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2.10 ����������� V � V ��������� v1, . . . , vk ���� "! 〈v1, . . . , vk 〉 # V ��$% �&� ��'�(�)�*�+�,�-

.0/2143
a1, . . . , ak �4576 a1v1 + · · ·+akvk 8 〈v1, . . . , vk 〉 �:9 ' �2;4< � a1 = · · · = ak = 0

�>=7? )���@�A 0 ∈ 〈v1, . . . , vk 〉 #�B ( ��; (1) V 6= Ø #�C�D�E (4-
v, w * V �GFIHJ�49��KE ( �:L ( .I/I143 a1, . . . , ak, b1, . . . , bk *NMI O! v = a1v1+· · ·+akvk,

w = b1v1 + · · · + bkvk �GP�Q (R-TS �"�IU v + w = (a1 + b1)v1 + · · · + (ak + bk)vk ' �V;
(2) v + w ∈ 〈v1, . . . , vk 〉 � 'J(R- v = a1v1 + · · · + akvk �WFOH"� .V/O1R3 α �R5X6 αv =

(αa1)v1 + · · ·+ (αak)vk ' ��; (3) αv ∈ 〈 v1, . . . , vk 〉 # % (�-
�&���Y����� V *
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∈ K4
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∣

∣

x + y + z + w = 0
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



�>E (�- v1 =













1
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3
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











, v2 =













1

0
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











, v3 =













1

0

−1

0













�>ZT?��>[ v1, v2, v3 ∈ V ;�L (�-TS �

��U W1 = 〈v1 〉, W2 = 〈v1, v2 〉, W3 = 〈 v1, v2, v3 〉 �>ZT?�� W1 ⊆ W2 ⊆ W3 � '�\�!� �(�-

��&���

2.11 (1) v2 6∈ W1 (2) v3 6∈ W2 (3) W3 = V *�]�^�_4^�+�,�-
(1) ` v2 ∈ W1 �ba�c�E ( �>[�L ( .�/�1�3 a *�M� �! v2 = av1 �>P�Q (�-TS>^ 8













1

0

0

−1












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
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
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* H�d�E ( ��; 1 = a = 0 � 'TAfe�g�-h@�\�! v2 6∈ W1 #�C�D�E (�-

(2) ` v3 ∈ W2 �>aic�E ( ��L ( .�/i1�3 a1, a2 *�M2 �! v3 = a1v1 + a2v2 �>P&Q (�-�S>^ 8
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

= a1
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
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−6













+ a2













1
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0
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











* H�d�E ( ��; 1 = a1 + a2 = 0 + 0 = 0 ; eVg�-T@�\i!

v3 6∈ W2 #�C�D2E (�-
(3) W3 ⊆ V 8Vj"k2l ' �V; V ⊆ W3 *R+ E -�] �JmOn � 8 FOH"�R���o��� x ∈ V �I5p6



x ∈ W3 *R+�,�q�@W �-�rVs�tIuVv � 6�! x =













x

y

z

w













= a1v1 + a2v2 + a3v3 * aJc 6 m"��U

a1, a2, a3 # x, y, z, w l�kVw �Ix �Iy"zV( l *I{"( �G[ x = a1 + a2 + a3, x = 2a1, z = 3a1 −

a3, w = −6a1 − a2 ' ��; a1 =
y

2
, a2 = −3y − w, a3 =

3

2
y − z � '�(R-T@�\i! F�H����������

x =













x

y

z

w













∈ V ���� O! ( m�| 6 x ∈ V @�A x + y + z + w = 0)[ a1 =
y

2
, a2 = −3y −w, a3 =

3

2
y− z �bZ7?�� a1v1 +a2v2 +a3v3 =

y

2













1

2

3

−6













+(−3y−w)













1

0

0

−1













+(
3

2
y− z)












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0













=















y

2
− 3y − w +

3

2
y − z

y
3

2
y −

3

2
y + z

−3y + 3y + w















=













−y − z − w
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





=












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
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



