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4.3 ��
��������������
���

4.5 �����! �"�#�$!%�&�'!�����)(*�+
4.7 P, Q ��,�-�.�/102�!3�4�5
rank2(QA) = rank2(AP ) = rank2(A)

rank3(QA) = rank3(AP ) = rank3(A)6�7�8 �!3�(9�: ;=< #?>A@)3�%)>=5 rank2(QA) = rank2(AP ) = rank2(A) %=BDCAEGFIHJ�K3J( rank2(A) = r

0L�K3I0L5 a1, . . . , ar

6
1 $)M 8 0AN=OKPRQ�SATK�=UIV�WYX�(KZ=%�4 Qa1, . . . , Qar

6
1 $�M 8 >A[

3=\K�Y���)( α1Qa1 + · · ·+αrQar = o 0R�K3K0 Q(α1a1 + · · ·+αrar) = o W�%A> Q−1 ��]Y^K#A_
E�3K0 α1a1 + · · ·+ αrar = o `!3�(�Z2acb!d α1 = · · · = αr = 0(cb�e)O rank2(QA) >= rank2(A)

>D[�3f( ;f< %�gih!� Q #fj�k�O Q−1 �flDX!3mZ�0f#!b�d rank2(QA) <= rank2(A) �f`!3i%�>
rank2(QA) = rank2(A) n 7�8 �!3Y(
AP = (b1 · · ·bn) 02o1p�4�5�$!% 3 q!%�r�s!#Yq�X!O���t!u!b2X�(

(1) P = Pn(k, `) %�4�5
b1, . . . , bk, . . . , b`, . . . , bn = a1, . . . , a`, . . . , ak, . . . , an

(2) Qn(k; λ) %�4=5
b1, . . . , bk, . . . , bn = a1, . . . , λak, . . . , an

(3) Rn(k, `; α) %�4�5
b1, . . . , bk, . . . , b`, . . . , bn = a1, . . . , ak, . . . , αak + a`, . . . , an

(1),(2) nAHKv=_A# 1 $�M 8 W�wKxzy|{K%Y}�~��A�Kn ;!� >�[A3�%�> rank2(AP ) = rank2(A) n 7�8
�K3=( (3) %=rAs�}��K# rank2(AP ) >= rank2(A) �=FIH=�!3=( rank2(A) = r 0AN {aα(1), . . . , aα(r)}6

1 $�M 8 >�[�3!02�K3�( α(`′) = ` 0�W�3 `
6���� N�W=X!4�n {bα(1), . . . , bα(r)} P 1 $�M 8 >�[

3 (�K� ;K� P=% )(�bJe�O 1 $)M 8 WYwKx�y�{K%Y�Kn=�A� a` �=�K�A>=XI3=\K�Y� � �K3=( α(`′) = `

0�W�3 `
6���� �I3�4�n `′ = r 0�N�OKP2QAS�TK��UKVAW�X�( {aα(1), . . . , aα(r−1), a`}

6
1 $�M 8 >

[�3!02�!3�( ak = α1aα(1) + · · ·+ αr−1aα(r−1) 02�!E�W�X10�@�5 {bα(1), . . . , bα(r−1), bk}
6

1 $
M 8 #AWcd�� � #����I3�( ak = α1aα(1) + · · ·+αr−1aα(r−1) 0L�IE�3!0=@ {bα(1), . . . , bα(r−1), b`}

n 1 $�M 8 >A[�3=(�b�e�O rank2(AP ) >= rank2(A)
6�� _A3�( a` = −αbk + b` W�%�>=5 ai 0 bi %��� ����a��!k�3!Z�0�#!b!d rank2(AP ) <= rank2(A)
6 `cv2a!3�%�>�F!H�n��!V�3�(

���
4.5 � :!� � ' 4.3 b!d�.�/ A #��1N2,�-�.�/ P1, . . . , Pt, Q1, . . . , Qs

6���� N�O
A = Qs · · ·Q1A0P1 · · ·Pt

0Y��E 3A(! IC¡N A0 =

(

Er O

O O

)

(1ZA%i4 rank1(A) = rank1(A0) = r = rank2(A0) =

rank3(A0)
6�7�8 �!3�(�&�' 4.7 ��¢!#�£�l��!3!Z�0�#!b!d

rank2(A0) = rank2(AP1) = · · · = rank2(AP1 · · ·Pt) = rank2(Q1AP1 · · ·Pt) = · · · = rank2(A)

61



��`K3�( rank3(A) #�q�X!O!P ;�< #�>�@�3�%�> O.K.

