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3 y = cos x
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lim
h→0

sinh − 1

h
= 1
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lim
h→0

sin h

h
= 1
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(cos x)′ = − sinx
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(cos x)′ = lim

h→0

cos(x + h) − cosx

h
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lim
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���$t�W/1����§��odF"- cos(x + h) − cosx

h
=

cos x cosh − sin x sinh − cosx

h
=

cosx
cos h − 1

h
− sin x

sinh

h
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lim
h→0

cosh − 1

h
= 0
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�C. f í�1 cosh − 1

h
=

(cosh − 1)(cos h + 1)

h(cos h + 1)
=

cos2 h − 1

h(cos h + 1)
=

− sin2 h

h(cos h + 1)
=

− sinh

cosh + 1

sinh

h
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(cosx)′ = lim

h→0

cos(x + h) − cos x

h

= − cos x lim
h→0

sinh

cos h + 1
lim
h→0

sinh

h
− sinx lim

h→0

sinh

h
= − sinx
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1
z = (x2 + y2)100 sin(x3 + y3)
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∂z

∂x
= 100(x2 + y2)99(2x) sin(x3 + y3) + (x2 + y2)100 cos(x3 + y3)(3x2)

= 200x(x2 + y2)99 sin(x3 + y3) + 3x2(x2 + y2)100 cos(x3 + y3)
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x, y
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a�%�&�:m�(% ∂z

∂y
= 100(x2 + y2)99(2y) sin(x3 + y3) + (x2 + y2)100 cos(x3 + y3)(3y2)

= 200y(x2 + y2)99 sin(x3 + y3) + 3y2(x2 + y2)100 cos(x3 + y3)
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z = f(x, y) = x, x + y = s, xy = t
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(1) ')(�* ��+ D(s, t)

D(x, y)

*����"F�1
(2) '�(�* ��+ D(x, y)

D(s, t)
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(3)

∂z

∂s

*�����F�1
(4)

∂2z

∂s2
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D(s, t)

D(x, y)
=











∂s

∂x

∂s

∂y
∂t

∂x

∂t

∂y











=

(

1 1

y x

)

(2)
D(x, y)

D(s, t)
=









∂x

∂s

∂x

∂t
∂y

∂s

∂y

∂t









=

(

D(s, t)

D(x, y)

)

−1 :A�?% D(x, y)

D(s, t)
=

1

x − y

(

x −1

−y 1

)

�u:�W/1 ∂x

∂s
=

1
∂s

∂x
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(3)
∂z

∂s
=

∂z

∂x

∂x

∂s
+

∂z

∂y

∂y

∂s
= 1 · x

x − y
+ 0 · −y

x − y
=

x

x − y

(4) w =
∂z

∂s

�10 4 � ∂2z

∂s2
=

∂w

∂s

% 3 Ws1 ∂2z

∂s2
=

∂w

∂s
=

∂w

∂x

∂x

∂s
+

∂w

∂y

∂y

∂s
=

−y

(x − y)2

x

x − y
+

x

(x − y)2

−y

x − y
= − 2xy

(x− y)3
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z = f(x, y) = x4 + y4 + 2x2y2 − 2y2
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zx = 4x3 + 4xy2, zy =

4y3 + 4x2y − 4y
:���%A�ÃB�C�ú

4x3 + 4xy2 = 0, 4y3 + 4x2y − 4y = 0
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4x3 + 4xy2 = 0

2
x(x2 + y2) = 0
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x(x2 + y2) = 0⇐⇒x = 0

.0(2
x2 + y2 = 0

x(% 3 W,1d]
x2 + y2 = 0⇐⇒ x = 0

`A¤
y = 0
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x(x2 + y2) = 0⇐⇒x = 0

x$*/U5W/1�'uà�*
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y(y2 − 1) = 0Fn-u&
y = 0,±1
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(x, y) = (0, 0), (0,±1)
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(x, y) = (0, 0), (0,±1)
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zxx = 12x2 + 4y2, zxy = 8xy, zyy = 12y2 + 4x2 − 4
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H(x, y) = zxxzyy − zxy2 = 16(3x2 + y2)(3y2 + x2 − 1) − 64x2y2
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H(0,±1) = 32 > 0
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(x, y) = (0,±1)
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f(0,±1) = −1
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H(0, 0) = 0
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y = 0
¼(=

f(x, y)
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f(x, 0) = x4
�u:kWu1

w1 = x4
2

1
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0
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(0, 0)��V�c�%"6�W 4 =
f(x, 0) > f(0, 0)
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x = 0

