
�������
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2.3 ���������
2.10 n ������������� � Kn !#"�$�%�& V '

(1) V 6= Ø

(2) (�) ! ������� v1, v2 ∈ V *#+-, v1 + v2 ∈ V

(3) (�) ! α ∈ K ./(�) ! �����0� v ∈ V *#+-, αv ∈ V

! 3 1 !#2�3�4#5�6#7-8#!�4 (Kn ! ) 9�:<;�= (subspace) ./>�>�?
V < Kn

./@BA 7DC"E$ ����F#G�HDI�J Kn 4#K I�L#?�M#I-NPO 4#Q�R L#?TSVUXW<YTZ#[�\�] !_^�`�a '�b�J cdNe�fEg#h ���B. Q R�i IBJ C M�jk'�j !l%�& V 4 cm���n���E��� h .#olp�q a#r-s I�J<'�t�uwv Cx�y{z ,#* g y#x�| > a � 4#}�~�7 J C
tEJ#��� ! n ��������������� Kn !#"�$�%�& V '
(1) V 6= Ø

(2) (�) ! ������� v1, v2 ∈ V *#+-, v1 + v2 ∈ V

(3) (�) ! α ∈ K ./(�) ! �����0� v ∈ V *#+-, αv ∈ V

! 3 1 !#2�3�4#5�6#7-8#!�4 (K � ! ) ��������;�= (vector space) ./>�v C
j !#� , x }�~ , 6 ��������� � ! ��* 8/"E$ ����./>�v���� 4#}�~ 'Eb�J C V, W 4 ����������B. 7 J C W a V !k"�$�%�& * g�� L#>�J�.#b#? W F V ! 9�:�;�= (subspace) ./><>�?

W < V

./@BA 7DC
V 4 �������E����. 7 J�.#b#? V N/Ow. {0} F V !#"�$ ����* g J C j/I i#4 (V ! ) �#���
9�:E;�= (trivial subspace) ./>�v C
���

2.11 V 4#��� ���#? v1, . . . , vk
4 V ! �������-. 7 J C j !��

{ c1v1 + · · ·+ ckvk | ci ∈ K }

F V !#"�$ ����* g J ( �����#� 2.10) a ?-j !#"�$ ��� 4 v1, . . . , vk '#��� s I�J "�$ ����.>�>E? 〈v1, . . . , vn 〉 '#@-,/? v1, . . . , vn '#���-�/���#9�:�;�=�./>�v C
c1v1 + · · ·+ ckvk

4 v1, . . . , vn
!#������� (linear combination) ./>�v C
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 �¡�¢#£
2.10 �����¤���¥� V . V ! �����¤� v1, . . . , vk *#1�>�L 〈v1, . . . , vk 〉

a V !#"$ �B��* g J#q 4#¦�§�C¨
2.12 ����������� V 4

V =



































x

y

z

w













∈ K4

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

x + y + z + w = 0























. 7 J C v1 =













1

2

3

−6













, v2 =













1

0

0

−1













, v3 =













1

0

−1

0













.ª© x .ª? v1, v2, v3 ∈ V '�t�J C j
! .#b W1 = 〈v1 〉, W2 = 〈v1, v2 〉, W3 = 〈v1, v2, v3 〉 ./© x . W1 ⊆ W2 ⊆ W3 . g�� L#>�J C
v2 6∈ W1 ? v3 6∈ W2 '�t y ? W3 = V

g ! ' W1 6=
⊂ W2 6=

⊂ W3 = V '�t�J C �¡B¢#£
2.11 (1) v2 6∈ W1 (2) v3 6∈ W2 (3) W3 = V 4 M#I�«kI ¦�§�C

¬® �¯��°¥����¯�±³²µ´E¶µ·¹¸Bº¼»k½¼¾k¿k´À¶kÁ¼ÂkÃBÄÆÅEÇµÁÉÈkÊkËÀÌ¹ÍÀÎkÏ
n ÐµÑkÒEÓÕÔ0Ö ´E¶E×ÆØBÙ¼ÚEÛ¹ÎµÜ³Ç¹ÝÞµß

2.13
±¼²³´_¶

V
Ìà¾P¿âá³ã

U
Á Ð Ì 3 ä ÌÉåPæèçêé_ëÉìí×Éî V

ÌêïPð³ñPò
(subspace)

