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1.5 ��
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1.17 U, V � R3 ���������������� U !�" V # ��$�% f &�'�(�) (linear map) *�+ ���,�- � 2 . ��/�0 ��1�2 ��3 *�+ �� 
(1) 4�5 � u, v ∈ U 6�798 f(u + v) = f(u) + f(v) :�;�< ���� 
(2) 4�5 � v ∈ U � 4�5 ��=�> α 6�798 f(αv) = αf(v) :�;�< ���� 
?�@

1.18 f : U → V ��A�B $�%9������ 9C�����D f(0) = 0E f(−x) = −f(x) :�;�< ���� 
FHG

0 + 0 = 0 IKJKL f(0 +0) = f(0) MONKPRQHSUT f MOVRWKXKY[Z]\_^a`cbHd f(0 + 0) = f(0)+ f(0)IeJRLgf f(0) + f(0) = f(0) JOhKijbHd f(0) kKlHmKZ f(0) = 0 kOncSgT
(−1) o = − oKpeq (−1)f( o ) = −f( o ) MUNrPtsguO\jSrJKLOf f(− o ) = f((−1) o ) = (−1)f( o ) = −f( o )
ZOIRSgT
v

1.19
���w��xty{za| ,~} 8g����� � *KE�����6K��� ��x�y{za| 6w��8K�K�9���  �w� �Kx�y�z|j�j�����j� � R2 �g���~ R2 !t" R2 # �K$w% f : - � 2 .t�K1�2 ���~D Aj� $�%��g� � � ,���j��x�y{z�|������9���9����� *�+ �� 

(1) 4�5 � u, v ∈ R2 6�798 f(u + v) = f(u) + f(v) :�;�< ���� 
(2) 4�5 � v ∈ R2 � 4�5 ��=�> α 6�798 f(αv) = αf(v) :�;�< ���� � x�y{z�| ���j� x�y{z�|9����  ��Ej¡�¢�£�¤�6 θ ¥�¦9§�¨ �K$�% � f ������ 9C��t��D f :
/�0 ��1�2 ��3 : � ! ��� *�E f

, A©� $�% 6�� �� x =

(

x1

x2

)

, y =

(

y1

y2

)

, y = f(x) ���
���KD E���ª�«���¬ ��­ 6�®�¯���°9���  

x : x ± � � ��² � α � 8~E |x| = L �R�³��� E x1 = L cos α, x2 = L sin α *�+ �w t´ 2
y1 = L cos(θ + α), y2 = L sin(θ + α) � � ��� *�E�µ�¶�·�¸9��¹ y1 = L cos θ cos α − L sin θ sinα,

y2 = L sin θ cos α + L cos θ sin α � ��¹ºE y1 = cos θx1 − sin θx2, y2 = sin θx1 + cos θx2
� � �� �»

¼ *K½ �9� E
(

y1

y2

)

=

(

cos θ − sin θ

sin θ cos θ

)(

x1

x2

)

� � �� 
- 6w¾©A y = αx 6©� �¿�wÀ ¹ÂÁÃ8�*wÄ ´Å��$Å% � g �Æ�³�Ç �CÇ� g :ÇA©� $�% 6©� �©� ,

f �Ç�wÈ 6�É¿!�¯¿"ËÊ �w x =

(

x1

x2

)

, y =

(

y1

y2

)

, y = g(x) �Ë�¿���ÇD E��Çª�«¿��¬ �
­ 6�®¿¯©�Ç°Ã�³�  �x¿yÌzÍ| ���Å� x³yÎzº|Ã�Æ�³ Å�³��D E x¿yÌzÍ| x :�½ � ¢¿� P E x¿yÎz| y :Ç½ � ¢³� Q �Ë�¿�Ç A � PQ � £Ç¢ , y = αx �ÇÏ ��� *ÇE (x2 + y2) = α(x1 + x2)

