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3.4 1 ��������������
3 ��������� �"!�#�$�%�& ' 1 ��(�)�*,+�-�*�����.0/�1�2�3�4,5�6�7�8�#�9�%�&0:�;�<���:��
/�1=2�>�?�@�A�B�>�4
C�D

3.10 5E6E7F8 V �G�=���H! v1, . . . , vs @I�F�KJELF/F:M$�NIB 1 OQPER (linearly independent)

A�S,>�NG% T : U�V 'XW�Y�Z�[ c1, . . . , cs #�\^]
c1v1 + · · ·+ csvs = o

@�_,)^]�&�%�`�a c1 = · · · = cs = 0.
b�c=d�e

3.10 ������� �f!���g�@ 1 �h(�)�i�j�TGi�k�l^mG4
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C�D
3.11 {�|��}5�6�7�8 V #�\^]G�=��J�L�/0:G$����~�f!���g {v1, . . . , vn} @K������>h� x `

/ x ��5�6�7�8������ (base) N�����4
(1) ��� �f! v1 . . . , vn o V /���_���>�4�U�V V =< v1, . . . , vn > @�_�)���>�4
(2) v1, . . . , vn o 1 ��(h)�A�S�>�4

z,��� �f!�7�8 Kn #�$�%�&�%�2�aK+������ �f! {e1, . . . , en} o�+�-�A�S�>�4
b�c=d�e

3.11 +������ �f! {e1, . . . , en} @ Kn ��+,-�A�S�>�?�/�����4
b,c=d}e
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�K+h-�A,Sh>K?

/��,��4���3 1, x, . . . , xn o Rn[x] ��+�-�A�S�>�?�/�����4

z�������!F7�80A�:}����3E<�#h+�-�o�{F����A0o��E%�4���20a�*�������!�7�8 K2 #�9F%�&
f1 =

(

1

1

)

, f2 =

(

1

2

)

NG9���NGy�� 3.11 � (1),(2) ��J�L�/��=3��E4�m��h& {f1, f2} o�+�-
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A�S,>�4 K2 A�o�{�|�# x1, x2 @�9���%=#��� ������ �f!���W�Y�Z�[�¡=A���¢�`�a {x1, x2} o�+
-�#,��>�4 K2 ��+�-0o�£�¤,Sh>�@�¥,z�o��,l�& 2 ¥�A�S�>K4h¦�AK���^m=TG#�{h|���5,6�7�8h#�$
%�&�:G+F-�@����F��>�§�¨�*�+�-�#Fo�£�¤�S���&�:�¥�z�oE{�y�A�S�>�?�@E©�>�4�ª x A x ��{�y
��z�/�5F6�7�8�������NGy��^]�3�%�4�ª��E«�#�+�-��EJ�L�/�¬��i�#���>�%^��$�i��E®�¯�/�°�¬
��>K4

±�e
3.12 5�6�7�8 V ��� v1, . . . , vs @ 1 ��(�)�������� 2 $�o�;�²�4

(1) ��� �f! v #�\^]�W�Y�Z�[ a1, . . . , as @����^]�&
v = a1v1 + · · ·+ asvs

(2) ��� �f! v, v1, . . . , vs o 1 ��(�)�A,��%�4

³�´
(1)⇒(2) v = a1v1 + · · ·+ asvs NG��>�N

(−1)v + a1v1 + · · ·+ asvs = o

@�_,)���>�@�* −1 6= 0 ����A 1 ��(�)�A���%�4
(2)⇒(1) 1 ��(�)�A���%^NG�=>�N�jG`�i�o 0 A���%�W�Y�ZK[ a, a1, . . . , as @����^]�&

av + a1v1 + · · ·+ asvs = o

@�_,)��=>�4 x�x A a = 0 NG��>=N v1, . . . , vs � 1 ��(�)�J=#�µ,��>��hA a 6= 04¶m��h&K·�¸�]�&
v =