×ôóPó³È
U <

V
×{õEö¼ìâÝ

(1) U 6= Ø

(2) ÷kø Ì ÒEÓÕÔ0Öúù 1, ù 2 ∈ U
·¼¸Bº ù 1 + ù 2 ∈ U

(3) ÷kø Ì α ∈ û × ÷³ø Ì ÒÀÓBÔ0Önù ∈ U
·¹¸Õº

α ù ∈ Uü
2.14 (1) û n[x], û [x]

çÉý
2.5
Ì

(6)
Ì³½µÌè×þìEÇè×þÈ û n[x]

Ï û [x]
ÌÉ¾³¿k´è¶³ÎµÜ³ÇÉÝ û 2[x]

çÿ�� ÇâÝ��kÌ¹áµãEÌ Ñ Ï 2 Ð���� Ì	��
µË��µÌ#Î f(x) = a2x
2 + a1x + a0

×���kÇ¹ÝÀ½��
1 ä Ì Ñç

g(x) = b2x
2 + b1x + b0

×ÆìEÇE×þÈ
f(x)+ g(x) = (a2 + b2)x

2 + (a1 + b1)x + (a0 + b0)
×������E½

2 Ð ËÀÎkÜµÇ¹Ý����������E½µÚ��À·kÎkîµÇ¹Ý
(2) I = [0, 1]

×{ìEÇ¼Ý
C(I),D(I)

ç¹ý
2.5
Ì

(7)
È

(8)
×ÆìEÇÀ×{È

D(I)
Ï

C(I)
Ì¹¾³¿µ´E¶µÎkÜkÇ¼Ý

(3) V
ç¼Øè»kÌ������³Ø� EÁ�!ÀÇÉ±k²µ´E¶

(
ý

2.5(11)), F
ç�"�#�$&%('*)+���kØ� �,.-��µÇ¹±³²k´À¶

(
ý

2.5(12))
×{ìèÇ¹Ý��kÌ�/

F
Ï

V
Ì¹¾µ¿k´À¶kÎkÜµÇÉÝ

(4)
ý

2.5
Ì

(13)
Ì¼±k²�0k¿�1�2kË

L : y
′′ − y

′ − 2y = 0Ì�����3kØ� �,�-��kÇ¼±k²k´À¶kç
De(L)

×*4BÙ³×
De(L)

Ï
D( 5 )

Ì¼¾k¿³´À¶kÎkÜµÇ¹Ý
3Eç�6�7���3kØ� Õ×{ìÀÇE×*8µÅEÏ

D( 5 ; 9 )
Ì¹¾k¿µ´E¶µ·��kÇÉÝ

:�;.<�=
2.12

ý
2.14
ç�>�?�@�A¼Ý

2.4
¬�CBED

���
2.15 U, V 4 ��� ��������. 7 J C U F i V G !IHKJ f a � ! 2 1 !MLKN�4#5�6#7 .#b ��KO�P (linear map) ./>�v C

(1) (�) ! u, v ∈ U *#+-, f(u + v) = f(u) + f(v)

(2) (�) ! v ∈ U ./(�) ! α ∈ K *#+-, f(αv) = αf(v)Q�R f *�F 3 ����������� !ISE& .UT xIVXW '�t�J C
34



¨
2.16 (1) U = V = R . 7 J CKYKZ � !#���KHKJ .#FI[K\^] ! q�'�t�J C f 4 U F i V G!#���KHKJ . 7 J¥./? YKZ a aI_K` ,DL#(�) !IYKZ x *#+-, y = f(x) = ax a �Ka 7 J CbXc YKZ F iUYKZ G !#���KHKJ F cd[K\K] h '�t�J C

(2) U = V = C . 7 J CKegf^Z � !_���^HgJ�8 (egf^Z�! )ih�' ! ) [^\g]�'Tt�J CKegfgZ
α aM_g` ,#LD?�(�) !jegfKZ z *_+�, w = T (z) = αz a �^a ,#LD>�J C jªI�F e^fgkgl
F imeKfgkKl G !IHgJ 'Tt�JKF i α 4 FKn�J�. | v g JKF Q�R Ljoqp�v CKeKfKZ z F YKZ
x, y 4Ir >�L z = x + iy .UsXn�J C H 6MeKfKZ w 4IYgZ u, v 4Ir >�L w = u + iv .Us�>
L_© x C α !Mt +gu 4 r ?wvgx 4 θ . 7 J¥.P? α = reiθ .P@¥A s I¥J (ygz¥Z_[ !j{ R :

eiθ = cos θ + i sin θ)C�|K} * |α| = 1 !ISE&�4#Q R J C w = αz = eiθz = (cos θ + i sin θ)(x +

iy) = (cos θx − sin θy) + i(sin θx + cos θy)
g ! '#?

