
�������
I ��� #10 2003–7–3 	�


2.6 ������������������������� "!�#��$��%&('*),+.-0/*1(24305*687�9;:=<?>4@BA�C064D(EBF4G�HJI�K*L8M*N8O�@0PRQ4S*QUT�V?C4'B)W+X-/*1
V
F4YZQ4>�24[�\BC43�5�7�9*6�24D�E�@*F*]=@�^�_Z`=acb4A4P�d*S*e=f*g*h*ijP

V =

















x

y

z






∈ K3

∣

∣

∣

∣

∣

∣

∣

x + y + z = 0











k Q(hBilPnm(o?C4'B)W+X-
x ∈ V

2
x =







x

y

z







kUp
q A(N4r

x, y, z
24m�o*6�2�L*]

x + y + z = 0
k @Wits�u?v4w*x4y�z�{*N�|�A4P

T�}
V
C�~�� k Q�>

f
1

=







1

−1

0






, f

2
=







1

0

−1







N k <*A�C�6
V
C�m�o�C4'$)W+�-

x
2

|�A������4�
a1, a2

v���@*>
x = a1f1 + a2f2

k�p ]=��N�6���A�P(�����
V
F�2������ k Q4>

f
1
, f

2

N8�?�Be�<B>4@BA kU� A45 q 60|(A4PBb8C k � [ a1

a2

] v8'*)�+�-
x
C���70�(�RQJ>8@?A*`

C kU� �(AJ�BN(6��0A
(  C8'?),+.- k8¡8¢ yBA0x�g8£(¤0¥ k Q4x )

P8¦B§
x
C¨��70�(�©v [ a1

a2

]r

y
Cª�«7����*v [ b1

b2

] k y*A k
x + y

C¬�«7����*2 [ a1 + b1

a2 + b2

] k L��>4@*A4P��®7���� k @Wi
¯�° v���§�± k=²�³ y*A�x�g4´*C4µ�¶*v ²(³ y*A4P

V
C8~(�

f1, f2

v
E
k�p ]�P

V
SBe

K2 · C4µ0¶ ϕE

v8´?6 ²(³ y*AJP
V
C8m(o*CJ'B)W+X-

x

F4Y;Q
x = a1f1 + a2f2

k L�A0���(�4�*NJT�oB¸�F ² �0A4P$b4C k �
ϕE(x) =

[

a1

a2

] k=² g�A8P
b4C k �

ϕE

24¹�º�µ�¶*6�|Z�»rZQ8S*`4¼4º�µ�¶*6�|�A4P�T�V*F4´*v ²�³ y?A4�*N�6���A4P
½�¾

2.33 V
v4'*)W+.-0/*14r

E = {v1, . . . , vn}
v�¿�C4~0� k y*A8P

V
C4m�oBC4'*)W+X-

x
F4YQ4�(���4�

x1, . . . , xn

N4À�ÁZQ4>
x = x1v1 + · · ·+ xnvn

k=p q A4PZQ4S*`�b4C p �47ZQ=}*2
1
[W�=6�|�A4PZb4C�Â

V
S*e

Kn · C4µ�¶ ϕE

v

ϕE(x) =









x1

...

xn









6 ²(³ y*A4P

Ã�Ä
2.34

²�³
2.33

6 ²�³ Q4x
ϕE

2
V
S*e

Kn · C4¹�º�µ�¶*6�|Z�»r;Q4S*`4¼4º*6�|�A4P

47



ÅÇÆ È
, É ∈ V Ê È

= x1 Ë 1 + · · · + xn Ë nÉ = y1 Ë 1 + · · · + yn Ë nÌÎÍÐÏ(ÑÎÒ(ÓUÔÇÕ(ÌÎÖ(ÕU×ÇØ8ÙÛÚ
È

+ É = (x1 + y1) Ë 1 + · · · + (xn + yn) Ë nÌÛÜÝÕ8ÙßÞ
ϕE(
È

+ É ) =







x1 + y1

...
xn + yn






=







x1

...
xn






+







y1

...
yn






= ϕE(

È
) + ϕE( É )

ÊÛàÝá ÖÇÕU×(âßã
α
È

= αx1 Ë 1 + · · · + αxn Ë näÇå
ϕE(α

È
) =







αx1

...
αxn






= α







x1

...
xn






= αϕE(

È
)

