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1.4 3 ��
��
��������������� m ��� � n �� �!�" ��#�$�%'&�()� m × n ����* %�+ (m, n) ���-,/.10324�5 ,�6 + 2 7�8�9�: ��;�<>=@?A(�B���C-D 2

A =









a11 · · · a1n

... aij

...

am1 · · · amn









E *-F i � j � (���� ( GIH � (i, j) J�K-,I.10 ) � aij L 4�5 2
G (�M L + 3 × 3 ��� (3 ? ��� ) (�N�O 0 ( P�Q 2 ? ��� &IO 0IR &�S H�T�. )2 3 ? ��� +

A =







a11 a12 a13

a21 a22 a23

a31 a32 a33







, 4VU H�W�2�X�Y-ZI[�\�]�^�_�`�a�b�c�d>e-fhg�i�j-k�d�l�m�b 3 n�i�jpo�q�r�s�[-kIr�t�u
2
E ( ��� A =







a11 a12 a13

a21 a22 a23

a31 a32 a33






, B =







b11 b12 b13

b21 b22 b23

b31 b32 b33







��v-S�w�(�x A + B �

A + B =







a11 + b11 a12 + b12 a13 + b13

a21 + b21 a22 + b22 a23 + b23

a31 + b31 a32 + b32 a33 + b33







L�y>z 5 W�2 ����{�+

αA =







αa11 αa12 αa13

αa21 αa22 αa23

αa31 αa32 αa33







L�y>z 5 W�2�* %�|�+ AB = (cij) ,I} D ,�6�~
cij = ai1b1j + ai2b2j + ai3b3j

, y>z 5 W�2���� (�|A+��������-��=��>��� L�� W���~ |������ G (�B�� y�z 5 W>R + }�.>}�.��� U H�W L���� 032
3 ?������1����� (3, 1) ���-,I��9�W�G�,�� L 6�W�2-G ( ,�6 (3, 3) ���-, (�| � y�z�L 6�W�2







a11 a12 a13

a21 a22 a23

a31 a32 a33













x

y

z






=







a11x + a12y + a13z

a21x + a22y + a23z

a31x + a32y + a33z







�>� (�x���|�+�����(�x���| ,I� $�% ,�6�~�� = .�W���� & � W SI� T�W���� & � W�2
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� � T�����, S�=@? � ����  H�W@2-G�G L O + J�K'� 5 $�=�¡-¢ L�� W���� ( £����¤,�¥�¦�H
W )~ E +�§�¨ ���-,�¥�¦�H�W ?�( ���-, 5 W�2

O =







0 0 0

0 0 0

0 0 0






E =







1 0 0

0 1 0

0 0 1







©�ª £���� O , §�¨ ��� E +�«���¬  ®­ ��¯ .�W�°�± &I² .�2
³�´

1.11

(1) µ�¶ ( A, B, C ��v-S (A + B) + C = A + (B + C)

(2) µ�¶ ( A, B ��v-S A + B = B + A

(3) µ�¶ ( A ��v-S A + O = A

(4) µ�¶ ( A, B, C ��v-S (AB)C = A(BC)

(5) µ�¶ ( A ��v-S AE = EA = A

(6) µ�¶ ( A, B, C ��v-S A(B + C) = AB + AC

(7) µ�¶ ( A, B, C ��v-S (A + B)C = AC + BC

·�¸A¹�´
1.8 º�» 1.11 ��¼�½ 2·¾¸)¹/´
1.9 ��� (�| , ���A(/|)(/¿ 0ÁÀ +ÃÂ 6 DÅÄ�<Æ= 2

E � W�2 1
E +/Ç�È�É�Ê (AB = BA)

��J>Ë S T�.�Ì�~ 2
E + £pÍ�Î (A 6= O,B 6= O L AB = O ,�T�W����>~ %�Ï�S O + £���� ) (�ÐÑ L>� W�2 w H�Ò�H�Ó � ����Ô 2·�¸A¹�´

1.10
?���Õ�Ö�½ Ô 2

(1)







1 2 3

a 3 b

2 a 1













1 a 2

b 3 a

2 b 1







%�Ï�S a, b +�× K ( Ñ�Ø�Ù�Ú ( ª 2 Û�2

(2)