= x �>}�E S ��#�;�U (�-


��&���
2.12 ~ 2.14 *�� j ,T@�-

S ����� 8���� t�� 8���� ��� 2.2 ;�B�� 6�!� �z E -�]�� k *�{�! ?�|&�  �-

��&���

2.13 c�� 2.18 *�� j ,7@>-
S�^ 8 E&; �:�����i� B2� 6�z&6 m - F�H��:������� x ∈ Kn ��576 f(x) = Ax #�C�D 6 [IF

H��������Y� y ∈ Kp ��5�6 g(x) = Bx #�C�D 6�z E -T@�\i! F�H����"���Y� x ∈ Kp ��5T6
f ◦ g(x) = f(g(x)) = f(Bx) = A(Bx) = (AB)x #�C�D�E (�-T@�\�! AB # f ◦ g ��}������";
L (4-��������>�� �z�6 m�#�[T�>�������i���������� �¡�¢���£�¤���¥�¦>§�¨�� % Q�;�E -

��&���

2.14 f * �&���Y�2��� U l�k �O���Y�i��� V ©���ª�«i¬�­T�>E ( ��U Im(f) < U ,

Ker(f) < V *�+�,�-
f(0) = 0 @JA 0 ∈ Ker(f) � 'I(G- x, x′ ∈ Ker(f) �KE ( �K[ f(x+x′) = f(x)+f(x′) = 0+0 =

0 @�A x + x′ ∈ Ker(f) � '�(�-�z m x ∈ Ker(f) � .�/�1�3 a ��5T6 f(ax) = af(x) = a0 = 0

@�A ax ∈ Ker(f) � '�(�-
0 = f(0) @&A 0 ∈ Im(f) � 'i(G- y, y′ ∈ Im(f) �KE ( �b[ x, x′ ∈ U #:®i¯ 6G! y = f(x), y′ =

f(x′) � '�(R-TS ���IU y + y′ = f(x) + f(x′) = f(x + x′) @�A y + y′ ∈ Im(f) � 'V(�-�z m
y ∈ Im(f) � .�/�1�3 a ��5h6 ay = af(x) = f(ax) @�A ay ∈ Im(f) � '�(�-




��&���
2.15 °������ A ��5T6 fA ��± Ker(fA) �>­ Im(fA) *�² n @>-

(1) A =
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(2) A =
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(3) A =
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(4) A =


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



0 0 1 1

0 0 0 1

0 0 0 0

0 0 0 0


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



(5) A =













1 2 4 5

1 2 3 5
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1 1 1 1






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



(6) A =




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



0 0 1 1

0 0 0 1

0 0 0 0

0 0 0 0













�0���2� ~ *:³�Aµ´&¶�! � j 6:!� &( �i; S�S ; 8 (1) �:·iB��2E (�- x =
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# Ker(fA)

��9�;�L (�¸�¹ 8 fA(x) = Ax = 0 ' ��;�º � PT?J�>[ y + z + w = 0, z + w = 0, w = 0, 0 = 0

;�L (�-TS>^T@�A y = z = w = 0 #�»�¼ -T@�\i! Ker(fA) =


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∣

∣

y = z = w = 0


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






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







;�L

(�-i½ C�¾�;�PT?�� x =













x

0

0

0






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

= x


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
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0
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' ��; Ker(fA) =

〈













1

0

0

0






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〉

� '�(�-

y =












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











# Im(fA) ��9�;iL (�¸i¹ 8 L ( �&���Y� x =
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
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
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











#�®�¯ 6�! y = fA(x) =

Ax � '�(4) ;�L (4- º�;�P&U�¿�Eh� X = y + z + w, Y = z + w, Z = w, W = 0 � '�(�- F�H �À�Á k ^ m X, Y, Z ��5T6 x = 0, y = X − Y , z = Y − Z, w = Z �>ZT?�� y = Ax � '�( �V;

Im(fA) =


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;�L (�- y =
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


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
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


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







+ Y


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







+ Z













0

0

1

0













'