(

u

v

)

=

(

cos θ − sin θ

sin θ cos θ

)(

x

y

)

. g J C 1�H y eiθ 4 FKn�J#q�F θ ~KnK�I� s/§ J#q 4 )Xh 7 J C |α| = r aI�K��! .#b�F#?
j/I�* s<i * r 4 FKn�J a ?¥j !I��� F<FI�K��F i#!��K��4 r \�* 7 J#qB* g J C p � L e
fKZ ' ! [K\K]-.#F#?�t�JIxK�X~�nK�I� s/§ M !I�K�-s#4I� \XF�*�, 6�8k! '�t�J C

(3) U =

















x

y

z






∈ R3

∣

∣

∣

∣

∣

∣

∣

x + y + z = 0











? V = R2 . 7 J C
f : U−→R2 4

f













x

y

z












=

(

x

y

)

' }�~�7 J�. f FI[K�K� (projection) .#oK�#I�J ���KHKJ * g J C
(4) U = Kn, V = Km . 7 J C j<jk' m, n FEt�JBNU� ZEC m, n ��� A 4 1 1�� }�7 J C j !

A *#+-, HKJ fA : U → V 4 fA(x) = Ax ' }�~�7 J�./? fA F �T�KHKJ '�t�J C j ! fA4 �K� A *Xp y } H�J ���KHKJ ./>�v C
] 2.16 ! (4) !I��a �Ka 7 J C bXc � a � y a�1 C
�K�

2.17 Kn F i Km G !#���KHKJ f *#+-, (m, n) �K� A aI_K` ,#L f(x) = Ax . g J C

��� �
i = (δij)

×*4ÕÙôÝ
f(
�

i)
Ï û m

Ì ÒíÓBÔ Ö �µÌ#Î��¹ÅÀç f(
�

i) =









a1i

a2i

...
ami









(i = 1, . . . , n)
È

A =

(aij)
×*�ÕÙôÝM�

=







x1

...
xn







·¼¸Bº(�
= x1

�
1 + · · · + xn

�
n

�kÌkÎ

f(
�
) = f(x1

�
1 + · · · + xn

�
n)
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= x1f(
�
1) + · · · + xnf(

�
n)

= x1









a11

a21

...
am1









+ · · · + xn









a1n

a2n

...
amn









= A
�

}�� 2.17 ! �K� A ! q 4#���^HKJ f 4I�K�K  �I¡K¢ .#o#p (1) C Kn £K¤�!IST&�!#���KHKJ�!
@K¥B*#1�>�L 8U� 'I¦�v C
��� !I§ . HKJ�!I§ (& �X¨ Z ) *#1�>�L�F#� a �Ka 7 J C ./>�vUF Y F�j !#}K��a �Ka 7 JXp
v/*��K� !I§�4#}�~ , 6 AKn�'�t�J C
�K�

2.18 f 4 Kn F i Km G !#���KHgJ ? g 4 Kp F i Kn G !D���KH^J . 7 J_? }g� 2.17

p y HKJ f 4 @K¥ 7 JI��� 4 A ? HKJ g 4 @K¥ 7 JI��� 4 B . 7 J . HKJ f ◦ g ( & � H�J ) 4 @
¥ 7 JI�K��F AB '�t�J C
 �¡B¢#£

2.13
}K� 2.18 4I©Xª#§ p C

���
2.19 U, V 4 ���V� ����� . 7 J f 4 U F i V G !<� Q HgJ . 7 J C j ! .Db Im(f) =

{y ∈ V | y = f(x), x ∈ U } 4D���gH^J f !jP (imarge) ._o_p C ker(f) = {x ∈ U | f(x) = 0}4#�E�KHKJ f !I« (kernel) ./>�v C Im(f) < U , ker(f) < V a �Ka 7 J (→ �����#� 2.14) C
 �¡B¢#£

2.14 f 4 �B�����<��� U F i � �����E��� V G !#����HKJ . 7 J�.#b Im(f) < U ,

Ker(f) < V 4#¦�§�C
¨

2.20 A 4 (m, n) �K�-. 7 J C j !��
Ker(fA) = {x ∈ Kn | Ax = o}

Im(fA) = {y ∈ Km | y = Ax, x ∈ Kn }

'�tEJ C�¬K ] 4lQ�R p�v C A =













1 2 3 4

5 6 7 8

9 10 11 12

13 14 15 16













. 7 J C x =













x

y

z

w













. 7 J C j ! .#b

Ker(fA), Im(fA) 4I¬K f *Is�b#@-,#LIoqp�v C Ax = 0 F 4 1 ! 1 �K®K¯ R
x + 2y + 3z + 4w = 0