:�;�< ���� A � PQ � ¾ÅA y = αx
, ¾©Ð �¿��� *ÇE y2 − x2

y1 − x1
α = −1 :�;Å< �³�� 9C Ê¿��Ñ

�©� y1 =

1

α
− α

α +
1

α

x1 +
2

α +
1

α

x2, y2 =
2

α +
1

α

x1 +
α −

1

α

α +
1

α

x1
� � �Ç ¾©A y = αx : x

± � � �Å² � θ �ËÒÃ��� E α = tan θ =
sin θ

cos θ
� � *wÓÅÔ �³��� y1 = cos(2θ)x1 + sin(2θ)x2,
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y2 = sin(2θ)x1 − cos(2θ)x2 ��Õ �Ç �» ¼ *�½ �Ã�
(

y1

y2

)

=

(

cos(2θ) sin(2θ)

sin(2θ) − cos(2θ)

)(

x1

x2

)

� � �� (1)

Aj� $�% ,�Ö §���×   ��Ø9Ù � 6�Ú ��Û�Ü * , ��Ø  �Ý� �Þ x ß�à , 2 á�E y ßtà , 3 á �¿�È � $�% E�«�*�â ���
(

y1

y2

)

=

(

2 0

0 3

)(

x1

x2

)

Ù�Aj� $�% *�+ � 8�E x ±�# ��ãjä�å E�«�*�â ���
(

y1

y2

)

=

(

1 0

0 0

)(

x1

x2

)

Ù�Aj� $�% *�+ �� 
?�@

1.20 f : U → V ��A�B $�%9������ Ker(f) = {u ∈ U | f(u) = 0},

Im(f) = {v ∈ V | v = f(u), u ∈ U } ��Ò9��� E Ker(f)E Im(f)
, ������� *�+ �� Ker(f) ��A

� $j% f ��æ (kernel)E Im(f) ��A�� $�% f � ) (image) � Ø{�  
FHG

W MgçRèeécêKLeëRSKìRíKîRï W MOf (1) éKðRñjLRIO\Kf (2) W JOòjó[ôöõjJU÷jMRøeì W îOùjøUúSOf (3) W JOòjótôöõjJOûKüjJOýKþeÿjMKøeì W îOùjøgúHSgfHJ 3 �HJ ��� k��Hu����eb��eìgT�	eú�
eújî
�e\cu��
���góOQKú����g\eTø������Hî Ker(f) î��K\cu : (1) f(0) = 0 IKJeLgf 0 ∈ Ker(f) LKëeSgT (2) � , ��k Ker(f) JgûeücJgòó ô õtZ]QjSjZ]f f( � ) = 0, f( � ) = 0 MONRPtsOug\jSOT��eJjZ�� f( � + � ) = f( � ) + f( � ) = 0 + 0 = 0 ZI
��� + � ∈ Ker(f) MgèHbKSgT (3) �[k ker(f) JUûrüjJOòjó ôaõef α kgûeüjJ ýKþ Z Q SgT f( � ) = 0 �
�Íf f(α � ) = αf( � ) = α0 = 0 ZOI��Íf α � ∈ Ker(f) MgèHbKSOT� î Im(f) î��e\ju : (1) 0 ∈ U IeJKL f(0) ∈ Im(f) LKëeSKMOf f(0) = 0 IKJeLgf 0 ∈ Im(f) LKëKSOT
(2) o , �wk Im(f) JgûRüjJOòcótôöõtZ QjSOT ��!��
� U JOòjótôöõ"� , ��M�#%$tsguOf~o = f( � ), � = f( � )
ZOIRSgT&� + ' ∈ U Leë��Íf f( � + � ) = f( � ) + f( � ) = o + �¿ZOIKSKJeLgf�o + � ∈ Im(f) ZOIKSUT (3) o
k Im(f) JgûKüHJ òjótôöõrf α kgûKüHJgýrþtZ]QjS TjëeS U Jgò ótôöõ(�[M�#�$ sguÃo = f( � ) ZOIKS T
�eJcZ�� f(α � ) = αf( � ) = α o³ZOIKSKJeLUf α o ∈ Im(f) ZOIKSOT
v

