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1.4 ��
����������
���

1.21 ������� f : U → V � �"! Im(f) # $�%'& f # (�) (rank) * + ,�- rank(f) . /�021354
A �6�"! A 7 /�8�0'9 ������� fA #�: ;'& A #�: ;"* + ,�- rank A *</�0=1

354
A #�: ; rank A & >@?�9���A Im(fA) #�: ;'&6>'? B'C'D<E'7F-"G�G .'H'IKJ"! L M"N'OP'Q5R S�T U�V & W'X�9 1

$@# 3 Y'# Z�['& 3�\�] Z�["*_^`Ia1
(1)
3�4

A #�b�9 3 � c'# 3 # d�;�e'& f'X�9 1
(2)
3�4

A #�b�9 3 & (0 . T E ) d�;�e�0'9 1
(3)
3�4

A #�b�9 3 *<c'# 3 & g�B�h'X�9 1
$@# 3 Y'# Z�['& 4�\�] Z�["*_^`Ia1

(1)
3�4

A #�b�9 4 � c'# 4 # d�;�e'& f'X�9 1
(2)
3�4

A #�b�9 4 & (0 . T E ) d�;�e�0'9 1
(3)
3�4

A #�b�9 4 *<c'# 4 & g�B�h'X�9 1
G_B"i & j�k'l \�] Z�["* + m�1 \�] Z5['.�A $'7 \�]'n .�b�9 1

o�p
1.22

3=4
A & \=] Z=[q!rl 3s4 B � Tutwv *yxy-wzr{�#s:r;�Ay|}!~E=-���� rank A = rank B

7 �5��0'9 1
�

1.23 ��� 1.22 & ���"!Fl 3�4 #�: ;'& >'?'D'Ia1�$'# 3�4 & \�] ["* +��"Ia1



1 ∗ ∗

0 1 ∗

0 0 1







1 ∗ ∗

0 1 ∗

0 0 0







1 ∗ ∗

0 0 0

0 0 0







0 0 0

0 0 0

0 0 0




G # 354 #s: ;@A��6B'�FB 3, 2, 1, 0 .�b�9F1 \�] Z�[�. �@#F['# 3�4 #'��B'�5� Z5[�0sB'C@H�*6#3�4 #�: ;'7 �'��9 1
A =




0 1 2

1 2 3

2 3 4


 & W'X�9 1




0 1 2

1 2 3

2 3 4


→




1 2 3

0 1 2

2 3 4


→




1 2 3

0 1 2

0 −1 −2


→




1 2 3

0 1 2

0 0 0




* T 9�#�. rank A = 2 7 �'��9 1
���@� p

1.21 $'# 3�4 #�: ;'& >'?'D<1
(1) A =




1 1 0

1 2 0

1 3 0


 (2) A =




1 −1 1

3 2 8

2 1 5



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(3) A =




1 0 0

2 0 0

3 0 0


 (4) A =




1 2 3

0 1 0

1 0 1




1.5 �����
2 $'# 3�4 A =

(
a11 a12

a21 a22

)
� �"! ��# 3s4�� det(A) A det(A) = a11a22 − a12a21 . d��"�

B v 1 3�4�� det(A) A�� A 7 � 3�4 & ��Y ⇐⇒ det(A) 6= 0  "*<E`I¢¡�£¤& � t l¥E v 1"G<B¤&
3 $�# 3¦4 �¥�"!=l'H§d���! v E�1'�¦# v ?�� 2 $¤#=¨�© 3�4�� * A¤� #=ª T H #���&¥«�¬­! l® 9F1
¯2° n �=A²±´³sµ2¶s·=¸�*�W@X�i_B�961 a =

(
a11

a21

)
, b =

(
a12

a22

)
*_¹�º~1 det(A) = det(a, b)-

�'� 2 Y'# 2 $�%5» S½¼ M@# ¾@� �q!<¿�;@7 �sÀ"!Fl E@9'*�W'X59 1 a * b 7�Á59 Â 3 4 Ã�['#6¶
·"*_W'X@i<B'961"±Ä³5µ�¸�# Å'Æ5A a, b 7 Ç5È�É'& T !6l E'9@* x Ês-5Ë�È5É'& T ! lFE'9'*6x Ì
&�.5b�9 Í�Î'& /�8"! l E'9 1Ï ; n ��A $'# ¡�£'& ��Y�¿�;�Ð'# ���}*<W'X'i<B'9 1
(1) [ Ñ Ò�Ó�Ô�Õ ] det(a, b) A Ö����'��×'! l ���'.�b�9ÙØ

1) Ú�Å'# » S`¼ M a, a′ � �"! det(a + a′, b) = det(a, b) + det(a′, b)

2) Ú�Å'# » S`¼ M a *<Ú�Å'# ¿�; α �F�"! det(αa, b) = αdet(a, b)

1’) Ú�Å'# » S`¼ M b, b′ � �"! det(a, b + b′) = det(a, b) + det(a, b′)

