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1.3 1 ��
��������
���

1.5 ���������� "!$#%��& v1, . . . , vn '�( �*)�+�,%-/.10�21354�687 (linearly independent)9�:�; 0=<?> : @�AB��C�D�EGF c1, . . . , cn HGIKJ
c1v1 + · · ·+ cnvn = 0

'GL�M JGN <�OBP c1 = · · · = cn = 0Q�R 'TS�U N 0 �B0G2�VG<�. 9 - 1 (�W�X �G�B ?!Y# ' 0 H�Z ;G[K\ �G]�^BV�_GO`�Ga 'GL�M
S ;�b ,GcBd S ; -G� 9�:�;G[

n = 1, 2, 3, 4 �Ge X 1 (�f�MB' �B,GABg JGN < ; �Gh�iBj HGkKl > [mon V n = 1 ��e X : v1 H�I1J c1v1 = 0 ��p c1 = 0 '�q N%r ;�s�t ��u8v�w�x8y�z�V v1 6= 09�:�;G[�{B|
1 �B�G�B ?!Y# v ' 1 (�f�M 9�:�; u�v�w�x�y�zBV v 6= 0

9�:�;G[
( H n = 2 �Ge X : c1v1 + c2v2 = 0 �Bp c1 = c2 = 0 '�q N�r ;�s�t H V*} v1 0 v2 ' 0 0=~
ZK� } 2 .B���B ?!$# 'G��� 9 Z < b ' u�v�w�x 9�:8;G[�\ � b V���]����B�G� ' xB� ��� S <B�- J O Z < [�� c1v1 + c2v2 = 0

9
c1 6= 0 � s V c2 6= 0 'GL�M JTN < ; 0 S ;G[ c1 6= 0 �B0G2

V v1 = −
c2

c1
v2 0=�B� ;G[ c2 6= 0 �B0G2�V v2 = −

c1

c2
v1 0=�B� ;G[ <���OB�Ge X -=���B�T�B 

!Y#%VG���B�G�B ?!Y#B�G� R�� H�Z���N < ;G[
n = 3 ��e X : v1, v2, v3 ' 1 (�f�M 9�:�; u�v�w�x�y�z`V 3 .`���` ?!�# '���� 6 ��iB� 3� H�Z���N < ;Gb`9�:�;G[ 1 (�f�M ,T��] S ; 0�} c1v1 + c2v2 + c3v3 = 0 ��. c1 = 0 � s V

c2 = 0, c3 = 0 'GL�M�S ;�[ c3 6= 0 0 S ; 0=} v3 = −
c1

c3
v1 −

c2

c3
v2 0=� S b ' 9 2 ;G[�\ �B0G2

v3 V v1 0 v2 ' d ; � ��� HG��� S ;G[ c1 6= 0, c2 6= 0 �*e X -G�G� H 9 2 ;G[
n = 4 �*e X :   9G¡ SB' } 3 (�¢ �% ?!Y# HGIKJ*N VG} n >= 4 �Ge X V*<�. 9 - 1 (�f�M 9 V
Z < [ _GO Z pGP*��£Bj Z ]�^B, J*ZBr�N -=<8<B� 9 V Z <B��0=¤?>5¥K-¦< ; �B- J O Z < [�§B¨
' ��© ��ª��8N < ; 3 (�¢ �G�` ?!Y#��Ge X VT��«B�T� H�Z ; ' }���£`�G�B ?!¬# HGI­JGN - \�G]�^BVG��£�®K¯=O�}B_��Ge X VG��«B� b V L�M JGZ < [

°�±
1.6 �B ?!Y# v1, . . . , vn, vn+1 H .8< N ( � 2 .BV��G² [

(1) �B ?!Y# v1, . . . , vn, vn+1 V 1 (�f�M 9�:�;G[
(2) �B ?!Y# v1, . . . , vn V 1 (�f�M 9�: � } vn+1 6∈ 〈v1, . . . , vn 〉 'GL�M�S ;G[