��; Im(fA) =
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



,
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


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
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


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
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~ 2.16 ; 8
(1) a 6= 0 ����U�Â�«�[ ] ¼>; '� �Ã 8 Â�«�; '� �-
(2) α 6= 0 ����U�Â�«�[ ] ¼>; '� �Ã Â�«�; '� �-
(3) f 8 Â�«�¬�­ ��'�(�-
(4) m 6= n ����U 8 Â�«�¬�­ ��' k '� �- m = n ����U�[ A #�Ä�Å�����;�L ^�q Â�«�¬�­V[ ]

¼>; ' Q ^�q Â�«�¬�­�; '� �- m2| 6�S � ) � � � j�8�Æ�Ç 6 �>E (�-

��&���

2.16 ´ � ) � *�� j ,T@>-
(1) a 6= 0 ����U x, x′ ∈ R ��5T6 f(x) = f(x′) �>E ( �>[ ax = ax′ @�A x = x′ # % (�-T@�\i!È 5 È ¬J­�;VL (�- F�H�� y ∈ R ��5T6 x =

y

a
�>ZT?V� f(x) = y � 'J( ��; ´ ©���¬V­�;�L

(4-�@G\i! Â:«�¬i­ - a = 0 �&�:U f(1) = 0 = f(0) ' �2; È 5 È ; '4 �-�@:\0! Â�«i¬�­O; '4 i-
(2) � Â4x ��+ E ) #�;�U (�-
(3) FJH"� y =

(

x

y

)

∈ R2 �R5É6 z = −x − y �WZ�U x =







x

y

z






�WE ( � x ∈ U l �

f(x) = y � '�( ��; f 8�Ê�Ë ;�L (�-�z m x =







x

y

z






, x′ =







x′

y′

z′






∈ U �45T6 f(x) = f(x)

��E ( �
(

x

y

)

=

(

x′

y′

)

@OA x = x′ l � y = y′ ;iL (:-VS �J�:U z = −x−y = −x′−y′ = z′

' �i; x = x′ [ @�\2! f 8 È 5 È ¬�­�;�L (�-
(4) m = n l � A #GÄIÅÌ�J�GUIÂG«0¬I­J;IL (N)J*G+ E -:]G^0ÍIÎ � � j08GÆ �GÏJ;N�X¼ - x, x′ �G5
6 f(x) = f(x′) �KE ( ��[ Ax = Ax′ ;IL (:Ð l&k A−1 * l Q (G)J�&@JA A−1(Ax) = A−1(Ax′)

*NÑJ( # (A−1A)x = Ex = x �KÒIÓIE (N)J�O@ÌA x = x′ # % (N-Nz mGFIHJ� y �G5Ô6 x = A−1y

�>Z7?�� f(x) = A(A−1y) = y � '�(4-T@�\�! f 8 Â�«�¬�­ ��'�(�-

��&���

2.17 ~ 2.23 *�� j ,T@>-
(1) X, X′ ∈ U ��5T6 T (X + X′) = A(X + X′) = AX + AX′ = T (X) + T (X′) #�CiD�E (�-�z m.i/i1:3

a �G5T6 T (aX) = A(aX) = a(AX) = aT (X) #4CiD2E (�-Ì@:\0! T 8 ªi«i¬�­O;iL (4-
S(X +X′) = (X +X′)A = XA+X′A = S(X)+S(X′) ÕIÖ S(aX) = (aX)A = a(XA) = aS(X)

#�CiD�E ( ��; S � ª�«�¬�­�;�L (�-
(2) D(f + g) = D(f) + D(g) 8 (f + g)′ = f ′ + g′ * D(af) = aD(f) 8 (af)′ = af ′ * H�d 6�!
 �(4-�× %�Ø ��º @�A�S>^ k�8 C�D�E (�-
(3) J(f + g) =