1.21
» ¼ A 6�798 R3 !�" R3 # ��$Å% fA � fA(x) = Ax *�·*) ���� 9C�����D�» ¼ 6Å����K�*+ ¶*,�!�" A(x + y) = Ax + Ay :�;w< �t�� ©´ 2 A(αx) = αAx Ù�;�< ����� *�E fA

,
A�� $�% 6�� �� 

A =







0 1 2

1 2 3

2 3 4







������ 9C�� fA 6�798 Ker(fA) � Im(fA) ��®�¯���°9���  

x =







x

y

z






∈ Ker(fA) ������� E Ax = 0, -/. y + 2z = 0, x + 2y + 3z = 0, 2x + 3y + 4z = 0

:�;j<98�� Ü Ê Þ ��"���Ø  9C�� «*09��¹ x− z = 0, x + y + z = 0 ��Õ �� �1 6 C���/w0�����D
x ∈ Ker(fA) � � �� 

(1) 2�354
6725358�9;:5<�=5>�?5@BA�C;DFEG>5HBIKJML�9;NFOPA;QBR5SPT5:�<VU�W59
2 XBY�Z 6\[B];^�_5`F6G[5a5T%]cbd5e 9�f5]5g595UihBj5A;k5l�a5lBm;b
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y ∈ Im(fA) ����D E x =







x

y

z






∈ R3 :VnFo98�� y = fA(x) p Ax � â Ü��� 







2

3

4






= 2







1

2

3






−







0

1

2






� � *�E

Ax = x







0

1

2






+ y







1

2

3






+ z







2

3

4






= (x − z)







0

1

2






+ (y + 2z)







1

2

3







� â ÜÅ�� *1 6 y = p







0

1

2






+ q







1

2

3







�rq 6�7Ã8 x =







p

q

0







� � ��� y = fA(x) � � *�E
y ∈ Im(fA) *�+ �� 
��s��

Ker(fA) =











x =







x

y

z






∈ R3

∣

∣

∣

∣

∣

∣

∣

x − z = 0, x + y + z = 0











Im(fA) =











y ∈ R3

∣

∣

∣

∣

∣

∣

∣

y = p







0

1

2






+ q







1

2

3






, p, q ∈ R











=

〈







0

1

2






,







1

2

3







〉

� � �� Ker(fA) �Vt�; q �Vu©Ø���â D ½ �©3 Ù�* D��� x =







x

y

z






� Ker(fA) � 4�5 �Vq9�

���K 9C��t��D z = x, y = −x − z = −2x � � * x =







x

y

z






=







x

−2x

x






= x







1

−2

1







� � �

� * Ker(fA) =

〈







1

−2

1







〉

� � �� 

v*wyx�@
1.17

- ��» ¼ *�½*z9§�Ê � A�� $�% fA 6�798 Ker(fA) {*| Im(fA) ��®�¯��  

(1) A =







1 1 0

1 2 0

1 3 0






(2) A =







1 −1 1

3 2 8

2 1 5







(3) A =







1 0 0

2 0 0

3 0 0






(4) A =







1 2 3

0 1 0

1 0 1







v*wyx�@
1.18 U, V, W � R3 ���j�������g���� f : U → V , g : V → W ��A�� $�%����t��� E� ; $�% g ◦ f Ù�Aj� $�% *�+ ��C�� �V}�¨  

f : U → V :V~�# � 1 7 1 $�% *�+ ����D E 1�$�% f−1 Ù�Aj� $�% *�+ ��3 �V}�¨  
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?�@
1.22 f : R3 → R3 �KAwB $�%����t�� C~�t�~D 3