³B´
(1)⇒(2) ]�^ l�� v1, . . . , vn ' 1 (�f�M Z ��V�µBpG� [ - J vn+1 ∈ 〈v1, . . . , vn 〉 0

S ; 0=}�� R a1, . . . , an ' ���KJGN vn+1 = a1v1 + · · ·+ anvn 0 Z ; ' } \ OBV
a1v1 + · · ·+ anvn + (−1)vn+1 = 0
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0 Z¶� } 1 (�f�M ) HG·�¸ [
(2)⇒(1) 1 (�f�M 9 Z <K0 S ; 0�¹=OB��V 0

9 Z <�� R a1, . . . , an, a ' ���KJGN
a1v1 + · · ·+ anvn + av = 0

'�L�M8S ;*[º\�\*9 a = 0 0 S ; 0 v1, . . . , vn � 1 (�f8M ) H�» S ; � 9 a 6= 0
[ l*�oN*¼ � JGN

vn+1 =
(

−
a1

a

)

v1 + · · ·+
(

−
an

a

)

vn

'G½ p=O�} v ∈ 〈v1, . . . , vn 〉 0 ZK�5·�¸ [

��� 1.6 lB� (B' xB� ;G[°�±
1.7

(1) v1 ' 1 (�f�M 9�:�; u�v�w�x�y�zBV {0} 6=
⊂ 〈v1 〉

9�:�;G[
(2) v1, v2 ' 1 (�f�M 9�:�; u�v�w�x�y�zBV {0} 6=

⊂ 〈v1 〉 6=
⊂ 〈v1, v2 〉

9�:�;G[
(3) v1, v2, v3 ' 1 (�f�M 9�:�; u�v�w�x�y�z�V {0} 6=

⊂ 〈v1 〉 6=
⊂ 〈v1, v2 〉 6=

⊂ 〈v1, v2, v3 〉
9

:�;G[

¾�¿%ÀG±
1.5 ( �G�B ?!Y#B�G& ' 1 (�f�M �B¹B>=�GÁ U l [

(1) v1 =







1

1

1






, v2 =







1

0

1







(2) v1 =







1

0

1






, v2 =







0

1

0






, v3 =







1

1

a






(a VG] R )

(3) v1 =







a

a

a






(a VG] R )

(4) v1 =







1

1

1






, v2 =







1

0

1






, v3 =







0

1

0







(5) v1 =







1

1

1






, v2 =







1

0

1






, v3 =







0

0

1






, v4 =







1

2

3







(6) v1 =







1

0

2






, v2 =







2

0

a






, v3 =







4

b

2







s�Â J a, b VGÃKÄG� qGÅ�Æ�Ç ��È
2 ÉK0 1 É [

(7) v1 =







1

2

3






, v2 =







1

2

q






, v3 =







1

p

3







\�\G9
p, q V :�; ] R [
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e1, e2, e3 ,GÊ�Ë��B ?!Y#K0 S ;G[�{B|

e1 =







1

0

0






, e2 =







0

1

0






, e3 =







0

0

1







0 S ;�[ @�A�� R
3 ���� �!Ì# v H�I�J }Í� R x1, x2, x3 'ÏÎ 1 & ���¶J�N v = x1e1+x2e2+x3e30=� S b ' 9 2 ;G[1\ ��� Z )�+�,GÐ�.��B "!Y#B�G&%VGÊ�Ë��� ?!Y# H�Ñ p Z < ( Ò�ÓBÔG� 1.6 ÕÖ

)
[K\�\*9 VG×�x�ØBÙ H�ÚBJGN _��G� Z �B ?!Y#%�G&B,GÛBÜ ;G[���

1.8 ×�x�Ø�Ù W HGIKJ ( �G� Z )�+`,B-=. W �G�B ?!¬#B�G& v1, . . . , vn ' ��� S ;�ÝB\OB, W �GÞ�ß (base) 0GàGá [ .B� � }
(1) @�AB�G�B ?!Y# v ∈ W H�IKJ � R a1, . . . , an ' ���KJGN