2’) Ú�Å'# » S`¼ M b *<Ú�Å'# ¿�; α � �"! det(a, αb) = αdet(a, b)

(2) [ Û�Ü�Õ ] det(b, a) = − det(a, b)

(3) [ Ý�Þ�ß'à`áãâ'ä å�æ�ç è ] e1 =

(
1

0

)
, e2 =

(
0

1

)
*<0'9'* det(e1, e2) = 1

�@�'GF# 3 Y'#F¡�£�A 3�45� &6é�ê5ë'ìs9 1u¿'í 2 $�%�» Sî¼ M 2 ï'# ¾�� �}!_¿�;�& �5À"��k
9 �5� D(a, b) 7 (1), (2), (3) # ¡�£'& �'l�C D(a, b) = det(a, b) .�b�9 1
���@� p

1.22 D(a, b) 7 (1), (2), (3) # ¡�£'& �'l�C D(a, b) = det(a, b) .�b�9 ð'& ñ�k�1

3 $ 3=4 �r��!òl 3=4=� &rd=�ó!=D�Ia1¢ô=õö� Ï ; n T � ¨ö��i~W�X�DöIa1 3 $ 3u4 A =




a11 a12 a13

a21 a22 a23

a31 a32 a33




� �}!<-"G<B'& 3 $�%�» S`¼ M 3 ï'# ¾"*<W'X�9 1
�'� a1 =




a11

a21

a31


, a2 =




a12

a22

a32


, a3 =




a13

a23

a33


 *_0'9'* x - A = (a1 a2 a3) *_«'9 1

3 ï'# » S÷¼ M'# ¾ a1, a2, a3 � �"!y¿�;'& �¦À"�<k'9¥��� det(a1, a2, a3) 7 $'# ¡¦£'& ��Y
*<0@9 1
(1) [ Ñ Ò�Ó�Ô�Õ ] det(a1, a2, a3) A Ö��5�'��×'! l ���'.�b�9øØ

1) Ú�Å'# » S`¼ M a1, a′

1
� �"! det(a1 + a′

1
, a2, a3) = det(a1, a2, a3) + det(a′

1
, a2, a3)

2) Ú�Å'# » S`¼ M a1 *<Ú�Å'# ¿�; α � �"! det(αa1, a2, a3) = αdet(a1, a2, a3)
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1’) Ú�Å'# » S`¼ M a2, a′

2
� �q! det(a1, a2 + a′

2
, a3) = det(a1, a2, a3) + det(a1, a

′

2
, a3)

2’) Ú�Å'# » S`¼ M a2 *<Ú�Å'# ¿�; α � �"! det(a1, αa2, a3) = α det(a1, a2, a3)

1”) Ú�Å'# » S`¼ M a3, a′

3
� �"! det(a1, a2, a3 + a′

3
) = det(a1, a2, a3) + det(a1, a2, a

′

3
)

2”) Ú�Å'# » S`¼ M a3 *_Ú�Å'# ¿�; α � �"! det(a1, a2, αa3) = α det(a1, a2, a3)

(2) [ Û�Ü�Õ ] det(a2, a1, a3) = − det(a1, a2, a3), det(a1, a3, a2) = − det(a1, a2, a3)

(3) [ Ý�Þ�ß'à`áãâ'ä å�æ�ç è ] e1 =




1

0

0


, e2 =




0

1

0


, e3 =




0

0

1


 *<0'9'*

det(e1, e2, e3) = 1

o�p
1.24 det(a1, a2, a3) 7 �'# (1), (2), (3) & ù v 0"* x

det(A) = a11a22a33 + a12a23a31 + a21a32a13 − a13a22a31 − a12a21a33 − a11a23a32

* T 9 1

$@� ¯¦° n � ú'Á�& W'X'D'Iû1 3 Y'# » S`¼ M x =




x1

x2

x3


, y =




y1

y2

y3


, z =




z1

z2

z3


 � �

!<- A = (x y z) *<«'9�#�A Ï ; n T ¨�©"* ü'ý¥.�b�9 1 det(x, y, z) & x, y, z 7�Á�9 Â 3 6 ¶þ #ÿ±Ä³sµ þ ·5¸�. d��50'9 : �'�������'A þ ·'.F- x, y, z 7 Ç5È�É'#�* x�AFÊ�-=Ë�È�É@#'*6x�A
Ì"*_0'9 1�G<B'7 Ï ; n « U #@* x�b�� v (1), (2), (3) & ù v 0'#5.�ü'ý5H #�&6d��"!Fl E'96ð'7
�'�59 1
G5G . 3 $�%�» Sî¼ M'� �"!���� (outer product) ( 	 v A ß'à`áãâ
� (vector product)) & d��

0@9F1 x * y �F�}!�������7 x * y #5Ás9FÂ 3 4 Ã5['#6¶5·'.6- x, y *_¬
�50'96» Sî¼ M�& x×y