¼(=
f(x, y)

*�]/����a ÿ ç�W"�
f(0, y) = y4 − 2y2
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w2 = y4 − 2y2
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(0, 0)
�Vcu%"63W 4 =

f(0, y) < f(0, 0)
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(0, 0)
2

f
�$
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(0,±1)
=�0��(a
�2

−1
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(1) d)e %"63��SP4$6":�¦�> y = f(x + h)
=%��

x
�f�-�%W�g"�?h(³"�iQ6�F�

h
=C¦�t5W

3 � ú5*��/�"Fu1$0CÜ5� h
=C¦�t5W

3 � ú y = a+ bh+ ch2 + dh3�
x
�f�-u%W�g"��h�³n��i�6CF��5�/2

f(x + h)− (a+ bh+ ch2 + dh3) = εh3��j"��0����
lim
h→0

ε = 0
�#�Ã�t�W/i�*?��� 1

(2) x, y, z
��^�%

x + y + z = a (a > 0
2���>

)
*3k"0�t����l&

x3y2z
�i�X�2n��ØÚ(t�W/i�*�U��/&i�X�2d*����nF/1

(3)
¦?>

f(x) = log x
*

x = 1
%�l�m"Î$m

(n > ) o Ê f F/1
(4)
¦?>�*

z = f(x, y) = sin(x + y)
*�ë (

π

2
,

π

2

) =�0��Ca�l�m"Îm o Ê f Fu1"0Üd�
n = 4

� t�W/1
(5) ϕ(x, y) = x2 + y2 − 1 = 0

��E�%
f(x, y) = x2 + xy + y2

�
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¡C¢�£

: (1) f(x + h)− (a + bh + ch2 + dh3) = εh3
=�0��Ca

h → 0
�It5W"�

f
2

A_p":C�C%
(
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) f(x)−a = 0
*uU5W/1gFÞ\Aa

a = f(x)
% 3 Wu1

f(x + h) − f(x)

h
= b + ch + dh2 + εh2

�������/a
h → 0

�It5W"�
f
2��S�4�6

:C��%
f ′(x) = b

*/U�W/1
f(x + h) − f(x) − f ′(x)h

h2
= c+dh+εh

�q�5� �éa
h → 0

�OtïWé1
lim
h→0

f(x+h)−

f(x)−f ′(x)h = 0
:A��%A&sr5t$2vu$w5xzy$�A�Þo�F(-

lim
h→0

f(x + h) − f(x) − f ′(x)h

h2
=

lim
h→0

f ′(x + h) − f ′(x)

2h
=

f ′′(x)

2

�é:gWé1 u5w5xzy$���,o(2
lim
x→a

f(x) = 0, lim
x→a

g(x) =

0
���l�

lim
h→a

f(x)

g(x)
= lim

x→a

f ′(x)

g′(x)

�1#nÃlt�Wn�u�h��6?�s1 »n�l²m³
h
���C>k:C��%C&

h
%�CS��/a��"W('"�/=����(1 F�\Ca f ′′(x)

2
= c

�/:"W�1
f(x + h) − f(x) − f ′(x)h − f ′′(x)

2
h2

h3
= d + ε

�Q�9�K�,a
h → 0

�8tQW��Sr
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tn2
lim
h→0

f(x + h) − f(x) − f ′(x)h− f ′′(x)

2
h2

h3
= lim

h→0

f ′(x + h) − f ′(x)f ′′(x)h

3h2
=

lim
h→0

f ′′(x + h) − f ′′(x)

6h
=

f ′′′(x)

6
= d

�/:"W/1�F?\�a���"W
3 � ú"2 y = f(x) +

f ′(x)h +
f ′′(x)

2
h2 +

f ′′′(x)

6
h3
% 3 W/1

(2) x, y, z
�${�|�*�k"0d�/:C��c���}�tdW"���

x, y
2

D = { (x, y) | x > 0, y > 0, x + y < a}
� Z *ét5@ga,� 4 1 F�\�a�´,µg2

D
¼C%

w
�

i_X�2k�lØCÚ5*�U � i�X�25*Q�/�nWs´lµn=C:nW�1
D
% ÿ çl0m��%C21i�X�2n�lØmÚn�·_~h�áàg:C�A�C%A&

