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1.11 �����������! #"$�&% v1, . . . , vn ')( ��*,+$-/.1032�4657�8
,� (linearly independent)9�:,; 2�<>= : ?�@A��B�C�DFE c1, . . . , cn GFH�I
c1v1 + · · ·+ cnvn = 0

'FJ,K�IFL <�MAN c1 = · · · = cn = 0O,P '&Q�R/L 0 �A2)4,SF<,0 9 . 1 (�T�U �F���> V" ' 0 G�W ;FXZY �F[�\AS,]&MA�)^ '&J�K�Q;F_ -F`Aa Q ; .F� 9�:�;FX

n = 1, 2, 3, 4 �Fb U 1 (�c�KA' �A-F@Ad IFL < ; �Fe�fAg GFh�i = Xj,k S n = 1 �Fb U : v1 GFH�I c1v1 = 0 �Al c1 = 0 '�m�L�n ;�o�p �Fq,r�s�t,u�vAS v1 6= 09�:,;FX�wAx
1 �A�F�A�> y" v ' 1 (�c�K 9�:�; q�r�s�t�u�vAS v 6= 0

9�:�;FX
(�G n = 2 �Fb U : c1v1 + c2v2 = 0 �Al c1 = c2 = 0 '�m�LAn ;�o�p G SFz v1 2 v2 ' 0 2�{
W�| z 2 0A�F�A�> V"A�F}�~ ' { W ;F_ ' q�r�s�t 9�:�;FX�Y � _ S&��[����/�F} ' tA� |���Q <�A. I M W < X�� c1v1 + c2v2 = 0

9
c1 6= 0 � o S c2 6= 0 '&J�K�IFL < ; 2 Q ;FX c1 6= 0 �A2F4

S v1 = −
c2

c1

v2 2��A� ;FX c2 6= 0 �A2F4�S v2 = −
c1

c2

v1 2��A� ;FX <���MA�Fb U .���}A�F���
 y"�SF��}A�F�A�> y"A�F� P�� G�W��,L < ;FX
n = 3 �8b U : v1, v2, v3 ' 1 ($c�K 9$:�; q�r�s$t�u�v�S 3 0��F���� y" 'F��� 6 ��f�� 3� G�W���L < ;F_�9�:$;FX 1 (�c$K -��$[ Q ; 2�z c1v1 + c2v2 + c3v3 = 0 �80 c1 = 0 � o S

c2 = 0, c3 = 0 'FJ�K�Q ;FX c3 6= 0 2 Q ; 2�z v3 = −
c1

c3

v1 −
c2

c3

v2 2�� Q _ ' 9 4 ;FX3Y �A2F4
v3 S v1 2 v2 ' a ; � ��� GF����Q ;FX c1 6= 0, c2 6= 0 �&b U .F�F� G 9 4 ;FX

n = 4 �Fb U : � 9F� QA' z n >= 4 �Fb U SF<�0 9 . 1 (�c,K 9 S W < X ]FM W lFNF���/g W [\A- IFW�nFL .�<,<A� 9 S W <��A2¡ >=£¢�.¡< ; �A. I M W < X8¤A¥ ' �,¦ |¨§A�©L < ; 3 (�ª ��A�« y"��Fb U SF��¬A�&� G,W ; ' z­���A�&�A�® y" GFH3IFL . Y �F[�\AS&����¯�°±M�z²]��Fb USF�,¬A� _ S J�K�IFW < X

³�´
1.12 �A�> y" v1, . . . , vn, vn+1 G 0�< LF( � 2 0AS��Fµ X

(1) �A�> y" v1, . . . , vn, vn+1 S 1 (�c�K 9�:�;FX
(2) �A�> y" v1, . . . , vn S 1 (�c�K 9�: | z vn+1 6∈ 〈v1, . . . , vn 〉 'FJ�K�Q ;FX

¶A·
(1)⇒(2) [�\ i�| v1, . . . , vn ' 1 (�c�KAW ��S�¸�lF� X . I vn+1 ∈ 〈v1, . . . , vn 〉 2

Q ; 2�z�� P a1, . . . , an '&����IFL vn+1 = a1v1 + · · ·+ anvn 2 W ; ' z Y MAS
a1v1 + · · ·+ anvn + (−1)vn+1 = 0
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2 W6| z 1 (�c�K * GF¹�º X
(2)⇒(1) » (�c�K 9 W <�2 Q ; 2�¼¡MA��S 0

9 W <�� P a1, . . . , an, a 'F����IFL
a1v1 + · · ·+ anvn + av = 0

'FJ,K�Q ;FXAY�YF9 a = 0 2 Q ; 2 v1, . . . , vn � 1 (�c�K * GF½�Q ; � 9 a 6= 0
X iF�8LF¾,��I)L

vn+1 =
(

−
a1

a

)

v1 + · · ·+
(

−
an

a

)

vn

'F¿ l�M�z v ∈ 〈v1, . . . , vn 〉 2 W�|£¹�º X
À�Á�ÂF´

1.15 ( �F�A�> y"A�F% ' 1 (�c�K �A¼A=��FÃ R�i X
(1) v1 =







1

1

1


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
, v2 =







1

0

1







(2) v1 =







1

0

1






, v2 =







0

1

0






, v3 =







1

1

a






(a SF[ P )

(3) v1 =







a

a

a






(a SF[ P )