5x + 6y + 7z + 8w = 0

9x + 10y + 11z + 12w = 0

13x + 14y + 15z + 16w = 0

(1)A ° f ±&²´³¶µ�·¹¸&º¶»¶¼¶½¶¾ A °¹¿�À´ÁÂ°�Ã¶Ä¶Å´Æ
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'#@ s I�J a ?KÇ Q 7 J�. 2 1 ! ®K¯ R
x + y + z + w = 0

x + 2y + 3z + 4w = 0

. V u�'�t�J#q a#$ F�J C p � L x, y F z, w 4Ir >�L x = z + 2w, y = −2z − 3z .Us�n�J ! '#?

Ker(fA) =























x =













z + 2w

−2z − 3w

z

w













∈ K4

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

z, w ∈ K























=

〈













1

−2

1

0













,













2

−3

0

1













〉

. g J C y =













X

Y

Z

W













= Ax . 7 J�./? Y − X = 4(x + y + z + w), Z − X = 8(x + y + z + w),

W − X = 12(x + y + z + w)
g ! ' X . Y 4Ir >�L Z = −X + 2Y , W = −2X + 3Y .UsXn�J! 'k?

Im(fA) =























y =













X

Y

−X + 2Y

−2X + 3Y













∈ K4

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

X, Y ∈ K























=

〈













1

0

−1

−2













,













0

1

2

3













〉

. g J C
 �¡B¢#£

2.15 � ! �K� A *#+-, fA
!IÈ Ker(fA) . J Im(fA) 4IÉXÊ p C

(1) A =













0 1 1 1

0 0 1 1

0 0 0 1

0 0 0 0













(2) A =













0 1 0 1

1 0 0 1

0 0 1 1

1 1 0 0













(3) A =













0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0













(4) A =













0 0 1 1

0 0 0 1

0 0 0 0

0 0 0 0













(5) A =













1 2 4 5

1 2 3 5

5 4 2 1

1 1 1 1













(6) A =













0 0 1 1

0 0 0 1

0 0 0 0

0 0 0 0













���
2.21 ��������� � U F i ���������B� V G !#�E�KHKJ f a 1 + 1 �KG !IHKJ (2) '�t�J �

f 4KË#�KO�P (isomorphism) ./>nv C 2 1 !#�<� ��� ! ��* V ��HKJ�a�_K`�7 J � U . V F Ë#�
(isomorphic) '�t�J�./>�>�? U ∼= V .Us x C

(2)f : X−→Y Ì 1 Í 1 °´Î f(x1) = f(x2) ÏÂÐ x1 = x2 ºÒÑ¶ÓÂÔ´½&¾�°ÕÎ�Ö¶×ÂÔ y ∈ Y Ø´Í�· y = f(x) °´Ï¶Å´Ù
x ∈ X Ì¶Ú&Û¶ÜÂÅ´Ý¶Þ+Ä¶Å´Æ
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] 2.16 '#>�v#.
(1) a 6= 0 ! .#b V � ?�M-v/' g > � F V � ' g > C
(2) α 6= 0 ! .#b V � ?�M-v/' g > � V � ' g > C
(3) f F V �KHKJ * g J C
(4) m 6= n ! .#b�F V �KHKJ * g i g > C m = n ! .#b#? A a [KßK�K��'�t_IX� V �KHKJ ?�M
v/' g n#IX� V �KHKJ ' g > C�6 ~�,�j ! q Y�!I©Xª F � ��,�. 7 J C �¡B¢#£

2.16 � ! q Y�4I©Xª#§ p C
¬® �¯�iàwá ¬� ���iâ�° ¬�EBEDÞµß

2.22
±³²k´À¶

U
,�-{±µ²k´À¶

V ã Ì�ä�å T
Á Ð Ì 2 ä Ì¼åkæÀç¹éEë¼ì+/�æ�ç�è�é (linear map)

×óê� Ý
(1) U

Ì ÷kø Ì ÒEÓÕÔ0Ö � , ë ·¹¸Õº¹»
T (
�

+ ë ) = T (
�
) + T ( ë )