(

−
a1

a

)

v + · · ·+
(

−
as

a

)

vs

@�¹�G`�>�4
®,¯ 3.12 #�m�� {v1, . . . , vn} @�+,-�A�S�>=N�o�º�»0� — $=�^�½¼��}��� �f!=/�¾�2�>0N 1 ��(
)�A,�=���h>�<=� — 1 ��(,)��K���¿�f!=��Àh¨�A,S,>�?0@�©=>�4Q$��^�f* {v1, . . . , vn} @�+,-�AhS
>�Á,Â�Ã�©�Ä�Å�o���� 2 $�@�_�),��>�?�A�S�>�4
(1) v1, . . . , vn @ 1 ��(h)�A�S�>�?�4�$��^�GW�Y�Z�[ a1, . . . , an #�\^]

a1v1 + · · ·+ anvn = o =⇒ a1 = · · · = an = 0

@�_�)���>�4
(2) º�»�A�S�>�4�$��^��*�Æ�Ç������¿�f! v #�\^]

v, v1, . . . , vn

o 1 ��(�)�A���%�4
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x `�o}+�-=/�Èh$=¢�>KÉ�Ê0/�Ë=2h>�4 V /K5h6�7=8�NÌ��>K4EÍ,Î0# o A,��%,���¿�f! v1 /}Ï=�
&��K> (12) 4���#���� �f! v A v, v1 @ 1 ��(�)=��:���/�Ð��E4 < v1 >= V �� x ��<������ �
!�@�������ÑÒ* {v1} @�+�-�#���>�4 < v1 > /

⊆ V ��N�B�* 1 ��(�)���:���@�������>���A�*�ª�`
/ v2 NG��>�4,��#��=� �f! v A v, v1, v2 @ 1 ��(�)���:}��/�Ð��Ò4 < v1, v2 >= V ��N�B�* x
��<=�����~�f!�@}������ÑQ* {v1, v2} @�+�-=#���>K4 < v1, v2 > /

⊆ V ��N}B 1 ��(,)���:��h@��
>���A�*�ª�`�/ v3 NG��>�4���#���� ��! v A v, v1, v2, v3 @ 1 ��(�)���:��F/�Ð��E4 x ��Ó�Ô
/�Õ=¢�&K%^�Ö4E5�6�7=8�@�×0Ø��,� (13) A�S�`=a x �KÓ�Ô�o}%�$=i�o�Ù0Ú�>�4ÒÙ�Ú0���%,§�¨�:�S
>�4Ò��2ha R[x] o�ªh����A,S�>�4 v0 = 1, v1 = x, . . . , vn = xn, . . . NG%^��M%��h&=:GÙ�Ú0��K%�4x �K§�¨�5�6�7�8�o�Û�Ø���� (14) A�S�>�NG% T�4
b�c�d�e

3.13 ��� �Ü!���g v1, . . . , vn @ 1 ��(�)�A�S�>�?^NG��o�Á�ÂFÃ�©�A�S�>�4¿'ÝÆ�Ç��
i = 1, . . . , n #�\^]M* < v1, . . . , v i−1 > /

⊆ < v1, . . . , vi−1, vi > @�_h)��=>�4Þ3�n�]Ì* <>= {0} N
��>K4
�,��/�y�����>�3�ß�#�o�����y�à�@�Á�Â=#���>�4
C�á

3.13 {v1, . . . , vn},{f 1, . . . , f m
} / V � 2 $���+�-^NG��>=N m = n A�S�>�4

y,à 3.13 /�����3�ß�#�����â,¯�/�ã�Ç���>�4
ä e

3.14 {v1, . . . , vn} /I5E6E7F8 V �I+Ò-�NÌ��>I4 f 1, . . . , f r
@ 1 �Q(E)=�E� (r <= n) v1, . . . , vn