(4) v1 =







1

1

1






, v2 =







1

0

1






, v3 =







0

1

0







(5) v1 =







1

1

1






, v2 =







1

0

1






, v3 =




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0

0

1






, v4 =







1

2

3







(6) v1 =







1

0

2






, v2 =







2

0

a






, v3 =






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2







o�Ä I a, b SFÅ3ÆF� mFÇ�È�É ��Ê
2 Ë�2 1 Ë X

(7) v1 =







1

2

3






, v2 =







1

2

q






, v3 =







1

p

3







Y�YF9
p, q S :�; [ P X

³�´
1.13 �A�> y"�ÌAÍ V � ª v1, . . . , vn G 0�< LF( � 2 0AS��Fµ X

(1) �A�> y" a GFH�I 2 Î | �)� �
a = a1v1 + · · ·+ anvn

a = b1v1 + · · ·+ bnvn

' : MAN a1 = b1, . . . , an = bn

X
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(2) B�C�DFE c1, . . . , cn GFH�I
c1v1 + · · ·+ cnvn = 0

'FJ�K�IFL <�MAN c1 = · · · = cn = 0
X

¶A·
(1)⇒(2) 0 = 0v1 + · · ·+ 0vn 2�<>=�� � SF<�0 9 . :�; � 9 c1v1 + · · ·+ cnvn = 0 2 Q; 2 c1 = 0, . . . , cn = 0

X iF��L O.K.
X

(2)⇒(1) 2 Î | �F� �
a = a1v1 · · ·+ anvn

a = b1v1 · · ·+ bnvn

GFH6I j�k �FÏA�Al ( �FÏA-�Ð n 2
0 = (a1 − b1)v1 + · · ·+ (an − bn)vn

iF�,L a1 − b1 = 0, . . . , an − bn = 0 iA| O.K.
X

À�ÁAÂF´
1.16 x1, x2, x3 S 1 (�c�K 2 Q ;FX y1 = x1, y2 = x1 + x2, y3 = x1 + x2 + x3 GFH

I z y1, y2, y3 S 1 (�c�K �A¼A=��FÃ R3i X� o y1 = x1 + x2, y2 = x2 + x3, y3 = x3 + x1, GFH�I y1, y2, y3 ' 1 (�c�K �A¼A=��FÃ R�i XÑ G y1 = x1 −x2, y2 = x2 − x1, y3 = x1 + x3 GFH6I y1, y2, y3 ' 1 (�c�K �A¼A=±�FÃ R�i X

e1, e2, e3 -FÒ�Ó��A�> y"�2 Q ;FX�wAx

e1 =







1

0

0






e2 =







0

1

0






e3 =







0

0

1







2 Q ;)X ?�@�� R3 �)���® #" v G)H6I zF� P x1, x2, x3 '&Ô 1 % �,�6I)L v = x1e1 +x2e2 +x3e32�� Q _ ' 9 4 ;FXZY �F� W *�+/-FÕ,0����> V"A�&%AS)Ò�Ó,�A�« y" G,Ö l W < (×�ØAÙ&� 1.17 ÚÛ
)
X�Y�Y)9 SFÜ�t�ÌAÍ G�ÝAIFL ]��F� W �A�> y"��F%A-FÞAß ;FX

���
1.14 Ü�t�ÌAÍ W GFH�I�( �F� W *�+�-A.�0 W �F�A�> y"��F% v1, . . . , vn 'F����Q ;�àAYMA- W �F��� (base) 2FáFâ X 0A� | z

(1) ?�@A�F�A�> y" v ∈ W G)H�I � P a1, . . . , an 'F�,��IFL
v = a1v1 + · · ·+ anvn

2��A4F��ã ;FX
(2)

Y �F�A4F� I }ASF��@AgFz�0A� | 2 Î | �F� �
a = a1v1 + · · ·+ anvn

a = b1v1 + · · ·+ bnvn

' : MAN a1 = b1, . . . , an = bn 'FJ�K�Q ;FX
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³�´
1.15 Ü�t�ÌAÍ W � ª v1, . . . , vn G 0,< L z8Ò�ä 9�:,;�o�p �&q�r�s�tAS v1, . . . , vn ' 1 (

c�K 9�: | z W -Få J�Q ;AY 2�z wAx W = 〈v1, . . . , vn 〉
9�:,;FX

Y �F���A-F[�\ 1.14 �FæAç |±G [�\ GFè�é�Q ;F_ ' 9 4 ;FX �Aê Y MA-F[�\ GFè�é�IFL < ; Ó.�ë,< (Ú�Þ���. Y � K b )
X

À�Á�ÂF´
1.17 ( �F�A�> y"A�F% ' W �FÒ,ä 9�:�;F_ - � ã X

(1)







1

1

1


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
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


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0

1


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
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





0

1

1






, W = R3

(2)
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
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



1
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4


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
, W = R3

(3)







1

0

−1






z







0

1

−1






, W =

















x

y

z






∈ R3

∣

∣

∣

∣

∣

∣

∣

x + y + z = 0











(4)






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1

0






,
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
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0

1

2


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
, W =




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
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



x
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
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
∈ R3

∣

∣

∣

∣

∣

∣

∣

x − 2y + z = 0











(5)







1

0

−1






, W =


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

x

y

z






∈ R3

∣

∣

∣

∣

∣

∣

∣

x + y + z = 0, x− 2y + z = 0
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