4.4 ¤�¥ 1 ¦�§�¨�©ª��«�¬
­�®!¯ >�> ��° N� A±��c02,�-�²A³!�=´ 8 1 $�B�µ�¶!%Y·�¸K#�¹Al1N=O�ºcb!»¼(?´ 8 1 $�B�µA¶
��½�¾��!3�³!n�¿!À�[�3�(

(E)























a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2

...

am1x1 + am2x2 + · · ·+ amnxn = bm

aj = (aij), b = (bi) 02o1p�0
(Ec) a1x1 + a2x2 + · · ·anxn = b

A = (aij), x = (xj) 02o1p�0
(EM ) Ax = b

Z=%�4�Á�'!n�Â!Ã�% < # � ¶�Ä1Å2a!3�(

(1) (E), (Ec), (EM) n�·!��Æ�q!%�_
(2) ·!��Æ�q!4!Ç2a1p�v2X�È!3�%�_
Z�Z�>�n (2) %�Á�'!��²�³��!3�(!É�%� �"�# b = o %�r�s!�YÊ!k�3�(

(H)























a11x1 + a12x2 + · · ·+ a1nxn = 0

a21x1 + a22x2 + · · ·+ a2nxn = 0
...

am1x1 + am2x2 + · · ·+ amnxn = 0

aj = (aij) 02o1p�0
(Hc) a1x1 + a2x2 + · · ·anxn = o

A = (aij), x = (xj) 02o1p�0
(HM ) Ax = o

Ë +
4.8 (E) #�· 6���� �!3�4�5 (E) %�·10 (H) %�·!%�Ì�#�n�n 1 � 1 ��¹ 6 [�3�(:!�

(E) % 1 q!%�·!� c0 02�!3!0�@�5 c � (H) %�·102�!3!0 c + c0 n (E) %�·�(�Í!#�Î�Ï!%
(E) %�· d #��1N c = d − c0 02Ð1p�0 c n (H) %�·!>�[�3�(� ' 4.8 #!b!d (E) #�· 6���� �!3�r�s�5!É�%�·10 (H) %=·!n 1 � 1 �A¹��!3�(!Á�' (2) #�%Ñ Ç2a1Ò�v2X�Ó�02XÔ»=0�@�%An�_�3=,�Õ10�N�O WA = {x ∈ Kn | Ax = 0} %�$�Ö dimWA �!0�3
\!#=�!3�(1Z�%!0�@�·�×!n�$!% < #�Ø�Ù!3=\ 6 >�@�3�(
���

4.9 B�µ�¶ (E), (Ec), (EM )
6 ·!��Æ�q! �"�%=��Ú�Û ��Ü�Ý n

rank A = rank(Ab)
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>�[�3�(1Z�%!0�@�B�µ�¶ (H), (Hc), (HM ) %�·�Þ!Ì WA %�$�Ö!n n − rank A >�[�3�(
XK@�W1d�F!H�#��1v2�!#�ß!��º1b!»à(�$K%�B�µ�¶!��Ê!k�3�(1Z�%�B�µ�¶!��·�X!OYá1b!»â(










1x + 0y + 2z + 0w = 1

1x + 0y + 3z + 1w = 1

2x + 0y + 5z + 1w = b + 2







10201

10311

2051b + 2

















1x + 0w + 2z + 0y = 1

1x + 1w + 3z + 0y = 1

2x + 1w + 5z + 0y = b + 2

ã
2 / ↔ 4 /�ä







10201

11301

2150b + 2

















1x + 0w + 2z + 0y = 1

1x + 1w + 3z + 0y = 1

1x + 0w + 2z + 0y = b + 1

ã
3 . → 3 .!å 2 .�ä







10201

11301

1020b + 1

















1x + 0w + 2z + 0y = 1

1x + 1w + 3z + 0y = 1

0x + 0w + 0z + 0y = b

ã
3 . → 3 .!å 1 .�ä







10201

11301

0000b

















1x + 0w + 2z + 0y = 1

0x + 1w + 1z + 0y = 0

0x + 0w + 0z + 0y = b

ã
2 . → 2 .!å 1 .�ä







10201

01100

0000b







Z=%JßK%Jr�sA5 b = 0 %�4)%=áA· 6=��� �I3G\ 6=� 3=( rank A = 2 >�[cd¼5 rank(Ab) n b = 0 %K0Y@
n 2 5 b 6= 0 %D0G@)n 3 >)[)3G(æ· 6J�?� �D3)4J5çßDk)u y, z n èJé)#JêD" vça)5ëÉ?%JìD#J�)¹�NJO x, w