- » ¼ A :�nFo�8��~4j5 ��x�y z | v 6
798 f(v) = Av :�;�< ���� 9C���» ¼ A ��A�� $�% f � ½*z » ¼ � Ø{�  

f : R3 → R3, g : R3 → R3 ��A�B $�%9������ A � f � E B � g � ½*z » ¼ ������ ÃC����D BA
,

g ◦ f � ½*z » ¼ *�+ �� 
F[G �

1,
�
2,
�
3 k��r�cò©ó³ô õ³Z Q©SRf���� � 1 =

(

1
0
0

)

,
�
2 =

(

0
1
0

)

,
�
3 =

(

0
0
1

)

Z Q[SËT
(

a11

a21

a31

)

= f(
�
1),

(

a12

a22

a32

)

= f(
�
2),

(

a13

a23

a33

)

= f(
�
3) Z�����f A = (aij) Zc� mÍT��KJ©Z � ûrü

JRò�ó_ô�õ{o =

(

x

y

z

)

î��_s f( o ) = A o�MËNrP�Q©S `©k��rQÆTÇo = x
�
1 + y

�
2 + z

�
3 Z���Qr`©M

L&�rSrJ�L f f( o ) = f(x
�
1 + y

�
2 + z

�
3) = f(x

�
1) + f(y

�
2 + z

�
3) = f(x

�
1) + f(y

�
2) + f(z

�
3) =

xf(
�
1)+yf(

�
2)+zf(

�
3) = x

(

a11

a21

a31

)

+y

(

a12

a22

a32

)

+

(

a13

a23

a33

)

=

(

a11 a12 a13

a21 a22 a23

a31 a32 a33

)(

x

y

z

)

ZUIeSUT
f J���������k A Z QjS Z]ûKüjJOòjó ôaõ oHî��ts f( o ) = A oHMONKPKQHSgT g J�������� k B Z]QjS
Z ûRücJOòcó[ôaõ owî�� s g( o ) = B ocMUNePRQcSgT��RJcZ��gûRücJOòcó[ôaõ oHî��ts (BA) o = B(A o ) =

g(A o ) = g(f( o )) = (g ◦ f)( o ) ZUIeSgT
v

1.23
$w% f � z ±t6�� �t� θ ¥~¦ �g�t�� u � v :�� � � » 4 �jB � 7 ² At*B�   "�Ê �KxyÌz�| : u + v *Å+ �� 9C�� � » 4 ��B³� θ ¥�¦Ã§Æ¨���Õ9"ÆÊ � � » 4 �ÅB , f(u) � f(v) 6

��sr�F�t"gÊ��KØ �� C~� 7 ² A , f(u)+f(v) *w+ � :KE C Ê , u+v � θ ¥K¦9§�¨t2 f(u +v)

*�+ �� �Vsj� f(u + v) = f(u) + f(v) :�Õ9"gÊ �� ©��È 6 f(αv) = αf(v) : � ! �� f
, Aw�$�% *�+ �� 

f �w½�z �³�c» ¼ � A =







a11 a12 a13

a21 a22 a23

a31 a32 a33







�~�¿�w e1 =







1

0

0






� f * $ 8c2�Ù � ,







cos θ

sin θ

0






*�+Ã¹ºE e2 =







0

1

0






� f * $ 8w2¿Ù � ,







− sin θ

cos θ

0






*Å+�¹ E e1 =







0

0

1






�

f * $ 8�2�Ù � ,






0

0

1






*�+ �� f(e1) =







a11

a21

a31






, f(e2) =







a12

a22

a32






, f(e3) =







a13

a23

a33






�

� *
A =







cos θ − sin θ 0

sin θ cos θ 0

0 0 1







: � ! �� 

v*wyx�@
∗
1.19 x =







1

1

1







�����~ x ��±�6t8�2 θ ¥�¦t*V�   "�Ê �K$�% � f ���t�� �C��
��D f � ½*z » ¼ ��®�¯��  
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