D = { (x, y) | x >= 0, y >= 0, x + y <= a}
¼C%

w = x3y2(a−x−y)�3i�X_2$´lµ�* ÿ ç�Wé1 T_<E�>�C³g¼A%A� Y �Oàn0>A_pk¦Þ>$2�i5X_25*$�,W
(
i5X_2�Þo

)
1

D = { (x, y) | x >= 0, y >= 0, x + y <= a}
2lT�<����m³�% 3 -é&

w = x3y2(a−
x−y)

2
D
¼C%C� Y �Vàn01A_pn¦s>g:C�m%

D
¼C%�i7X�2ï*k�lWu1�i�X_2�*n�lW,�C2

��<"¼(.m0(2m}?�"% 3 Wl��&?}��"%i�X�25*"�lW"��Äm�(ëm2�:1<�ë��u:m\�aB�nW/1Dn¼$="F"-u&���<�¼���ë��>:<"ë$�2"%5i�6�X��A�"6��$�i�XE2�*�ù�ç�W/1���<
∂D
¼m%

w
��2k2

0
% 3 W�1 � =�:1<nën*��/�kWu1 ∂w

∂x
= 3x2y2(a−x−y)−x3y2 =

x2y2(3a − 3x − 3y − x) = x2y2(3a − 4x − 3y)
∂w

∂y
= x3y(2a − 2x − 3y)

F�-é&�:
<në�2

x2y2(3a− 4x − 3y) = 0
`?¤

x3y(2a− 2x− 3y) = 0
*�k�0�t

(x, y)
% 3 W/1]

x2y2(3a−4x−3y) = 0 ⇐⇒ x = 0
.A0C2

y = 0
.A0C2

3a−4x−3y = 0
x�% 3 W,�C&

x = 0, y = 0
2��<$¼C�CëA%lt$%C=��Aoh�uaA�nWÞ�m%

3a−4x−3y = 0
��²A³n�Aò��

@?àv[$FÞ�,1y]
x3y(2a−2x−3y) = 0 ⇐⇒ x = 0

.A0�2
y = 0

.A0A2
2a−2x−3y = 0

x% 3 W?��&
x = 0, y = 0

2��<"¼C��ë�%?t"%C=��o��/aC�"W?��%
2a − 2x − 3y = 0�l²�³���ò��@�à)["F���1�F?\maE:<"ëC2

3a − 4x − 3y = 0, 2a − 2x − 3y = 0
*

� =5k"0�t"ë(:���%
(x, y) = (

a

2
,

a

3
)
% 3 W�1�'���ë�=�0"©�W

w
�2"2 a6

432
> 0

:C��%(&
w
2

(x, y) = (
a

2
,

a

3
)
=�0���a�i�X�2 a6

432

*"�lW/1�'��$i7X�2"2
D
¼��

i�X�2�="6�:�\�a(�"W���% a6

432

�����W�i�X�2"% 3 W/1
(3) f(x)

*
x = 1

%�l�m�Î1m n > o Ê�tdW"�
f(x) = a0 + a1(x − 1) + a2(x− 1)2 + · · · + an(x− 1)n + · · ·

�u:�\(a��"W/1�'('�%
an =

1

n!
f (n)(1)

% 3 W�1
f(x) = log x

�étýW"�,&
f ′(x) =

1

x
, f ′′(x) = − 1

x2
, f ′′′(x) = 2

1

x3

�/:§WA��%
f (n)(x) = (−1)n−1(n−1)!

1

xn

���5�h� à�Wé1A'éà5*¥>A@$q���r5�$%�~gG,t�Wu1
n = 1
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�5�A��#"Ã��,a��"W�1
n = k

�����3#§Ã"*3�"��tdW�&��ð
f (k)(x) = (−1)k−1(k −

1)!
1

xk

*>����týW,1��5tý*>�$SBtQW§�
f (k+1)(x) = (−1)k−1(k − 1)!(−k)

1

xk+1
=

(−1)(k+1)−1((k + 1) − 1)!
1

xk+1

�/:5-
k + 1

%n6�#�Ã��ua��"W/1ïF�\Ca
n >= 1

���
�

an =
1

n!
(−1)n−1(n− 1)!