6 êK3�()·!n













1 − 2z

y

z

−z













02�IE�3�(���¹��!3 (H) %�·�Þ!Ì�n WA =



































−2z

y

z

−z













∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

z, y ∈ K























>













−2

0

1

−1













,













0

1

0

0













6
1 $�M 8 >�[�3!Z�0�_!v dimWA = 2(4( ²��I%���� = /!%�� ) − 2(��í 7

� % 1 %Y��� )) >�[A3=(îZJ%�ßI�=Q�SAÄ��I3!0L$K% � ' 6 `1vLaI3=(îZRaKn ��� 4.9 0 ; ìK>A[�3�(
Ë +

4.10 .�/ (A|b) n�.�,A-�²�³10L/!%����!k ã  �C!N25 b %�/!n����!k�W=X�äI>�$K%�³!#Y²�³
>�@�3�(

(

Er C b
′

1

O O b
′

2

)

Z�Z�>�5 r = rank(A)(1Z�%�4 (E)
6 ·!�!P2q��DÚ�Û ��Ü�Ý n b

′

2 = o >�[1dâ5 (H) %�·�Þ!Ì�%f$
Ö!n n − rank A >�[�3�(
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� ' 4.10 ��F!H���a!u �i� 4.9 P2��Å2a! !Z�0�#�W�3 6 51Z�Z�>in�,�-�²�³!#!b�v�W�X�³m%�F
H��=ï!k�O�o1Z!»à(
���

4.9 � :!� rank(A) = r 0L�m3�4 {a1, . . . , ar}
6

1 $�M 8 0�N�O!PëQ�S�T!�)U!V�W�Xi(
rank(A b) >= rank(A) nAH�v�_iW�%�> rank(A b) = rank(A) ������ �"�#in {a1, . . . , ar, b}

6
1

$�M 8 >�W=X�\�5)q ¯ d b
6

a1, . . . , ar >�½���\ 6 >A@�3�\!�=��t!uKb2X�( Ax = b 0�W�3�wIxÔy
{ x

6���� �!3�4Y5�&�' 4.6 %�g�hc0 ;�< #�5 b = α1a1 + · · ·+ αrar 02�!E�3�%�>=51b�eAO�· 6��� ��a!u rank A = rank(Ab) >�[�3�(�Í!# rankA = rank(Ab) %!0�@�n 1 $�M 8 T!%�g�h1bmd
[�3�ð�ñ�ò�ó α1, . . . , αn (αr+1 = · · · = αn = 0 #!0La!3 )

6���� N�O b = α1a1 + · · ·+ αnan 02�
E�3=(1Z�%�4 x = t(α1, . . . , αn) n (E) %�·I#�W�3�(

dimWA = s 0IN? I4 n = s + rank A > [I3A\¡�A� �?( w1, . . . , ws � WA %A,z0G�¡3A(
b1, . . . , br(r = rank A) � IA %�,ô0J�m3f(�õDwmx�yö{ bi(i = 1, . . . , r) #)�ôN Avi = bi 0fWi3
w!x�y¼{ vi � 1 q�ê!"�3�(1Z�%�4

w1, . . . , ws, v1, . . . , vr

6 ,K>�[�3�\ 6 �1Å2a�a!u�5 Kn %�$�ÖKn n W�%�> ��� n�F!H!Å2a!3�(
α1w1 + · · ·+αsws +β1v1 + · · ·+βrvr = o 0L�I3=(?]=^I# A ��_AE�3I0 Awi = o5 Avj = bj b
d β1b1 + · · ·+βrbr = o 0YW�3=( b1, . . . , br % 1 $AM 8 T¡bKd β1 = · · · = βs = 0 (=÷K# w1, . . . , ws

% 1 $�M 8 T1b!d α1 = · · · = αs = 0( x � Kn %�Î�Ï!%)w!xÔyö{102��3�( Ax ∈ IA W�%�>�ð�ñ
ò�ó β1, . . . , βr