0 1 0

0 0 1

0 0 0







( 2 Ü-, 3 Ü

(3)







1 1 0

0 1 1

0 0 1







(�$ 6�Ü

(4)







0 1 0

0 0 1

1 0 0







(�$ 6�Ü

(5) i >= j ( P aij = 0 L�� W Ô 0IT���� A = (aij)
��v-S A3

�A¢IÝ-Þ�ß�à�(�á���â ,�¥�¦�H�W�ã Ú �

δij =

{

1 (i = j)

0 (i 6= j)
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L�y>z 5 W�2VG ( ,�6 E = (δij) ,�T�W�2 3 ? ��� ( °�± + � *-Fä¶�å���T�. Ô 0 ��N 9�W���~ ���� n ? ��� � ��9�W�,�6�G ( ã Ú +�æp� Ë E 2
2
E ( ��� A, B ��vVS AB = BA ��J�Ë 5 W�,�6�~ A , B +�ç�è (commutative) L�� W�,I.

0é2 αE ( " �'S�= .�W���� ��ê)ß�ë�à ���-,ì.10é2 ê�ß�ë�à ��� + µ)¶ ( ���-,/í È L�� W��@~î � µ�¶ ( ���-,Ií È T���� +�ê�ß�ë�à �>� ��ï W�2·�¸A¹�´
(∗)

1.11 ð ( Ì ����ñ�ò�½ Ô ((∗) � E . = .AW�ó�» +�ô-SIõ-S .�R & )2

3 ? ��� A =







a11 a12 a13

a21 a22 a23

a31 a32 a33







��v-S ~-G ( ��� � “ v�ö�÷ ” L�ø Fúù S�= L 6�W����







a11 a21 a31

a12 a22 a32

a13 a23 a33







� A (�û>ü i�j (transpose) ,I.�. tA , 4�5 2>J�K L 4�5 ,ý~ A = (aij) , 5 W�2 a′

ij = aji ,I}D ,�6�~ (i, j) J�K�� a′

ij L�� W���� (a′

ij)
� tA L 4�5 2�þ�ÿ���� ��v-SI? ��J�Ë 5 W�2

t(A + B) = tA + tB, ttA = A

·�¸A¹�´
1.12 ð�ã ( Ì ��ñ�ò�½ Ô 2

|A����S�=�+�? ��J�Ë 5 W�2 |�(���� � î � T <�= .�W�Ì ��� ¶�2
³�´

1.12 ��� A, B ��v-S t(AB) = tBtA

���
AB ( (i, j) J�K cij

+
cij = ai1b1j + ai2b2j + ai3bj3

L�� <�% 2 Ô <�= t(AB) ( (i, j) J�K + cji L�� W�2
* % tA, tB ( (i, j) J�K �)w H�Ò@H a′

ij , b′ij , 5 W�,ì~ a′

ij = aji, b′ij = bji L)� W�2 tBtA (
(i, j) J�K dij

+
dij = b′i1a

′

1j + b′i2a
′

2j + b′i3a
′

3j

T ( L ~ dij = cji ��K�R�W�2
·)¸�¹@´

1.13 �)� A � tA = A �
	'% 5 ,�6@~���
 A =







a11 a12 a13

a21 a22 a23

a31 a32 a33






, 5 W',@6�~

µ)¶ ( i, j � E . = aij = aji �@J)Ë 5 W',�6@~ A �
��� i j (symmetric matrix) ,I. 032�*% tA = −A ��J�Ë 5 W',�6�~ E *�F µ�¶ ( i, j � E . = aij = −aji ��J)Ë 5 W�,@6�����i�j
(alternating matirx) ,I.1032-G ( ,�6 ?���¼�½ 2

(1) As =
1

2
(A + tA), Aa =

1

2
(A − tA) ,I} D ,�6�~ As

+�v�� ����~ Aa
+�Ç�� L�� W�2

(2) A = B + C , 4-U H = ~ B � v�� ~ C � Ç�� ��� ( ,�6�~ B = As, C = Aa ��J�Ë 5 W�2
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·>¸A¹�´
1.14

v
� �>� A, B �/v-S A , B ��í È L�� W�ÌV, AB � v�� �>�V,I. 0äÌ +����
L�� W�Ì ��¼�½ 2
* % A, B � Ç�� ��� ( ,�6 +�� 0IT <�= .�W�R�� $ Ô 2
�>� A ��v-S