æ àÝá ÖÇÕ8Ù8Þ ϕE çUè8éßê8ë Þ8ì8ÕÛ×í énêßë Þ8ìßÕUî©ïUðßÖ(ñ ç ϕE ÊUòßó ( ôÝõ Ù êßë ) öU÷ßø8ó (1 ù 1 ê8ë )
Þ8ìßÕ=îÇïUðßú(û ä Ôn×(â

ü ò8ó ; ý n
ÙÛþ8ÿ(Ù�������� É =







x1

...
xn







ñ ù	� È = x1 Ë 1 + · · · + xn Ë n

Ì�
��8Ì�
ϕE(
È
) = É ÌÛÜ8Õ

ÙßÞ
OK
×

È
,
È
′
∈ V

ñ ù	� ϕE(
È
) = ϕE(

È
′)
ï����ßÖ(Õ(Ì�

ϕE(
È
) =







x1

...
xn






= ϕE(

È
′)
ÜßÙ8Þ È

= x1 Ë 1 + · · · +

xn Ë n =
È
′
äÇå È

=
È
′ Ê�� å  ϕE ç ø8ó ÞÝì8ÕÛ×

V
C4´   N n

6�|�A�Â����
2.34

h?��'*)W+�-�/*1 k Q4>�2
Kn

k ¼���`�C�6�|�A k=� ��A*bk N(6���A4P$b=<*v
‘
~0�*F*h4A8'*)W+�-�/*1

V
C47��

’
k @Wi»P

1
��~��*v��Bg�A k

Kn · C�¼º�µ�¶*N��*��A�N4r�~���v4DW���$��A k=¢ C4Y��*F�L�A4P�&�'*)�+.-�/*1 k � �>
‘ ! " L ’

~(�24À(ÁZQ4L4@*C�6�#=<*N
‘ !$" L ’

7��*6�|�A�S k @Wi4b k 2��*g�A�% q F�24@*S�L4@(Pb8C47��*24&�'*)W+.-�/*1
Kn

6*` � ��A4�*N�6���A4P�d*��&
V = K2

F�'�@*>

f1 =

(

1

1

)

, f2 =

(

−1

1

)

v � �0A k
f

1
, f

2

2
V
C8~0�BF0L�n>8@?A(C(6?bU<?v

E
k 'c]�Pß'?)W+�-

v =

(

x

y

) 2
K2
C

~�(('*)W+.-
e1 =

(

1

0

)

, e2 =

(

0

1

)

v4�(@*>
v = xe1 + ye2

48



k �	%4yZb k N�6���x4P
E
6�2

v =
x + y

2
f1 +

y − x

2
f2k 7;:=<*A4P�¦*§

ϕE

((

x

y

))

=





x + y

2
y − x

2





N43�)�y*A�P�[�\*C�����*$643�5
x, y
v�+���'*)�+.-

v
2

E
6�243�5 x + y

2
,
y − x

2

v�+�� k=�
��A8�*N�6���A4P
, F4r�~�(�'*)W+.-

e1, e2

S*e4L(A4~��*v
E0

k ';] k r

ϕE0

((

x

y

))

=

[

x

y

]

k L(�>4@*A4P
-�.	/4Ä

2.24
´*C4^�_*F

ϕE(v)
v�0*g*h=P

(1) V = R2
r

v1 =

(

1

2

)

, v2 =

(

2

1

)r
E = {v1, v2}

r
v =

(

x

y

)

(2) V =

















x

y

z






∈ K3

∣

∣

∣

∣

∣

∣

∣

x − 2y + z = 0











r
v1 =







1

1

1






, v2 =







1

0

−1







r
E = {v1, v2}

r

v =







x

y

z







(3) V = R3
r

v1 =







1

2

3






, v2 =







2

3

1






, v3 =







3

1

2







r
E = {v1, v2v3}

r
v =







x

y

z







-�.	/4Ä
2.25 2

�*C
K 1 C8'*)W+.-�/?1 V ,W

F�2*Q4>4´   N�3ZQ q <�& V
k

W
2�¼4º*6|�A8�*v49�4�P

&('*),+.-0/*1(6�LJ@�^(_*6B`=¹0º�µ(¶*v65�7(7�9(y*AJ�*N(6��0A4P©x�8BQ=rn&�'*)�+.-(/*10CÂ k � �>4��9$¸�L4���:* k @Wi�`4C�N<;�@*C�6�¿4<�=�<*C4'*) +.-�/$1�F4YZQ�����*�v
1
���g�>�>*g�>4Y��*N ² ��A4P ²�?