∫ 1

0

{f(x) + g(x)} dx =

∫ 1

0

f(x)dx +

∫ 1

0

g(x)dx = J(f) + J(g)[ z m J(af) =

∫ 1

0

af(x)dx = a

∫ 1

0

f(x)dx = aJ(f) @�A J 8 ª�«�¬�­�;�L (�-



K(f + g)(x) =

∫ x

0

{f(x) + g(x)} dx =

∫ x

0

f(x)dx +

∫ x

0

f(x)dx = K(f)(x) + K(g)(x) =

(K(f) + K(g))(x) ' �J; K(f + g) = K(f) + K(g) #ICVDVE (R- K(af)(x) =

∫ x

0

af(x)dx =

a

∫ x

0

f(x)dx = aK(f)(x) = (aK(f))(x) ' ��; K(af) = aK(f) #�C�D�E (�-
(4) Ùi�OÚi 2Ûi� W Ü U �&Ý4ÞO¨iß:�Ìà (5) áiâ:�&ß:�Ìà a = {ai}, b = {bi} ∈ V ��E (4- S(a) =

{ci}, S(b) = {di} ��=�?i� ci = ai+1, di = bi+1 (i = 1, 2, . . .) #4CID 6N!: &(G-äãIåçæGèÔé>êNë �J�
¸i¹ 8 ai+ai+1 = ai+2 #:CiDIE (G)&' �2; SK^7@JA ai+1+ai+2 = ai+3 ì � ci+ci+1 = ci+2 # Ñ
k ^ S(a) ∈ U # % (G- a+b = {ai+bi} ' �I; S(a+b) = {ei} �K=�?I�í[ ei = ai+1+bi+1 = ci+di

' �i; S(a + b) = {ci + di} = {ci} + {di} = S(a) + S(b) # Ñ k ^�(�- .�/�1�3�î 8�ï�ð -
(5) D #4ª2«i¬�­&;2L (:) 8 (2) �4Â:x �4+ E ) #2;iU (:-ñ@4\I!JSiS ; 8 D(y) ∈ U �4· *4+ E -
y ∈ V ����U y′′ − y′ − 2y = 0 #�CJD 6�!� �(�-"ò�ó�* x ; × % E ( � y′′′ − y′′ − 2y′ = 0 *�Ñ
( # S>^ 8 D(y)′′ − D(y)′ − 2D(y) = 0 * H�d 6�!� �(�-T@�\2! D(y) ∈ U ;�L (�-

i�&�:�

2.18 T * ª2«i�&� V lOk U ©&�:ªi«i¬2­i[ S * U l&k W ©O�4ª2«i¬i­h��E ( � S

� T �4ô�C�¬�­ ST 8 V l�k W ©���ª�«�¬i­�;�L (&S � *�+2,�-&z m�[ T #�Â4«�¬�­�� Ã�õ ¬
­ T−1 � ª�«�¬�­�;�L (�S � *�+�,�-
F0HO�4�O�ö��� x, x′ ∈ V �4576 S ◦T (x+x′) = S(T (x+x′)) = S(T (x)+T (x′)) = S(T (x))+

S(T (x′)) = S ◦ T (x) + S ◦ T (x′) #�C�D�E (�-Oz m�F�H&�������÷� x ∈ V �>F2H�� .�/i1�3 a �
5T6 S ◦ T (ax) = S(T (ax)) = S(aT (x)) = aS(T (x)) = aS ◦ T (x) #�CVD�E ( ��; S ◦ T � ªV«
¬�­&;�L (�-

y, y′ ∈ U �R5T6 x = T−1(y), x′ = T−1(y′) �WE ( �>[ y = T (x), y′ = T (x′) � '�(R- y +

y′ = T (x) + T (x′) = T (x + x′) ' �J; x + x′ = T−1(y + y′) � '�(R-T@�\i! T−1(y + y′) =

x + x′ = T (y) + T (y′) #�C�D�E (�-Jz m ay = aT (x) = T (ax) @&A ax = T−1(ay) � '2(�-�@�\
! T−1(ay) = ax = aT−1(x) � 'TA T−1 8 ª�«�¬�­ ��'2(�-


