�`�/

3

x3 − 1
=

a

x − 1
+

bx + c

x2 + x + 1)�� R ,���8 a, b, c
)���!#��.�/����#)�����z

3 = a(x2 + x + 1) + (bx + c)(x − 1)
f���a ;

2����>��_�`#.�����Z
a = 1, b = −1, c = −2

��D�.�/>��^�_
∫

3

x3 − 1
dx =

∫

1

x − 1
dx −

∫

x + 2

x2 + x + 1
dx

z�m�.�/
(3) L�M�I����

(x2 + x + 1)′ = 2x + 1
m���� ∫ 2x + 1

x2 + x + 1
dx = log(x2 + x + 1)

x + 2

x2 + x + 1
=

1

2

2x + 1

x2 + x + 1
+

3

2

1

x2 + x + 1

z�m�.-����Z ∫ 1

x2 + x + 1
dx
f�� Q X�Y��

`�/
x2+x+1 =

(

x +
1

2

)2

+
3

4

z�m�.1���
u = x+

1

2

z��18-�¡ -,(.�z ∫ 1

x2 + x + 1
dx =

∫

1

u2 +
( √

3

2

)2
du =

2√
3

arctan
2√
3

u =
2√
3

arctan
2√
3

(

x +
1

2

) z�m�.�/�¢�u#)�£#¤�¥
.#z

I =
x2

2
+ x − log |x− 1|+ 1

2
log(x2 + x + 1) +

√
3arctan

2x + 1√
3
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(4) ¦�§vF�¨#©�ª«�¬ ��5�6#7�8#��­������#f�4�a#7�8���®>�BX#.�"#¯#�B"�)�°#±�_�²#.�/
i�j#��5�6#7�8#)

R(x) =
f(x)

g(x)

zB,#.�/
(1)
��³�´#���-�#� O 8#�����#� O 8>�#sv�>�B`z�µ-�d��_���`�/ O 2 g(x)

��T�8��-V�)�9-y�,�.�/�¶�·d¸�¹�º-»���¼-½d��m�`�f�Z�9�8������
�

1 O�P#Q�R � 2 O�P 2�T�8���V>�BX#.�eNf�]>¾BX#_�`#. ( ¿ 8�À#��Á�Â���6 )
/NÃ�ÄUT�8#f

2 Å ¢�u�¼�½�,#.�Æ�£><�D�.�����Z � ����8#)�9�y�,#.#zBZ O ���#�-7�8#��Ç#2�m�^�_�`#.�/
f1(x)

(x + a)n
,

f2(x)

(x2 + ax + b)n

���#f
(x2 + ax + b)n

��Æ�£#����8��� È�
(x2 + a2)n

zBµ��>��_#�B`�/����#)
(x + a) Q�R�

(x2 + a2)
�U�#�U,#.È��zU2#�Ès?Z f1(x)

(x + a)n
=

a1

x + a
+ · · · + an

(x + a)n
,

f2(x)

(x2 + a2)n
=

b1x + c1

x2 + a2
+ · · · + bnx + cn

(x2 + a2)n

z1��WS.�/�¢Su#2È�Ns O � 3
!È�U���Nf��(WUX#YÈ�B`SeNf��

"�.�/
∫

1

(x + a)n
dx,

∫

x

(x2 + a2)n
dx,

∫

1

(x2 + a2)n
dx

1 É>Ê � u = x + a, 2 É>Ê � u = x2 + a2
zBË���Y�,>Ì���W�.�/

3 É>Ê �����#)�Í�Î�Ï#±-.����Ð>�B`#f O ��Ñ�Ò P 2#�#sv����,#.���z�f���W�.�/
Jn =

∫

1

(x2 + a2)n
dx
zBÓdc�zBZ�Ñ�Ò P

Jn+1 =
1

2na2

{

x

(x2 + a2)n
+ (2n − 1)Jn

}

f�����,#.�����Z>��� P 2#�#svÔ O ����,#.�e#f���W�.�/
Õ�Ö�×�Ø

3.2 O ��7�8#��­������#)��#�#�B/
(1)

x3

(x + 1)2
(2)

1

x4 + 1
(3)

1

x(x4 − 1)

(4)
1

(x2 + 1)2
(5)

x − 1

x2 + 2x + 2
(6)

x2 + 1

x(x − 1)2

2 3 Ù#G�H�I�E�F#G�H
∫

R(sin x, cosx)dx
���#������Z R�Ú ������� R(s, t)

�
s
z

t
��5�6#7�8�/

t = tan(x/2)
zBÓ>c�zBZ

dx =
2

1 + t2
dt,sinx =

2t

1 + t2
, cos x =

1 − t2

1 + t2
m�����Z

∫

R(sin x, cosx) =

∫

R

(

2t

1 + t2
,
1 − t2

1 + t2

)

2

1 + t2
dt

z�mdsÛ5�6#7�8�������2�Ü�Ý���W�.�/È�ÞX���ß�à���D�.-f�3�á#��g�h>z���â#¾�m�`�/ãq�±-Y�Z
tan x��®d�BX#.�ä��

t = tan x
zBË>cBg#f�i�j#2�å�æ�2�m�.�/

I =

∫

1

sin x
dx
�

t = tan
( x

2

) zBË>c�zBZ

I =

∫

1 + t2

2t

2

1 + t2
dt =

∫

1

t
dt = log |t| = log

∣

∣

∣
tan

( x

2

)∣

∣

∣
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z�m�.�/
I =

∫

(tan x)2dx
��Æ�£

t = tan
( x

2

) zBË�`#_#<�ç�è#.�f�Z����#��é>�Þê�ë#��D�.�/>���#z�W
t = tan x

zBË>c�zBZ dt

dx
=

1

(cos x)2
= 1 + (tan x)2 = 1 + t2

m����

I =

∫

t2
1

1 + t2
dt =

∫

1 + t2 − 1

1 + t2
=

∫

dt −
∫

1

1 + t2
dt = t − arctan t = tanx − x

z�m�.�/
Õ�Ö�×�Ø

3.3 O ��7�8#��­������#)��#�#�B/
(1)

1

cos x
(2)