6���� N�O Ax = β1b1 + · · ·+ βrbr 02�!E�3Y(1Z=%�4 x′ = x − β1v1 + · · ·+ βrvr

02Ðcp�0 Ax′ = o 0�W�3=(�b�e�O�ð�ñAò�ó α1, . . . , αs

6���� N�O x′ = α1w1 + · · ·+ αsws 02�!E
3�(�Â�ø!#!b!d

x = α1w1 + · · ·+ αsws + β1v1 + · · ·+ βrvr

02�KE�O Kn %�,10�W�3�(

4.5 ù�úªû�ü���ý�þ ÿ �������

Z=%	�K>�nYX ¯�¯ >Y.�/K#�
!NYO�%=á�gAh1N=O	�K Y(�Z�% ® >�nYQ�SK%	
������10=ÉA%�½�¾10Y%

	�K�	��Ù!3�(

V � n $�Ö!%�w!xÔy¼{�Þ!Ì�5 W � m $�Ö!%�w!xÔy¼{�ÞIÌ!02�!3�( V _!v W �!%	
������ T6 ï!k!v2a!O�X!3�P�%!02�!3�( E = {v1, . . . , vn} � V %�,�5 F = {w1, . . . , wm} � W %�,10ë�
3�(1Z�%!0�@�5 E, F #�
f�!3�½�¾�.�/ A

6��D� N� (AϕE = ϕFT 0�W�3�.�/ )(�,!�	�!%!P�%i#
0!dL_�k� !0�@�5�½�¾�.�/ 6 Ç!»�²!V�3�_���Ê!k!b!»à(
Ë +

4.11 (1) E1 = {v1, . . . , v`, . . . , vk, . . . , vn}(k ���
6

v` 5 ` ��� 6 vk) 02�!3!0)@ , E1, F

#�
��!3�½�¾�.�/ A1 n APn(k, `)

(2) E2 = {v1, . . . , λvk, . . . , vn} 02�!3!0�@�5 E2, F #�
��!3�½�¾�.�/ A2 n AQn(k; λ)

(3) E3 = {v1, . . . , v` + αvk, . . . , vn} 02�!3!0�@�5 E3, F #�
��!3�½�¾�.�/ A3 n ARn(k, `; α)

(4) F1 = {w1, . . . , w`, . . . , wk, . . . , wm}(k ��� 6 w` 5 ` ��� 6 wk) 02�!3m0�@ , E, F1 #�
��
3�½�¾�.�/ A4 n Pn(k, `)A

(5) F2 = {w1, . . . , λwk, . . . , wm} 02�I3!0�@�5 E, F2 #�
=�!3�½�¾�.�/ A5 n Qn(k; λ)A
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(6) F3 = {w1, . . . , w` + αwk, . . . , wm} 02�!3K0�@Y5 E, F3 #�
Y�K3�½�¾�.A/ A6 n Rn(i, j; α)A� ' 4.3 ��½�¾�.�/102XÔ»����!>=Ð!@	�!k�3!02$!% ��� 6 `1v2a!3�(
���

4.12 V � n $�Ö 5 W � m $AÖK%Yw!x�y¼{�Þ!ÌY5 T � V _Iv W �K%	
������c02�I3�(�Z
%!0=@ V %�, E 0 W %�, F

6���� N�O�5 E, F #�
��!3 T %�½�¾�.�/!n	��ÕA³!#�W�3�(
,�-�²�³!n 1 q�ïIk� =,� K_!v��	!�%�,� K�	"�#%$Y�%&={�')(+*�,!PLïIk�3=(),� K% ��� C�EA>
b2XKW!v2$!%!b!»2W	��F!H 6 [�3�(

Im(T ) %�,� f1, . . . , f r �	-!e�O!p�3�(�õ i (i = 1, . . . , r) #��1N T (vi) = f i 0�W�3 V %�w!x
y¼{!��ê!"�3�( ¯  Ker(T ) %�,� ô0�N�O vr+1, . . . , vn �	-!eAO�p�3�( f r+1, . . . , f m �.-me�Oi@
O f 1, . . . , f m

6
W %=,� !#�W�3Ib!»L#=�!3Y(�Z=%!0=@ E = {v1, . . . , vn}, F = {f 1, . . . , f m} 0LÐ

E�uKb2X�(
/�0

4.13 Z�% ��� n V = W %!0�@�n	11N+2�Ï 6 ��Ú!>�[�3�(cZ�% ��� n V %=,� E 0 W (=

V >�[�3 6 ) %�,� F � 2 q10�P�è�é�#	"!��C!0�@�½i¾�.�/!�!Z�%�³!#�>�@�3!02X »�\!�	�!e�O
X!3=( V = W %!0=@	3�4!n ;I� 1 q!%Y,� E ��lAX!O�½�¾��K3�\ 6	5 X 6 5 É�%�rAs!#	��Õ�³I#
>�@�3�\!�	6%7��!3!P�%�>�n�W�X�(
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