2.17
C4T�V�@ k Q4>4´*C ²�? N�AZe=<*AJP

½�B
2.35 V

v
n
´   '�) +l-�/�10r W

v
m
´   '�)�+j-�/�1 k y$A0P E = {v1, . . . , vn}

v
V
C�~���r

F = {f
1
, . . . , f

m
}
v

W
C�~�� k y�A�P

V
S�e

W · C�¹�º�µ�¶ T
F�Y�Q 5:7

A ∈

M (m, n ; K )
N4À�ÁZQ�>4m�o�C4'*)�+.-

x ∈ V
F4Y�Q

AϕE(x) = ϕFT (x)
N43�)�y$A4P��*���»r

y = T (x)
v4w?x4y�'*)W+.-

x, y
F4YZQ

ϕE(x) =









x1

...

xn









, ϕF(y) =









y1

...

ym









49



k ';] k








y1

...

ym









= A









x1

...

xn









N43�)�y*A4P

Å©Æ CED
2.34

ä©å
V
ÙGF�H

E
ñ ùEI	� Óní énênë ϕE : V → ý n ÊGJEK Ö©Õ ×Ðí L©ñní énênë ϕF :

W → ý m
æ JMK Ö�Õ × ϕ−1

E

æní éßênë ÜnÙßÞ ϕFTϕ−1

E ç ý n ö�N ý m õ Ù ènénê8ë ñnÜnÕ ( O�PRQ D
2.18)

×(Ø�Ù Ú��ES
2.17

ä�åUT�V
A ∈ M(m,n ; ý ) ÊWJEKX� Ó þnÿ�ÙG�Y�Z�[� Ë ∈ ý n

ñ ù�� A Ë =

ϕFTϕ−1

E
( Ë ) ÊÛà8á ÖÇÕU× Ë = ϕE(

È
)
Ì�\	�8Ì���S Ê�]	N Ò(ÕÛ×

b8C<5�7
A
C4�*v4~��

E,F
F�2�y*A

T
C47���5�7 k @WijP ²�?

2.35
h*�^5�7*2 �«¹�º�µ�¶�C7��(� k=� A*b k N�6���A4P

V
S$e

W · C�¹�º�µ�¶ T
v<_�`$A�Â�F�r

ϕE,ϕF

6
Kn, Km

6�C�a�b�F�cYdZQ�>�5:7
A
v<_

`*A8�*6
T
C�e�f*v�_�`Zh*i k @Wi=C�N �«70��y*A4� k @Wi � �4}*6�|�A4P

T
N

V
S*e

V ! g · C4µ�¶*C�Â�2iht�*CJ~�� E = {v1, . . . , vn}
647�y*C�N�j�[*6�|�A4P

-�.	/4Ä
2.26

´*C4¹�º�µ�¶
f : V → U

F4YZQ=~��
E, F

F�24y*A47(��5�7*v�0*g*h=P
(1) V = U = K2, f1 =

(

1

1

)

, f2 =

(

1

−1

)

, A =

(

2 1

1 2

)

,f(x) = Ax, E = F = {f1, f2}

(2) V = U = K2, g1 =

(

2

1

)

, g2 =

(

1

2

)

, A =

(

2 1

1 2

)

,f(x) = Ax, E = F = {g1, g2}

(3) V =

















x

y

z






∈ R3

∣

∣

∣

∣

∣

∣

∣

x + y + z











, v1 =







1

−1

0






,v2 =







0

1

−1






, U = R2, e1 =

(

1

0

)

,e2 =

(

0

1

)

, f













x

y

z












=

(

x

y

)

, E = {v1, v2},F = {e1, e2}

(4) V =

















x

y

z






∈ R3

∣

∣

∣

∣

∣

∣

∣

x + y + z











, v1 =







1

−1

0






,v2 =







0

1

−1






, U = R2, f

1
=

(

1

1

)

,f2 =

(

1

−1

)

, f













x

y

z












=

(

x

y

)

, E = {v1, v2},F = {f 1, f2}

k�l�m�n�o�p�q�n�q�k�l�r�s�q�t�u
T(V*C8¹�º0/*1(6*`J¼�vBC87��?v � ��xJ@�PEw�xBb4C6y*6(28¹�º0/*1(2�z|{4´   CB`JC�8 q v0|�*S8@�r�@*§4@*§�}*e4L4@�P&('*)W+.-�/*1