1

1n
= (−1)n−1 1

n

�/:nW/1
a0 = log 1 = 0

:��C%���"W
n >"2

log x = (x − 1) − 1

2
(x− 1)2 +

1

3
(x − 1)3 + · · · + (−1)n−1 1

n
(x − 1)n + · · ·

�u:"W�1
(4) n = 4

��²(³"�
(a, b)

=�0"©�W
2
��>�l�m�Îm o Ê�2

f(a + h, b + k) = f(a, b) + (h
∂

∂x
+ k

∂

∂y
)f(a, b) +

1

2!
(h

∂

∂x
+ k

∂

∂y
)2f(a, b)

+
1

3!
(h

∂

∂x
+ k

∂

∂y
)3f(a, b) +

1

4!
(h

∂

∂x
+ k

∂

∂y
)4f(a + θh, b + θk)�u:"W�1

f(x, y) = sin(x + y)
:���%

(h
∂

∂x
+ k

∂

∂y
)f(x, y) = h cos(x + y) + k cos(x + y) =

(h+ k) cos(x+ y)
�u:nWu1$Ò � ñn¦�>n2 (h

∂

∂x
+ k

∂

∂y
)2f(x, y) = (h

∂

∂x
+ k

∂

∂y
)(h+

k) cos(x+y) = (h+k)(h
∂

∂x
+k

∂

∂y
) cos(x+y) = (h+k)(−h sin(x+y)−k sin(x+y)) =

−(h+k)2 sin(x+y), (h
∂

∂x
+k

∂

∂y
)3f(x, y) = −(h+k)2(h cos(x+y)+k cos(x+y)) =

−(h+k)3 cos(x+y), (h
∂

∂x
+k

∂

∂y
)4f(x, y) = −(h+k)3(−h sin(x+y)−k sin(x+y)) =

(h+k)4 sin(x+y)
�u:nWu1

a =
π

2
, b =

π

2

*�×�FCt5Wn�
sin(

π

2
+

π

2
) = sin(π) = 0,

cos
(

π

2
+

π

2

)

= cos(π) = −1, sin(
π

2
+ θh +

π

2
+ θk) = sin(π + θ(h + k)) =

− sin(θ(h + k))
�/:nW��(%�&

sin (h + k + π) = −(h + k) +
1

3!
(h + k)3 − 1

4!
sin(θ(h + k))(h + k)4

*uU�W�1
h = x − π

2
, k = y − π

2

*/Õ"��a��5��Å?t��

sin(x+y) = −(x− π

2
)−(y− π

2
)+

1

6
(x+y−π)3− 1

24
sin(θ(x+y−π))(x+y−π)4

�u:"W�1
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(5)
Î��(ÎmM$���,����sÇ(>7�dF"-

F (x, y, λ) = f(x, y)− λϕ(x, y)
��0 4 �u&>{�|

� ��
�2"´�µn�{�|"� � `(:��
�2"´�µ"=$� e W/1Ct": e ð
ϕ(x, y) = 1

�{�|"�
� %��

f(x, y)
��
�2�*lù"çCW�ëC2

ϕ(x, y)
.(0�2

F (x, y, λ)
��:�<"ëC=�n.�à"aC�

Wu1
gradϕ = (

∂ϕ

∂x
,
∂ϕ

∂y
) = (2x, 2y)

:C�B%
gradϕ = 0

�/:�W�ë�2{�|
ϕ(x, y) = 0

*zkn0��¥:C�s1 ∂F

∂x
=

∂f

∂x
− ∂ϕ

∂x
= 2x+y−2λx,

∂F

∂y
= x+2y−2λy,

∂F

∂λ
= −ϕ(x, y):C��%

gradF = 0
�/:"Wl��2

2x + y − 2λx = 0, x + 2y − 2λy = 0, ϕ(x, y) = 0
*

kn0�t
(x, y)

% 3 Wu1
'/àQF"-

(x + y)(3 − 2λ) = 0, (x − y)(1 − 2λ) = 0
�� � ��%�&

λ =
1

2

�����
x + y = 0, λ =

3

2

���?�
x − y = 0

*/UQW/1�F�\(a
(x, y) = (± 1√

2
,± 1√

2
) ( �³nä�n%�2C:��

)
�?S"`nW/1 �(�"%C2�/��0�2k�?Ó;a$
72�% 3 W�id*�Uh�/aC2��C:�l1Q'���i�*3UBt"0���=�2A»"��²�³�',à�c/�$i9X�2����iEY�2"% 3 W,i�*/[dç?[Fl��1
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