AX = E XA = E

,�T>W���� X � Ð Ñ 5 W�,�6�~ A +�ç�� (invertible) * %�+��� (non–singular) L�� W�,I.1032
³�´

1.13 A ��! ÊA( ,�6�ð ( Ô 0®T X +�� ¶ � L�� W�2
��
�~ Y � AY = E, Y A = E ��	p%½ ¦�~ X = Y L�� W�2
Ô <�= G (�B T���� X(= Y ) � A (�� i�j (inverse matrix) ,I.�.�~ A−1 L 4�5 2

���
Y = Y E = Y (AX) = (Y A)X = EX = X 2

³�´
1.14 A,B ��! Ê T���� ( ,�6�~ (AB)−1 = B−1A−1 ��J�Ë 5 W�2

·�¸A¹�´
1.15

?�( " ( ������! Ê L�� W %�"�(�#�$�% K�&�' ��(�" Ô 2

A =







a b c

0 d e

0 0 f







* % î ��� ��(�" Ô 2·�¸A¹�´
1.16 A ��! Ê�( ,�6 tA & ! Ê L�� F ~ (tA)−1 = t(A−1) ��¼�½ 2

A ��! Ê L�� W�&�' +�& 0 ô-S*)+" W�Ì�� L 6>W ; �>� A ��v-S AB = E ,�T�W����p� Ð Ñ 5
W�,�6�~ A ��! Ê L�� W�Ì ��¼ 5 Ì�� L 6�W�2 S R S G®H ��,�-�(�Õ�Ö L ¼ 5 Ì +�.�§ L + T�.�2/ L & 0 ô�SI����� T�0�1 N�(�2 L ñ�ò 5 W���~-G�G L + 2 ? ��� � E . = J)Ë 5 W�Ì ��Õ�Ö L3 = }-G�032

2 ? �)� A =

(

a b

c d

)

��v-S ad − bc ,I. 0 &�()� i�j�4 (determinant) ,�¥�5�~ D(A) L
4�5 2�����6 w�(�&�(�+����'( n ? �)� L�y�z�L 6�W���~¤G�G L + 2 ? ��� (�w H ����S�=�(�N7�8>5 W�2
³�´

1.15 2 ? ��� A, B ��v S D(AB) = D(A)D(B) ��J�Ë 5 W�2
º)» 1.15 Ô F AB = E ,�T�W 2 ? �)�'� Ð Ñ 5 W',�6 D(A) 6= 0 � ( �@B�� D(B) 6= 0 � ) K
R�W�2
9�:

1.16 2 ? ��� A =

(

a b

c d

)

��! Ê L�� W #�$�% K�&�' + ~ D(A) 6= 0 L�� F3~-G ( ,�6
î �>� +

A−1 =
1

D(A)

(

d −b

−c a

)

L�� W�2
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��� ;�< � B =

(

p q

r s

)

� Ð Ñ S�= ~ AB = E ��	p% 5 , 5 W�2

AB =

(

a b

c d

)(

p q

r s

)

=

(

ap + br aq + bs

cp + dr cq + ds

)

=

(

1 0

0 1

)

��J>Ë 5 W�2-G ( ,�6 pD(A) = d, qD(A) = −b, rD(A) = −c, sD(A) = a ��K�R�W�2U = A ��! Ê�( ,�6 A ( î �)� B + AB = E ��	�% 5 2-G ( ,@6�º�» 1.15 ( / (�� ¶ Ô F
D(A) 6= 0 ��KAR�W�2î � D(A) 6= 0 ( ,�6�~ p =

d

D(A)
, q = −

b

D(A)
, r = −

c

D(A)
, r =

a

D(A)
,I}�6�~

B =

(

p q

r s

)

,I} D ,I~ AB = E, BA = E ��K�R-F B = A−1 ��K�R�W�2
G (�ñ�ò�� 3 W�, AB = E ,I.10=&�'�R   BA = E ��>10úÌ���K�R�W�2
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