Kn
F�24~�(�'*)W+.-*S*e4L�A

‘ !$" ’
L4~��*N4À�Á�y*A4P�&�'*)W+.-�/*1�6�L@�T(V*C

(
z�{4´   )

'*),+.-0/*1(C4^0_
(
��9?¸�S	#*i�S�2B:4>�'*�

)
F�2�¿(C�vBL*`JC�28À�ÁcQ

L4@BN4r(�*�?e=<*x4~(�*F�2?Q4>�¼�vBC4�*2 � ��A4�?N�6���A8P0´*C ²(³ v4�*�(A
(~�� ¸�F024&'*),+.-�/*1 k � ]4¼��46�|�A

)
P

50



½�¾
2.36 V

v4¹�º�/*1Jr
E = {v1, . . . , vn}

v�¿(C4~�� k y*A4P
V
C4m�o*C4'B)W+.-

x
F4YZQ4�

���8�
x1, . . . , xn

N4À�ÁZQ4>
x = x1v1 + · · ·+ xnvnk=p q A4PZQ4S*`�b4C p �47ZQ=}*2
1
[W�=6�|�A4PZb4C�Â

V
S*e

Kn · C4µ�¶ ϕE

v

ϕE(x) =









x1

...

xn









6 ²(³ y*A4P

Ã�Ä
2.37

²�³
2.36

6 ²�³ Q4x
ϕE

2
V
S*e

Kn · C4¹�º�µ�¶*6�|Z�»r;Q4S*`4¼4º*6�|�A4P

d k Q�>:�:�����i�6�0&Y7 �|� C���A�¹�º�/�1
F
v � ��h$ilP��*F��*�x$h�iJF

v1 = {xi}

(x1 = 1, x2 = 0
k L�A:�������i����&|7

)
k

v2 = {yi} (y1 = 0, y2 = 1
k L�A|�������i���&|7

)
F0Y�Q

E = {v1, v2}
N0~?��6?|(�x0P

a = {ai}
2

a = a1v1 + a2v2

k 7�:�<cA�C?6�r
ϕE(a) =

[

a1

a2

] k 7Z:U<*AJP$b4C8µ�¶
ϕE

2����������W��&�7 ��� C6�*A8¹�º0/*1
F
S?e

R2 ·
C�¼8º�µ�¶*v4�*��A4P´ F��05(}�� � y′′ −y′ −2y = 0

C6�(/?1(v
De(L)

F8�0@B> � �0A8P©x�8BQ � �(A�24&?2��|24&
k yBAJPß¦?§���&

R 1 C8¹0º(/*1(v � �0A8PE�?F��B�x6vBF y1(x)
v

y1(0) = 1, y′

1(0) = 0
v6�*xy

De(L)
C   r y2(x)

v
y2(0) = 0, y′

2(0) = 1
v��*x�y

De(L)
C   k y*A k r E = {y1(x), y2(x)}2

De(L)
C4~��*6�|�0x�P

De(L)
C4m�o*C   y

2���&
a1, a2

v4��@*>4r
y = a1y1 + a2y2

k=p ]�*N(6���A4PZb4C
ϕE

2
De(L)

S*e
R2 · C�¼4º�µ�¶*6�|�A8P

´©F ¢ C ~�� vJD©8x ^�_Bv � �ÐA P
w1(x)

v
w1(0) = 1, w′

1(0) = 1
v���xJy

De(L)
C   r w2(x)v

w2(0) = 1, w′

2(0) = −1
v6�*x4y

De(L)
C   k y*A k r F = {w1(x), w2(x)}

`
De(L)

C4~0� kL�A
( ����� � 2.27)

P;b4C k �
y
F4Y�Q

y = b1w1 + b2w2

k L�A���&
b1, b2

N4À�Á�Q=r
ϕF(y) =

[

b1

b2

] k yBA k �8r
ϕF

`
De(L)

S?e
R2 · C�¼8º(µ�¶?F(L�AJP�bJC k � [ a1

a2

] k [ b1

b2

] 2	#
C�v*L�2��$F�|�A�8:�Zi=S�P

E
24~��*L�C�6

w1 = c1y1 + c2y2

k L�A���&
c1, c2

N4À�Á�y*A�PZb
C � F x = 0

v<�:�?y$A k r
c1 = 1

v�A�A�P���5�Q�>
x = 0

v<�Y��y�A k r
c2 = 1

v�A�A0P
w2 = d1y1 + d2y2

k L�A<��&*N�À�Á�y*A�N4rZb=<�`4¼�v*F$Q4>
d1 = 1, d2 = −1

N45�S�A4PZb=<v
y = b1w1 + b2w2

F<����y*A k r
y = (b1 + b2)y1 + (b1 − b2)y2

N�5$S�A�P(¦�§
a1 = b1 + b2,

a2 = b1 − b2

N�AZe=<*A4P�5�7*C ~ 6 p ] k
[

a1

a2

]

