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1 ���! �"$#&%('*),+$-�.0/,1�2&3�46507*8:9<;$=�>0/*?,"�@�A$B&C$D!5,E�F$G!H�1&I$>KJL�L 5�2KM�N6-KO�P�@�A(QKRKS6#K8T9U;6=V?6WKX(QK.KY(Z\[61 ��� 1 ���� �"6BK]�^�_�`6#KaTbcJ

4.1 dfehgfi
j�k -Kl(/ � O�P�@�A�)(QKm�nKX6o�p�o,q6BK@�A6#Kr6s�oKJ
(1)
j�k B�p�o j -Kt$B j B�u�v!wKx�y$#Kz0s�oK{�|�? (2) p�o j #�u�v�w&x�y�}$oK{!| ( >�~6/

u�v�wKx62 0 5�2��K��Q\}6o )? (3) p�o j Q\�6B j #&����}6oK{�|6#��6QK��1,���������(Q\�TbcJk -Kl(/�167��6���6�K@�A6��r6s��\X6o�� L X(��#K���������(Q��Tb�J0�K���6��[61��������(Q
mK��J
�� 

4.1 �6BK�$� n � j�k Pn(k, `), Qn(k; λ), Rn(k, `; α) #KO�P j�k QKm&��J¡>�~6/*? Pn(k, `) =

(pij),Qn(k; λ) = (qij),Rn(k, `; α) = (rij) Q\¢��6>�£ pk` = p`k = 1, pii = 1(i 6= k, `), pij = 0( W
BKt$BK¤�� )? λ 6= 0, qkk = λ, qii = 1(i 6= k),qij = 0( W�BKt6BK¤�� )? rk` = α,rii = 1,rij = 0( W�B
t6B,¤�� ) Q\}6oKJ�¥6�(9

Pn(k, `) =
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Qn(k; λ) =
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Rn(k, `; α) =
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O�P j�k Pn(k, `), Qn(k; λ), Rn(k, `; α) 2K¦�§ j�k (̈
j�k �K©�ª�}6o j�k ) 5K?�W�BK¨ j�k ?�«

¢ j�k 7\O�P j�k 5�p�oKJ
Pn(k, `)−1 = Pn(k, `), Qn(k; λ)−1 = Qn(k;

1

λ
), Rn(k, `; α)−1 = Rn(k, `;−α),

tPn(k, `) = Pn(k, `), tQn(k; λ) = Qn(k; λ), tRn(k, `; α)−1 = Rn(`, k; α).

¬�
4.2 O�P�@�A(Q\O�P j�k #�G�®�o L QKB�¯�-�2K�6B�.KY6��p�oKJ

(1) A B k
j Q `

j #K°�±6s�o ⇔ A → Pn(k, `)A

A B k
k Q `

k #K°�±6s�o ⇔ A → APm(k, `)

(2) A B k
j - 0 5��K�6u�v�wKx λ #�G�®�o ⇔ A → Qn(k; λ)A

A B k
k - 0 5��K�6u�v�wKx λ #�G�®�o ⇔ A → AQm(k; λ)

(3) A B k
j - `

j B�u�v�wKx (α) y6#Kz6s�o ⇔ A → Rn(k, `; α)A

A B `
k - k

k B�u�v�wKx (α) y6#Kz6s�o ⇔ A → ARm(k, `; α)

O�P�@�A65�2K�6BK²�³6�KO�P6´�5�p�oKJ
¬�

4.3 µ�¶0B j�k A -,l(/¸·$¹��KO!P�@!A6#,º�»!}(Q*?
(

Er O

O O

)

B&A (¼�½��¾Q�7\�¿b ) -
5�À�o (O BKÁ�Â6���K��¤��(7Kp�o )J
�6�*+6#KO�P j�k BK��Ã65K�6s�nK?�O�P j�k P1, . . . , Pt, Q1, . . . , Qs �K©�ª(/K1

Qs · · ·Q1AP1 · · ·Pt =

(

Er O

O O

)

Q\Ä$®�oKJ
3�46- 3 � j�k -�.6/,1KÅ�Æ0>��,? j�k �

(

Er ∗

O O

)

BKA6-,@�A65�ÀKX0n
(

Er O

O O

)