v = a1v1 + · · ·+ anvn

0=�B2G��â ;G[
(2)
\ �G�B2G� J �BVG��ABjG}�.B� � 2 ã � �G� ¡

a = a1v1 + · · ·+ anvn

a = b1v1 + · · ·+ bnvn

' : OBP a1 = b1, . . . , an = bn 'GL�M�S ;G[

]�^B� 2 ÆKä �Gy�zBV 1 (�f�M 0 Ú Q JGN < ;G[�{B| (B'GL�M8S ;G[°�±
1.9 �B ?!Y#�ØBÙ V � ¢ v1, . . . , vn H .�< N ( � 2 .BV��G² [

(1) �B ?!Y# a HGIKJ 2 ã � �G� ¡
a = a1v1 + · · ·+ anvn

a = b1v1 + · · ·+ bnvn

' : OBP a1 = b1, . . . , an = bn

[
(2) C�D�EGF c1, . . . , cn HGIKJ

c1v1 + · · ·+ cnvn = 0

'GL�M JGN <�OBP c1 = · · · = cn = 0
[

³B´
(1)⇒(2) 0 = 0v1 + · · ·+ 0vn 0=<?>�� ¡ VG<�. 9 - :�; � 9 c1v1 + · · ·+ cnvn = 0 0 S; 0 c1 = 0, . . . , cn = 0

[ lG�8N OK
[

(2)⇒(1) 2 ã � �G� ¡
a = a1v1 · · ·+ anvn

a = b1v1 · · ·+ bnvn

HGI¶J m�n �GåB�Bp ( �GåB,�æ r 0
0 = (a1 − b1)v1 + · · ·+ (an − bn)vn

lG��N a1 − b1 = 0, . . . , an − bn = 0 lB� OK
[

11



°�±
1.10 ×�x�Ø`Ù W � ¢ v1, . . . , vn H .�< N }�Ê�ç 9�:�;�s�t ��u�v�w�x`V v1, . . . , vn ' 1

(�f�M 9�: � } W ,Gè L�S ;B\ 0=} {B| W = 〈v1, . . . , vn 〉
98:�;G[

\ �G���B,*]�^ 1.8 �Gé%ê �¦H ]�^ H*ë�ì S ;�b ' 9 2 ;*[ �Bí \ O%,G]8^ H�ë�ìKJ*N < ; Ë1-î < (Õ�Û8�K- \ � M e )
[

¾�¿%ÀG±
1.6 ( �G�B ?!Y#B�G& ' W �GÊ�ç 98:�;Gb , ¡ â [

(1)







1

1

1






,







1

0

1






,







0

1

1






, W = R

3

(2)







1

2

3






,







0

1

2






,







1

8

4






, W = R

3

(3)







1

0

−1






}







0

1

−1






, W =

















x

y

z






∈ R

3

∣

∣

∣

∣

∣

∣

∣

x + y + z = 0











(4)







2

1

0






,







0

1

2






, W =

















x

y

z






∈ R

3

∣

∣

∣

∣

∣

∣

∣

x − 2y + z = 0











(5)







1

0

−1






, W =

















x

y

z






∈ R

3

∣

∣

∣

∣

∣

∣

∣

x + y + z = 0, x− 2y + z = 0











��� 1.6 }���� 1.9 H1lï� v1, . . . , vn ' W �8Ê�ç 9�:�; 0�V8ð�ñ Z — .1� � ��� W �8�` 
!¬#B,Tò�Ü ; 0 1 (�f�M 9 Z�rTZ ; � Z — 1 (�f�M Z �� ó!¬#B�Tô X 9�:�;�b ' x ;�[ .`� � }
v1, . . . , vn ' W �GÊ�ç 9�:�; u�v�w�x�y�zBV ( � 2 . 'GL�M�S ;Gb�9�:�;G[

(1) v1, . . . , vn ' 1 (�f�M 9�:�;Gb�[ .B� � C�D�EGF a1, . . . , an HGIKJ
a1v1 + · · ·+ anvn = o =⇒ a1 = · · · = an = 0