��t,u�/�å�æ�#�$�¢�ç�2�>�N
{f1, . . . , f r

, vr+1, . . . , vn}

o V ��+�-^N���>�4
³�´

r #�$�%�&���è�é�Ê�A����E4
(1) r = 1 ����4 {v1, . . . , vn} o�+�-�����A�W�Y�Z�[ a1, . . . , an @����^]�&

f1 = a1v1 + · · ·+ anvn (1)

NGê=¢�>�4E��l�&,� i #�$�%�& ai = 0 �� f1 = o A f1 � 1 ��(�)�J=#�ë�ìh4 ai 6= 0 N���> i @
���,��>�@�å�æ�#�t�u�/�í�¢�î�2�& a1 6= 0 N�]�&�mG%�4 x ���

v1 =
1

a1
f1 +

(

−
a2

a1

)

v2 + · · ·+

(

−
an

a1

)

vn

NGê=¢�>�?�#�ï�Ç^]�&�9^�Ö4 x `�/
v1 = b1f1 + b2v2 + · · ·+ bnvn

NGê�B�ð^]E&�9^�Ì4�ñ�& {f1, v2, . . . , vn} @�+�-�#F��>�?�/����E4 V ��Æ�Ç������ �f! v #�\^]
W�Y,Z�[ c1, . . . , cn @����^]K&

v = c1v1 + c2v2 + · · ·+ cnvn

(12) òóòõôÌöÌ÷�ø o ô}ùõúÌû}üÒýÿþ��������õùÜú������
	��� V
���ÌûIüÒý þ��������õù��������
� (V = {o}) �����Ìô	��� ò������ 0 � ������������� ��!#"Ìú 0 $�% ! ú'&)(�*�����

(13) +�,�- !��).�/�0�1�	�! ô�2 �� → /�0 3.15
(14) 3
4 $�% ����1�5�6�7�8�9Ìô�:�;Ìô�1�	�����<}ò���=�0�*�>Ìú�?
1�@�! -�A#BDC)E
F ùõú�
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NGê=¢�>�4 x ��N�B
v = c1 (b1f1 + b2v2 + · · ·+ bnvn) + c2v2 + · · ·+ cnvn

= c1b1f1 + (c1b2 + c2) v2 + · · ·+ (c1bn + cn) vn

NHG,��?�@�A�B�>�4���o 1 ��(�),J�/����E4
c1f1 + c2v2 + · · ·+ cnvn = o (2)

NG�=>�4JI (2) #KI (1) /KLJM���>�N
c1(a1v1 + · · ·+ anvn) + c2v2 + · · ·+ cnvn = o

x `=/KN�à���>�N
c1a1v1 + (c1a2 + c2)v2 + · · ·+ (c1an + cn)vn = o

1 ��(,)�J^m�� c1a1 = 0 4 a1 6= 0 m�� c1 = 0 @�¹^M`�>�4 c1 = 0 ��NKB v2, . . . , vn � 1 ��(h)�J
m�� c2 = · · · = cn = 04^m��,& 1 ��(�)^:G�^ñG`�3�4
(2) r = s ����_�)�/KO�y^]�& s + 1 �,����_�)�/����E4

{f1, . . . , f s
, vs+1, . . . , vn}

o V ��+�-�#����h&E%0>���A�* f
s+1 #�\^]�W�Y�Z�[ a1, . . . , an @����^]�&

f
s+1 = a1f1 + · · ·+ asfs

+ as+1vs+1 + · · ·+ anvn (3)

NHG,��?=@�A�Bh>�4 as+1 = · · · = an = 0 n�N f1, . . . , f s+1 � 1 �,(�)�J0#�µ��=>�4 ai 6= 0 N���>
i (s + 1 <= i <= n) @������=>�@�t�u�/�å�æ�#KM�`�î�2�& as+1 6= 0 N,]�&�mG%�4 x ���

vs+1 =

(

−
a1

as+1

)

f1 + · · ·+

(

−
as

as+1

)

f
s
+

(

1

as+1

)

f
s+1

+

(

−
as+2

as+1

)

vs+2 + · · ·+

(

−
an

as+1

)

vn

NGê=¢�>�?�#�ï�Ç^]�&�9^�Ö4 x `�/
vs+1 = b1f1 + · · ·+ bs+1fs+1 + bs+2vs+2 + · · ·+ bnvn