(2) U
Ì ÷kø Ì ÒEÓÕÔ0Ö �Õ× ÷µø Ì�������� α

·¼¸Bº
T (α
�
) = αT (

�
)

ó Ù ä ,µÌ¹ýEç�ì�A(� Ý
ü

2.23 (1) U = V = M(2 ; û )
×ÆìEÇÉÝ

A =

(

a b

c d

)

∈ M(2 ; û )
·¹¸ º

V
,�-

V ã Ì�ä+å T
ç

T (X) = AX (X ∈ V )Î¹ÂkÃµìEÇÀ×
T
Ï

V
,�-

V ã Ì¹±µ²�ä�åEÎkÜµÇ¹Ý
S(X) = XA

×{ÂµÃkìEÇÀ×{È
S
½

V
,.-

V ã Ì¼±k²�ä�åEÎµÜkÇÉÝ�í����µÌkÎ�î�ï S 6= T
ÎkÜµÇ¹Ý

(2) U = V = 5 [x]
×*4Àî¹È

f(x) ∈ V
·¹¸Bº8EÌ�ð�ñ��Àç�ò � Ç���
kË

f ′(x)
ç¹¸�óÕÄ*@ÀÇ�ä�åÀç

D
×ìEÇ¹Ý

D(f(x)) = f
′(x)�kÌ�/

D
Ï¹±k²�ä�åÀÎkÜkÇÉÝ��¹ÅÀç 5 n[x]

·�ô�õÀº¹ëµ½kÌk½ 5 n[x]
Ì¼±k²�ä�åEÎ³ÜµÇ¹Ý

(3) U = C(I)
×{ìÀÇ

(I = [0, 1])
Ý 5 ç 1 ÐkÑµÒEÓBÔ Ö ´À¶E×*ìÀÇ¹Ý U

,�- 5öã Ì�ä�å J
ç

J(f) =

∫ 1

0

f(x)dx

Î¹ÂkÃµìEÇÀ×
J
Ï¹±k²�ä�åèÎµÜkÇ¹Ý�÷kë

f ∈ U
·¹¸Bº

g(x) =

∫

x

0

f(x)dx

ç¹¸øóBÄ@EÇ	ä�åÀç
K
×ÆìíÇ¹Ý ä ÷�� K(f)(x) =

∫ x

0

f(x)dx
×Æì�Ç¼Ý��µÌ

K
Ï

C(I)
,�-

C(I)

ã Ì¹±µ²�ä�åEÎkÜµÇ¹Ý
(4) U = V

ç	"�ùU$ú%�'û)	�m�âØ+ _Ì ä ÙêÇà±â²³´_¶_×þì Ç_×þì ÇàÝ&ü = {ai}
·à¸íº^ý

= {bi}
ç

bi = ai+1

(i = 1, 2, . . .)
×ÆìEÇè×{ÈIü

∈ V
ÌÀ×¹îêý

∈ W
Á¼¿EÇ¼ÝIü_·¹¸Õº(ýâç¹¸�óBÄ*@ÀÇ

( þ " Ô ×�ÿ��¼ÅEÇ )ä�åEç
S
×{ìÀÇE×

S
Ï¹±µ²�ä�åEÎkÜµÇ¹Ý
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(5) U = V = { y | y′′ − y′ − 2y = 0 }
×ÆìEÇ¹Ý

y(x) ∈ V
·¹¸Õº

y′(x) ∈ W
×��µÇkÌµÎ

y(x)
·¼¸Bº8EÌ

ð�ñ��
y′(x)

ç¹¸�óÕÄ*@ÀÇ�ä�å
D
ÁÉÂkÃEÎµîkÇµÁ��¹ÅÀÏ¹±µ²�ä�åÀÎkÜµÇ¹Ý

:�;.<�=
2.17

ý
2.23
ç�>�?�@�A¼Ý

:�;.<�=
2.18 T

ç¹±³²µ´è¶
V
,�-

U ã ÌÉ±k²+ä�å³È S
ç

U
,�-

W ã Ì¹±³²�ä�å ×{ìèÇÀ× S
×

T
Ì

ã���ä�å
ST
Ï

V
,�-

W ã Ì¼±k²�ä�åEÎµÜkÇø�E×¼ç���@kÝ�÷µë¹È T
ÁµÚ¹²�ä�åíÌ�/���ä�å

T−1
½¹±µ²�ä

åÀÎ³ÜkÇ��E×¹ç���@µÝ
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