'GL�M�S ;G[
(2) ð�ñ 9�:�;G[ .B� � }�@�AB� W ���B ?!Y# v HGIKJ

v, v1, . . . , vn

V 1 (�f�M 9 Z < [
\ OBVGÊ�çB,Gõ�.B� ; ��öB,G÷BÜ ;G[ W ,G×�x�ØBÙB0 S ;G[
W = {0} �Ge X VGø�ù 9�:�;G[ Ê�ç ' ���KJGZ <K0�-=ÛBÜBp=O ; ' }8ú�û ' :�; ��VG< �BZ �9 Ø�ô XB' Ê�çK0=ÛBÜ ;Gb HBJ�l > [
W 6= {0} ��e X V o

9 Z <��` ü!�# v1 ,TÐ ��Nïr ;T[ ( H �` ü!�# v
9

v, v1 ' 1 (�f
M Z -G��,Gý S [ 〈v1 〉 = W Z p \ �G� Z �B ó!Y# ' ��� â���} v1 ' Ê�ç H�Z ;T[ 〈v1 〉 /

⊆ W

��0G2T} 1 (�f�M Z -T� ' ��� S ; � 9 }B_�O`, v2 0 S ;�[ ( H �` ó!¬# v
9

v, v1, v2 ' 1

(�f�M Z -T��,Tý S [ 〈v1, v2 〉 = W ��0G2T} \ �T� Z �� ó!Y# ' ��� â���} v1, v2 ' Ê�ç H�Z
12



;�[
〈v1, v2 〉 /

⊆ V �`0�2 1 (�f�M Z -�� 'GS ; � 9 }B_�O`, v3 0 S ;T[ ( H �` ó!¬# v
9

v, v1, v2, v3 ' 1 (�f�M Z -G��,Gý S [�: 0 9 ��£Bj ZGþ & k 9G¡ SB' } \�\G9 V R
3 � 4 ��ÿ8�

�G�% ?!Y#B�G&BV 1 (�f�M 9 Z < b ,��Bµ��B2 9��Bt N�� \ > [ÿ��B�Bp R
3 �G×�x�ØBÙ W V

(1) W = {0}

(2) W = 〈v1 〉

(3) W = 〈v1, v2 〉

(4) W = R
3

� 4 .B�����	� ' :�;Gb ' xB� ;�[_ \G9 ×�x�Ø%Ù�� ‘ (�¢ ’ ,GÊ�çB�G� R 9 ]�^ S ;G[ .B� � (1) �Ge X W V 0 (�¢ } (2) �Ge X
W V 1 (�¢ } (3) �Ge X W V 2 (�¢ } (4) �Ge X W V 3 (�¢ }K0=]�^ S ;G[ W (�¢ , dimW

0=� S [ (1)¾�¿%ÀG±
1.7 ( �G×�x�ØBÙ��GÊ�çB, 1 &�
 t } (�¢ ,�
 t l [

(1) W =











x =







x

y

z






∈ R

3

∣

∣

∣

∣

∣

∣

∣

x + 5y + z = 0











(2) W =











x =







x

y

z






∈ R

3

∣

∣

∣

∣

∣

∣

∣

x + 2y + 3z = 0











(3) W =











x =







x

y

z






∈ R

3

∣

∣

∣

∣

∣

∣

∣

x + 4y − z = 0, 2x + 3y + z = 0











(4) W =











x =







x

y

z






∈ R

3

∣

∣

∣

∣

∣

∣

∣

x + 4y − z = 0, 2x + 3y + z = 0, x + y + z = 0











(1) �
��������������������������� ��!�"���#�$�%
&�'�(�)�*�+�, ��-
.�/�0�1��
��. '�2���3�.4$�. 5�6�7�8�9;:=<
,�'>2
?�*�@�A��
3�:���+�B
��C�D���.
*�6

E
1, . . . ,

E
n

�GF
1, . . . , F

m

, W �
2
7���������?H*�� m = n (�)�*�6

I ��+�B�3 J�(�&LK�M�.�N�O
(�P�Q�?�* 6
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