NMêFBKð�]K&K9��Ö4 {f1, . . . , f s
, vs+1, . . . , vn} o}+Ò-0�,�hA V �KÆhÇ=�I�=�¿�"! v #K\�]KWhY,Z}[

c1, . . . , cn @����^]�&
v = c1f1 + · · ·+ csfs

+ cs+1vs+1 + · · ·+ cnvn

NGê=¢�>�4 x ��N�B
v = c1f 1 + · · ·+ csfs

+ cs+1

(

b1f1 + · · ·+ bs+1fs+1 + bs+2vs+2 + · · ·+ bnvn

)

+ cs+2vs+2 + · · ·+ cnvn

= (c1 + cs+1b1) f1 + · · ·+ (cs + cs+1bs) f
s
+ (cs+1bs+1) f

s+1

+ (cs+2 + cs+1bs+2) vs+2 + · · ·+ (cn + cs+1bn) vn
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NHG,��?�@�A�B�>�4���o 1 ��(�),J�/����E4
c1f1 + · · ·+ cs+1fs+1 + cs+2vs+2 + · · ·+ cnvn = o (4)

NG�=>�4JI (4) #KI (3) /KLJM���>�N
c1f1 + · · ·+ csfs

+ cs+1 (a1f1 + · · ·+ asfs
+ as+1vs+1 + · · ·+ anvn)

+ cs+2vs+2 · · ·+ cnvn = o

x `=/KN�à���>�N
(c1 + cs+1a1) f1 + · · ·+ (cs + cs+1as) f

s
+ (cs+1as+1) vs+1

+ (cs+2 + cs+1as+2) vs+2 + · · ·+ (cn + cs+1an) vn = o

1 ��(�)�J^m�� cs+1as+1 = 04 as+1 6= 0 m�� cs+1 = 0 @�¹^G`�>�4 cs+1 = 0 ��N�B c1 = · · · =

cn = 0 @�¹^G` 1 ��(�)^:M�^ñG`�>�4
ñ�&�y�à 3.13 ��°�¬�/�]�m�T�4 n < m NHO�y���>�4�â�¯ 3.14 /�ã�%�&�+�- {v1, . . . , vn} /P BRQ�2,&�%^�hN {f1, . . . , f n

} @�+�-=A�S�>}?�@�©=>�4 x ��� f
n+1 o f1, . . . , f n

AKG,��?0@�A
B�>,��A 1 ��(�)�J=#�ë�ì�4�m��,& n >= m4 {v1, . . . , vn} N {f1, . . . , f m

} �RSJT�/KM�`hî�2�>�N
;�<=# n <= m :G����?�@�A�B�>�4JU�# n = m @�¹^G`�>�4
y,à 3.13 m��½����y���@KV^ñM`�>�4
C�D

3.15 K W���5�6�7�8 V @ n ¥������ �f!�i���h>�+�-
{v1, . . . , vn}

/�Ï�$�� x ��5F6�7�8 V � (K W=� ) OJX (dimension) o n A�S�>�NG% Tõ4 x ������/ dimK V

NHG,�Q4 K @�¬�Ki��h�,oKY[Z^]}& dimV N�:Ìê^� 4F��3 x �h��5,6�7=8 V o�×�ØK�h��A,S�>0N
% T 4�×�Ø�¥���+�-�/�Ï�3,��%���Û�Ø����^NG% T (15) 4[\J]J^J_�A�o�Û�Ø����J`�a�5�6�7�8�/Kb �
� T ?�@�Á�Â�#���>�@�* x �Kc���A�o�×�ØK����7�8�/JdKe�#�� T�4

(15)‘ 3
4 � ����� ’ ! ú�&#f�g�h�	����}ò���=�0óô�1 B�C)i
j ù�ú�
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