=

(

1 1

1 −1

)[

b1

b2

]

k L(A4P

51



T�VcFÐ¹?º�/�1
V
C

2
�cC0~��

E = {v1, . . . , vn}
k

F = {f
1
, . . . , f

n
}
FÐY�QJr

ϕE(v) =








a1

...

an









, ϕF(v) =









b1

...

bn









k 'Z] k �4r*|�A
n
´�5�7

A
N4À�ÁZQ4>









a1

...

an









= A









b1

...

bn









k L(A4P
-�.	/4Ä

2.27 w1(x), w2(x)
N

De(L)
C4~0�*6�|�A4�*v49�4�P

½�B
2.38 V

v
n
´   ¹�º�/�14r W

v
m
´   ¹�º�/*1 k y*A�P E = {v1, . . . , vn}

v
V
C4~���r

F = {f1, . . . , f m
}
v

W
C4~�� k y*A4P

V
S*e

W · C4¹�º�µ�¶ T
F4YZQ 5�7

A ∈ M (m, n ; K )N4À�ÁZQ4>�m�o*C4'�)W+.-
x ∈ V

F8Y�Q
AϕE(x) = ϕFT (x)

N43�)�y*A�P��*�Z�»r
y = T (x)

vw*x8y�'*)W+.-
x, y

F4YZQ

ϕE(x) =









x1

...

xn









, ϕF(y) =









y1

...

ym









k ';] k








y1

...

ym









= A









x1

...

xn









N43�)�y*A4P

dBv � h*i»P�'*)W+.-�/*1
V = R2[x]

k
V 1 C4¹�º�µ�¶ D

F4��@*> � ��A4P(~�� k Q4>
E = {1, x, x2} = {f0(x), f1(x), f2(x)}

v � ��A4P
Df0(x) = 0, Df1(x) = f0(x), Df2(x) = 2f1(x)

L�C�6

ϕE(Df0) =







0

0

0






, ϕE(Df1) =







1

0

0






, ϕE(Df2) =







0

2

0







L�C(6���5*v47���y*A�5�7
A
2

A =







0 1 0

0 0 2

0 0 0







F�L(A4P

52



´$F0¹�º|��5?}:� � C���/c1 V = {y | y′′ − y′ − 2y = 0} 1 C0¹�º?µ�¶ D
v � ��A0P

E =

{y1(x), y2(x)}
v�y

2.6
6 ²�³ Q4x4~�� k y$A4P��*�Z�

y1(0) = 1, y′

1(0) = 0, y2(0) = 0, y′

2(0) = 1k L(A
V
C   k y*A4P y(x) ∈ V

N
y(0) = a, y(0) = b

v4w*x4y*Â

ϕE(y(x)) =

[

a

b

]

6�|(A8P
z(x) = y′(x)

k ';] k
z′(x) = y′′(x) = y′(x) + 2y(x)

h*�
z(0) = b,z′(0) = 2a + b

k L0AC�6
D
v47���y*A�5�7

A
2

A =

(

0 1

2 1

)

F�L(A4P
-�.	/4Ä

2.28

(1) V = M (2 ; K),A =

(

a b

c d

) F4YZQ
T (X) = AX

k 'Z]
(
d

2.5,2.23 ��� )
P

e1 =

(

1 0

0 0

)

, e2 =

(

0 1

0 0

)

e3 =

(

0 0

1 0

)

, e4 =

(

0 0

0 1

)

k 'Z]4Â4~��
E = {e1, e2, e3, e4}

F�24y*A
T
C47���5�7*v�0*g*h=P

(2) (1)
k ¼���]

E
v k A4P

S(X) = XA
C47���5�7*v�0*g*h=P

(3)
d

2.23
C��������i���4&�7 ��� N4�Z]4A4'*)W+.-�/*1 1 C4¹�º�µ�¶ S

F4��@*>�y
2.5
6 ²³ Q4x4~��

E = {v1, v2}
F�2*Q4>�C47���5�7*v�0*g*h=P
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