BKA
-K@�A65�À�oKJ
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Ç�È }�Æ61�BKÉ�Â6� 0 Q\�Tb k ��pKX6n k O�P�@�A65KM�Ê6B k -KË�Ì�}6oKJ�Í0Î�W�BK�6� k �
pKX$n L BK{�|6# j bcJ!}�Æ61�BKÉ�Â6� 0 �6� r = 0 5KÏ$Ð�2KÑ6oKJ 0 5��K��É�Â6#67\¥ k �K©�ª
/K>$Q\}6oKJ j O�P!@�A65 (1, 1) É�Â6-KË�Ì65!À�oKJ�Ò�S�y6#�G!®�1 (1, 1) É�Â$# 1 -K@6s�oKJ!Ó
- j O�P�@�A65 (i, 1) É�Â (i 6= 1) #K? k O�P�@�A65 (1, j) É�Â (j 6= 1) #K? 0 -K@6s�oKJL X6�KÑ6Ô�>6�K�K�6BK{�|6# (2, 2) É�Â6#�DKÕ(Q�/K1 j bÖJ�Í6Î��K��J
×�Ø$ÙK

4.1 �6B j�k -KO�P�@�A6# j ��Ô!1�Ú�Û�A0-K[(Ü\J
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>�~$/\? a, b, c, d 26Ý\Â6BKÞ�ß�à�á6B�Î 4 â�J

4.2 ã�ähå�æ�ç�è�åêé�ë
�� 

4.4 4 q�ì6B�RKS (rank) #KÒ�í(/�Ü6bîJ
(1)
j�k

A -KO�P�@!A6# j �,��l�ï�É!Â�Í�ð6# 0 ?�l�ï�É�Â6# 0 ��>�2 1 -6/,>�£�B 1 BKñ!S6#
rank1(A) Q\ò�}�J

(2) A = (a1a2 · · ·an) Q\}6o6Q,À {a1, a2, · · · , an} B��!G�B 1 ��ó � �,ô6õTöø÷6BKñ�S6BKM!ù�ú
# rank2(A) Q\ò�}�J

(3) A = t(ta∗

1
ta∗

2 · · ·
ta∗

m) Q\}$o6Q&À {a∗

1, · · · , a
∗

m} B���G�B 1 ��ó � �,ô6õ¿öû÷6B,ñ�S0B
M�ù�ú6# rank3(A) Q\ò�}�J

(4) IA = {y ∈ Km|y = Ax, x ∈ Kn} BK��ü dim IA # rank4(A) Q\ò�}�J
��ý

4.5 Ò�í (1)? (2) ? (3) ? (4) 2��6��7KBKJ
¥6�(9Ö? rank1(A) = rank2(A) = rank3(A) = rank4(A) 5�p�oKJþÜ,Ô�1 L BKÒ�_��KÏ6ÐÿZ\X6>KÊ
2 L X6# rank(A) Q\ò�} J

A0 =

(

Er O

O O

)

-Kl(/\Ò�_ 4.5 �K¦(/\�6B�2�Ð6�KG�5�p � bcJ6~��K?�]�^6BK¤��6-�Ò�_ 4.5

#KÏ$ÐK}$o�>!��-�2KO�P!@�A$B����6#���Æ6o,+6���
	$-���oKJ�/KG0/\? rank2(A) = rank4(A) 2�W
B����6���6'K167\Ï6Ð�5�À�o�B�5K?6WKX6#,M�N6-��³(Q�/K1KÏ6Ð6/K1��(' J
� 

4.6 rank2(A) = rank4(A) �&É � }6oKJÈ��
A = (aij), aj = (aij), ej = (δij) Q ¢�'�Q ? aj = Aej Ü 9c? aj ∈ IA J L�L 5,? rank2(A) = r

Q\}$o,J a1, . . . , ar � 1 ��ó � Q�/,167¸]�^
�0#��$���,��J ak(k > r) -Kl(/¸? {a1, . . . , ar , ak} 2
1 �!ó � 5�2��&��J Ü�Ô 1 ak = βk1a1 + · · ·+βkrar Q*ò0�,} L Q���5!À�o,J µ!¶$B w ∈ IA -&l�/¸?
w = α1a1 + · · ·+αrar Q*Ä$®!o,+0#���[0n,? a1 . . . , ar � IA B,O���Q,�¾9c? rank4(A) = dim IA =

r = rank2(A) �K�6s�oKJ w -Kl�/ x ∈ Kn �K©�ª(/K1,? w = Ax QK��oKJ x = x1e1 + · · ·+ xnen
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Q\Ä$®�o�B�5K?
w = Ax

= A(x1e1 + · · ·+ xnen)

= x1Ae1 + · · ·+ xnAen

= x1a1 + · · ·+ xnan

= x1a1 + · · ·+ xrar + xr+1ar+1 + · · ·+ xnan

= x1a1 + · · ·+ xrar + +xr+1(βr+11a1 + · · ·+ βr+1rar) + · · ·+ xn(βn1a1 · · ·+ βnrar)

= (x1 + xr+1βr+11 + · · ·+ xnβn1)a1 + · · ·+ (xr + xr+1βr+1r + · · ·+ xnβnr)ar

QK��9c?(ÜKÔ�1��³62��(Z\X6>KJ
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