1

1 + sinx
(3)

1

sin x − cos x

(4)
1

tan x
(5)

1

a cos2 x + b sin2 x

3 1 ì�M�H�í�I�î�F#G�H
∫

R

(

x,
k

√

ax + b

cx + d

)

dx
���#������Z R�Ú ������� R(s, t)

�
s
z

t
��5�6#7�8�/

t =
k

√

ax + b

cx + d

zBË>c�zBZ
x =

b − dtk

ctk − a
, dx =

(ad − bc)ktk−1

(ctk − a)2
dt
�#s

∫

R

(

x, k

√

ax + b

cx + d

)

dx =

∫

R

(

b − dtk

ctk − a
, t

)

(ad − bc)ktk−1

(ctk − a)2
dt

Õ�Ö�×�Ø
3.4 O ��7�8#��­������#)��#�#�B/

(1)

√

1 − x

x
(2)

1

x +
√

x − 1
(3)

x

(x − a)
√

x + b

4 ï�ðòñ?I#ó�I 2 ì�í (1)
∫

R
(

x,
√

ax2 + bx + c
)

dx
���#�U���SZ R�Ú �ôZ>����� R(s, t)

�
s
z

t
��5�6È7�8�/

2 õ s��g�h#���(�#)�,#.U/�3�4#�
3 ö 7�8È)�÷�`N_��� �,N.#<��()�*�+>�øZ O 2�ù�6 P )�÷S`#.#<��)�*�+�,#.�/

3 ö 7�8#)�÷�`#.��� #��Æ�£ 2 O�P ��D#¾�"#Ä�� a2 − x2, x2 + a2, x2 − a2 ��`�ú�X"����#2����>�BX#_�`#.#<��#zB,#.�/
(1)

∫

R
(

x,
√

a2 − x2

)

dx

x = a sin t
zBË>c�zBZ

∫

R
(

x,
√

a2 − x2

)

dx =

∫

R (a sin t, a cos t) a cos tdt

(2)

∫

R
(

x,
√

x2 + a2

)

dx

x = a tan t
zBË>c�zBZ

∫

R
(

x,
√

x2 + a2

)

dx =

∫

R
(

a tan t,
a

cos t

) a

cos2 t
dt
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(3)

∫

R
(

x,
√

x2 − a2

)

dx

x =
a

sin t

zBË>c�zBZ
∫

R
(

x,
√

x2 − a2

)

dx = −
∫

R

(

a

sin t
,

a cos t

sin t

)

a cos t

sin2 t
dt

`�ú�X#��Æ�£><
3 ö 7�8#��5�6#7�8#2�Ü�Ý#��W�.�/

5 ï�ðòñ?I#ó�I 2 ì�í (2)ù�6 P )�÷�`#_�·�ûýüv��þ�2 2 O�P f�D�.�Æ�£#����� ∫

R
(

x,
√

ax2 + bx + c
)

dx
)��#��.�/

(1) a > 0
��Æ�£

√
ax2 + bx + c = t−√

ax
zÞËdc-zBZ

x =
t2 − c

2
√

at + b
, dx =

2
√

at2 + 2bt + 2
√

ac

(2
√

at + b)2
dt, t−

√
ax =

√
at2 + bt + c

2
√

at + b

z�m�.-���
∫

R
(

x,
√

ax2 + bx + c
)

dx =

∫

R

(

t2 − c

2
√

at + b
,

√
at2 + bt + c

2
√

at + b

)

2
√

at2 + 2bt + 2
√

ac

(2
√

at + b)2
dt

(2) ax2 + bx + c = 0
f ÿvV

α, β(α < β)
) � !Nä1/

ax2 + bx + c = a(x − α)(x − β)
z1m�.U/

t =

√

a(x − β)

x − α
Q(R �SÃÈÄS�(z Ú f √

ax2 + bx + c = t(x − α)
zôË cSzôZ

x =
αt2 − aβ

t2 − a
,

x − α =
a(β − α)

t2 − a
, dx =

2a(β − α)

(t2 − a)2
dt
�#s Z

∫

R
(

x,
√

ax2 + bx + c
)

dx =

∫

R

(

αt2 − aβ

t2 − a
,

a(β − α)t

t2 − a

)

2a(β − α)

(t2 − a)2
dt

)��#.�/
g�h#����`������#f�i��������#�B2���±�.�ä#<�D�.�/�q#±�Y�Z

I =

∫

1

x
√

x2 − 1
dx
)�°#±-.�/

3

ö 7�8#��Ë� �,#.#zBZ
I = I1 = − sin−1 1

xz�m�.�f�Z�ù�6 P )�÷�`#.#zBZ
I = I2 = 2 tan−1(x +

√

x2 − 1)

z�m�.�/��#"��������Bf�Z�9#�
I2 = π + I1

z�m�^-_�`#.�/
Õ�Ö�×�Ø

3.5 O ��7�8#��­������#)��#�#�B/
(1)

1√
a2 − x2

(2)
1√

x2 + a2
(3)

√
x2 + a

(4)
√

a2 − x2 (5) x2
√

a2 − x2
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