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2.10 ��������� (a, b) ������� n = 3  �!�"�#�$�%�$�&�'���(�)�*,+

(1) z = f(x, y) = (x− 1)(y + 2) (a, b) = (0, 0)

(2) z = f(x, y) =
1

1 − 2x+ 3y
(a, b) = (0, 0)

(3) z = f(x, y) = sin(x+ y) (a, b) = (
π

2
,
π

2
)

- ��.�/�0�1�2�3���0�4����65 2 ��4�����5 3 ��4��7����8�9�.:/�;�<=+?>�@���A�#�$B%�$���CD �?E�F�G�HBI�J=����K�L�5M4����B��8�9N!��?O - ��P?Q�<6K�L�R:S�T�GVU,;�<M+ - ��W�X?;�4B�
���:8�9�G�;6Y�Z:��[B0�\]U^��Z��_ a`���b�<BG�5dc�!�;?Y�Z6e�K�L�f?g�h6i�;�<M+jO���k?H��7lm ��n�1���+�#�$�%�$���C D 0�o�p�e�G�q�r�;�<�G n = 2, 3  n G�sVta��uwv���x�Y�y�<V a5�O
K�z�;�0�Z��V a`|{a��;�5�H�I�}�Z���[�0:x�Y�y�!���~���y�ta��+
�������

2.11 ������������������s���(�)�*a+
(1) z = x2 − xy + y2 − 2x+ 3y + 1 (2) z = x2 − 5xy + 2y2 + x− y − 3

(3) z =
ax+ by

x2 + y2 + 1
(a 6= 0, b 6= 0) (4) z = e−(x2+y

2)(ax2 + by2) (a > b > 0)

�?��.�/�����!���c�{^�������V!����V�? a5 z = f(x, y) ��������(�)����60�5
(1) ��������(�)���+ - K�0 grad ����������J6�=����KBL gradf = 0 ����;:<=+
�:����0��B��b?;�c,�����������7���?���B;�<�I�}a5�O�K�G:1��?���6���?Z6J������6I� �{aI7¡

���:¢�£�G��VUab�<=+
(2) �=���¤�=��ew�¦¥V§:¨�©�ªw�=�¤��8j9«!¦b�<�+��¤G 0 ;wZwe=K�L¦�j�¤I� ¤{¬I��¦jC¤G�;wY
b�<M+
(3) ¥V§7¨?©?ª�G 0 �� �Y�0 - K�®6e�;�0:�¯�;?Y�b�°B±�+jO���.�/N²� ³�¯��7<���¢?£�G��_Uab
<�+:���7�?´6K�I?�?Z6�?I�µ6¶N·³�7¸�e��7¹�º�!7b:<6+ 1) (a, b) �7»]U,� (x, y) �:¸?��� f(x, y) >

f(a, b) G�¼�½�<���+ - ��u�v�0=��¾�5 2) (a, b) ��»|Ua� (x, y) ��¸���� f(x, y) < f(a, b) G�¼�½
<���+ - ��u�v�0�����5 3) (a, b) �:�«��}�;�ca¿V��� f(x1, y1) > f(a.b), f(x2, y2) < f(a, b)  �Z
��� (x1, y1), (x2, y2) G�À�Á�<���+ - ��u6v�0�����;�Z���+

(4) �¬~�Â_!¬bÃ!�ÄÅ{Æ+ÈÇ�Éj� (1) �¬�=�j�Ê(j)=�:+ zx = −2xe−(x2+y
2)(ax2+by2)+2axe−(x2+y

2),

zy = −2ye−(x2+y
2)(ax2 + by2) + 2bye−(x2+y

2) Z���; zx = 2xe−(x2+y
2)(a − (ax2 + by2)) = 0 *

U x = 0 b�"�0 ax2 + by2 = a  �Z?��+ zy = 2ye−(x2+y
2)(b− (ax2 + by2)) = 0 *�U y = 0 b�"�0

ax2 + by2 = b  �Z���+V*�J�� (a) x = 0 I�¸ y = 05�b�"�0 (b) x = 0 I�¸ ax2 + by2 = b5�b�"
0 (c) ax2 + by2 = a I�¸ y = 05�b�"�0 (d) ax2 + by2 = a I�¸ ax2 + by2 = b � 4 ¸���u�vV 
Z��?G (d) 0�Ë - U^Ì�Z:��+V*�J�� (x, y) = (0, 0) b�"�0 (x, y) = (0,±1) b�"�0 (x, y) = (±1, 0)

 �Z?��+
(2) ¥N§�¨�©�ª���8�9�<���+
zxx = −2e−(x2+y

2)(ax2 + by2) + 4x2e−(x2+y
2)(ax2 + by2) − 8ax2e−(x2+y

2) + 2ae−(x2+y
2)

zxy = 4xye−(x2+y
2)(ax2 + by2) − 4axye−(x2+y

2) − 4bxye−(x2+y
2)

zyy = −2e−(x2+y
2)(ax2 + by2) + 4y2e−(x2+y

2)(ax2 + by2) − 8by2e−(x2+y
2) + 2be−(x2+y

2)



zxx(0, 0) = 2a > 0, zxy(0, 0) = 0, zyy(0, 0) = 2b > 0 ZB�Ã; H(0, 0) = 4ab > 0 ;B�w�6+
zxx(0,±1) = 2e−1(a − b) > 0, zxy(0,±1) = 0, zyy(0,±1) = −4be−1 < 0 Zj�w; H(0,±1) =