*<0@9 1 v�
 !<- x, y, x × y 7 Ç�È�É'& T 0"H #'*<0'9 1
o�p

1.25 det

(
a b

c d

)
=

∣∣∣∣∣
a b

c d

∣∣∣∣∣ *��"º<ð'� 0'9 1 x =




x1

x2

x3


, y =




y1

y2

y3


 � �"!

x × y =




∣∣∣∣∣
x2 y2

x3 y3

∣∣∣∣∣

∣∣∣∣∣
x3 y3

x1 y1

∣∣∣∣∣

∣∣∣∣∣
x1 y1

x2 y2

∣∣∣∣∣




7 �5��0'9 1
���

x * y #��6·'& (x, y) *�/�021 x * y # T 0��@& θ *_0�9'*_- (x, y) = |x||y| cos θ .sb59F1
x * y #�Á�9 Â 3 4 Ã�['# ¶�·'& S *<0'9'*<- S2 = (|x||y| sin θ)2 D��a- S2 = |x|2|y|2 − (x, y)2

&��@9 1�G<B@&��
��0'9@*<- S2 =

∣∣∣∣∣
x2 y2

x3 y3

∣∣∣∣∣

2

+

∣∣∣∣∣
x3 y3

x1 y1

∣∣∣∣∣

2

+

∣∣∣∣∣
x1 y1

x2 y2

∣∣∣∣∣

2

. |x×y| A Â 3 4 Ã
['#F¶�·'� T 9 1
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�ò· (x×y, x), (x×y, y) A=�yBö�6B 0 � T 9=#=. x×y⊥x, x×y⊥y 7y�ö�s9y1�	 v e1×e2 = e3

D�� x, y, x × y 7 Ç�È�É'& T 05ð'7 �'��9 1
o�p

1.26 ��·'A $'# ¡�£'& �sY����"*<W'X'i<B'9 1
(1) [ Ñ Ò�Ó�Ô�Õ ] x × y A Ö����'��×'! l ���'.�b�9 Ø

1) Ú�Å'# » S`¼ M x, x′ � �"! (x + x′) × y = x × y + x′ × y

2) Ú�Å'# » S`¼ M x *<Ú�Å'# ¿�; α � �}! (αx) × y = α(a × y)

1’) Ú�Å'# » S`¼ M y, y′ �F�"! x × (y + y′) = x × y + x × y′

2’) Ú�Å'# » S`¼ M y *<Ú�Å'# ¿�; α � �"! x × (αy) = α(x × y)

(2) [ Û�Ü�Õ ] y × x = −x × y

(3) [ Ý�Þ�ß'à`áãâ'ä å�æ�ç è ] e1 =




1

0

0


, e2 =




0

1

0


, e3 =




0

0

1


 *<0'9'*

e1 × e2 = e3, e2 × e3 = e1, e3 × e1 = e2

�@�'G # 3 Y'# ¡�£'.���·'A é5ê��'ì'i<B'9 1
o�p

1.27 det(x, y, z) = (x × y, z) 7 ����0'9 1
o�p

1.28 A = (x y z) � �"!

Ã =




(e1 × y, z) (e2 × y, z) (e3 × y, z)

(x × e1, z) (x × e2, z) (x × e3, z)

(x × y, e1) (x × y, e2) (x × y, e3)




*<¹}º�* ÃA = det(A)




1 0 0

0 1 0

0 0 1




G #F���'A����'�'D�����l'º 9 1"G<B'& �5E'9'*<$'7��"i<B'9 1
���

1.29
3s4

A �6�}!_�=� 1.28 .Fds���_B v Ã &FW�X5961¦GF#�*Fx AÃ = AÃ = det(A)Ethree

.�b59 1�é'� det(A) 6= 0 * #'* x � 3�4 7����"! l A−1 =
1

det(A)
Ã .�b59 1

��� �
det(A) 6= 0 ⇐⇒ det(Ã) 6= 0 &� �d�0¤9 1 1"G #� �d'#"!�. det(A) 6= 0 #'*¥x A−1 =

1

det(A)
Ã 7
�5l$#@9 1 1

det(A)
ÃA = E3 A
%@iF� T #5. A

1

det(A)
Ã = E3 &Fñ50s1 Ã ��GF#6d�&

&('5�s0@9�*_- ˜̃AÃ = det(Ã)E3 7$�}i_B�9F1 (
˜̃
AÃ)A =

˜̃
A(ÃA) .sb59576- (

˜̃
AÃ)A = det(Ã)E3A =

det(Ã)A,
˜̃
A(ÃA) =

˜̃
A det(A)E3 = det(A)

˜̃
A D�� 1

det(Ã)

˜̃
A =

1

det(A)
A &��'9 1 A

1

det(A)
Ã =

1

det(Ã)

˜̃
AÃ = E3

1 )+*�,�-�. det(Ã) = det(A)2 .+/�0�-$132
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