−8e−2(a−b)b < 0 ;M�6�Ê+ zxx(±1, 0) = −4ae−1 > 0, zxy(±1, 0) = 0, zyy(±1, 0) = 2e−1(b−a) < 0

Z��?; H(±1, 0) = −8e−2(b− a)b > 0 ;��?��+Í*�J?� (x, y) = (0, 0), (±1, 0) ;��?���� 7��+ - �
.�/���u�v (3) ��W�X�0�¢�£�Z���+
�������

2.12

(1) 3 Î���Ï�G���C�� 3 Ð?Ñ���Ò�;�Ó�Ô�Ç�����c�����(�)�*a+
(2) C�Õ���E�Ö�<�� 3 Ð�Ñ���Z�I?;�Ó�Ô�Ç�����c�����(�)�*a+
(1) 0:×�Ø�Ò���º�!�"��6; (2) �����V!:b�<=+6C�Õ��?E�Ö�<�� 3 Ð�Ñ��� 7��*�{aZ:@����7Ù����Ú <jI� ,�Û{ÝÜ�G7Ç�ÉB.:/B��Z_U³b7<M+�Z?�¬�N�,8?9Í!³Þ6<?�=@?�B�:ßj±?®7à�G¬�?�B�?;¬<�G75áÇ6É
I�}:O6�:âBZ�c��?G7H��7[�0�*?�7;?Y6�:[�Z?�6;�!6ÄÃ{,I�},5Mã�ä7<�å?�Bc�!?Äj{æG�Z:�B;�!?Äj{ç+-�- ;j0wÒ¦èÍI¤}¬oé"=êwëj�¤�wZ=<BÐ¤�¦ßjì¤bÍ!�Ä�{ç+�Õw�jí¦î_� a > 0  w!=� 3 ¸¤�=Ðé�
θ, ϕ, ψ  7<_�_ á5 θ > 0, ϕ > 0, ψ > 0 I�¸ θ + ϕ + ψ = 2π ��ï_"_!6�6�¤�6+ 3 ÐBÑ_��Ó
Ô_0 S =

1

2
a2 sin θ +

1

2
a2 sinϕ +

1

2
a2 sinψ  �ZB�6+?@Ã�ð j!�� θ, ϕ �6ñBÙw<_�_ áCBØjòé0

D = { (θ, ϕ) | θ > 0, ϕ > 0, θ + ϕ < 2π}  �Z���+ D T�;���� S(θ, ϕ) =
1

2
a2 sin θ +

1

2
a2 sinϕ+

1

2
a2 sin(2π− θ − ϕ) ��Ç�������(�)7K�L�*a��+N!�I�!a×?Ø�Ò�ca��ºB!�"�G�5 - ��ó�C�;60�Ç����

��À�Á���ô�¹Í;�Y�Z���+¤O - ; D = D ∪ ∂D = { (θ, ϕ) | θ >= 0, ϕ >= 0, θ + ϕ <= 2π } T�; S(θ, ϕ)

��Ç?����.�/���ã�ä���+
D 0�õ���ö�÷�v�Z���;:ø�ù���� S(θ, ϕ) 0 D T�;�Ç������� ���+6Ç�������ú�ä�����0�û���T��
��I¬�?�6��;?�6�:+ (θ, ϕ) G:û6�?T��7��ZB} S(θ, ϕ) = 0 ;?�6�:+Ê���7�?�6ü?ý��7¡?�B�?"?)6�:�6�
��(�)��:+ ∂S

∂θ
=

1

2
a2 cos θ−

1

2
a2 cos(2π− θ−ϕ),

∂S

∂ϕ
=

1

2
a2 cosϕ−

1

2
a2 cos(2π− θ−ϕ) Z��

; ∂S

∂θ
= 0,

∂S

∂ϕ
= 0 ���V�� cos θ = cosϕ *�U θ = ϕ b�"�0 θ = 2π − ϕ G�H���+ θ = 2π − ϕ 0

û?�?TB�:�BZ��?;:<B;��:ã6þN!:���B�:+d*7J=� θ = ϕ �:ú6ÿ���P?Q6<��B a5 2 cos2 θ− cos θ−1 = 0

*�U cos θ = 1,−
1

2
��Ì���+ cos θ = 1 �� �Y θ = 0 b�"�0 2π ;�����+ θ = 2π �� �Yj0 ϕ = 2π

 �Z�����; D ��QV}�Z���+ (θ, ϕ) = (0, 0) 0�û���T�����Z���;�<�;���ã�þV!�������+ cos θ = −
1

2

�� �Y θ =
2π

3
b�"�0 4π

3
;�����+ θ =

4π

3
�� �Y�0 ϕ =

4π

3
 �Z�����; D ��QV}�Z���+V*�J

��������úÍä����¤��ü�ý  �!�� (θ, ϕ) =

(

2π

3
,

2π

3

)

��Ì¤��+�û��jT����V ��� <Í��Ü��¤*�U -

����G�Ç�������ú�ä���+ θ = ϕ = ψ =
2π

3

�����
3 Ð�Ñ��� �Y�Ç���;�����+


