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8 �' LKNM7OP:Q< 5 �(>�0�?SRUT;V F RUW;XYG . 3 JZW\[ 2 / �U]-^_'-` 3=a ?=� 29)(+b, ���-c '-CdD :eE �-f�!;Veg�h . 3 1�i : 0-[ ) +Z, DS diagram j k-lmYn�o7p;q�m�r �7]-^ '-C;D :�E � s-� (
9�����t�����-��� �-u7v�w ] ) V�g x3 1�i : 0-[�� 6 m�nUo�p;q�m�r >�y E 2 0 5 s\��' 1– z�{-|�}_~ z��(>�0�?=ylZ� .\� � 3�5 0d>=� 0�J-W�[� � draft ' 9�7�����e���-��� 99 � 2-� 0 5-��� ����� , 2 W�[ TEX file 'F 0�� 3 1�0$X-� 27�;��� .�� ��X-� s 3 < J-� E 6-� f('-��� 3 J 3�5 [����3Y5�� f ' � 3 /�� type �-���;V-�(� 8 K�M�Ot:=< 5 DS diagram

6 % �-W$� �� ' men�o�p � q7m�r �; =¡(J X�¢�>�0�?�s\� 2 W�[

1 £ ¤ ¥�¦ §� ��¨ 2 ' K�M�Ot:=< 5 DS diagram ��]-^�> �7� .-/(0�1-©�ª;X�[ q�m7r �« ��¬ V-'- 3�5 � 2 q�m�r 6 ��®U1�0 X�¯\° s « � 2 H;±�1 k-0 � >e.-W;X�[
fake surface P .�² 3 3rd singularity ��³�´µV V (P )

8
2nd singularity ��³�´V E(P )

8
1st singularity �\³�´;V F (P ) > � ±¶[ graph G .-² 3 vertex �-³�´;V

V (G)
8

edge �-³U´;V E(G) > � ±¶[ �U� 2 qUm�r 'Z·�¸U¹ ºd>»hd�b170 XY[�J 5qUm�r >�0�® 5   vertex V�¼ J�H70 loop (½�¾�¿ :�E .-À(®N1 � < V hoop >�yÁ
) s�Â�W � >�.-W;X�[Ã_Ä

1 Σ = (S,G, f)
6�Å-Æ�Ç;ÈeÉ�Ê

DS diagram(generalized DS diagram) ( Ë3 1 GS > � ± )
2�Ì X_>Y'-Í_i��ZÎ�Ï4V-Ð 5 WUG�>=W4X : S =

p
⋃

i=1

S2
i '-Ñ_Ò-Ó_�

2 Ô °��\³ J;I 8 G ' S Õ�� 3–regular H q�m�r 2�8 f ' S �;  Ì X closed fake

surface P Ö � onto H local homeomorphism
2-× VeØ 5 W�[

(1) f |V (G) : V (G) → V (P ) ' pointwise . 4 ² 1

(2) f |E(G) : E(G) → E(P ) ' pointwise . 3 ² 1

1



(3) f |S−G : S − G → F (P ) ' pointwise . 2 ² 1

B =
p

⋃

i=1

B3
i V�Ñ ÒZÓ � 3 Ô � 2�8 ∂B3

i = S2
i (i = 1, . . . , p) Ù;Ú ∂B = S >=h;� 5

>Z� , B/f V M(Σ) > � ±¶[ DS diagram �;>-� > �;�=� . M(Σ) ' 3
×�Û � �� .�H(X�[ � < V Σ . k-®U1-%�Ü :=< X\� � � >�y Á [ M(Σ)

6�Ý � p;ÞZß-à �>Z� 87Ý � p;Þ   < 1�0�1 8 B .�'�á < > �-â W;X Ý � 6\ã ®�1�0 X(>=W;X�[
Ã_Ä

2 L = (S,G, g)
6 z-{-|�};ä-~ z7� (labeled graph)

2�Ì X >�'�Í i��\Î�ÏVYØ 5 WNGt>=W4X : S,G '�]\^ 1 > �4� >=W4X�[ g ' U(G)(G � S2 .�j Þ XYå�æçUè
) �;  fake surface Tg Ö � onto H local homeomorphism

2\× VeØ 5 W4s-�;>W4X�[
(1) g|V (G) : V (G) → V (Tg) ' pointwise . 4 ² 1

(2) g|E(G) : E(G) → E(Tg) ' pointwise . 3 ² 1

(3) g|U(G)−G : U(G) − G → F (Tg) ' pointwise . 2 ² 1

GS Σ = (S,G, f) .-² 3=é ê H ç�è U(G) V�ë Á > (�4��ì f−1(U(f(G))) V�ëÁ > )
8

g = f |U(G) .\² 3�8 L = (S,G, g) ' men�o�p � q7m�r .�H_X�[ � � m�n�op � q7m�r V L(Σ) > � ±í[
Ã_Ä

3 L1 = (S,G, h)
6

1– z-{-|7}îä-~(z�� (1–labeled graph)
2�Ì X >ï'\Í i�\Î�ÏµVïØ 5 W�G�>�WµX : S,G '�]"^ 1 > �î� >�WdXï[ Gh V Ì X (4–regular)

graph
8

h V G �;  Gh Ö � onto H local homeomorphism
2

(1) h|V (G) : V (G) → V (Gh) ' pointwise . 4 ² 1

(2) h|E(G) : E(G) → E(Gh) ' pointwise . 3 ² 1

GS Σ = (S,G, f) ."² 3 h = f |G >ïjµ±�> 8 L1 = (S,G, h) ' 1–
mbn�o7p �qUm�r .�H XY[ � � 1–

m�n7o�p � q�m�r V L1(Σ) > � ±A[_J 5 mðn7o�p � q�m�r
L = (S,G, g) .-² 3 h = g|G >�j4±�> 8 L1 = (S,G, h) ' 1–

mñnUo�p � q�m�r .�HXY[ � � 1–
mñn�o�p � q7m�r V L1(L) > � ±A[

� �7]-^ 2 ' 1–
mïnUo�p � q�m�r >�0t?Sò ��6;3 H�07� s 3 < HU0�� 2�8-× �� . G � edge . Ý � p � 1–

m�nUo 6 /_0�1U0_X_>óhô�\1�sUkZ0Z[ E(Gh) � Ý �p4Þ   < 5 edge C (hoop �-õ�´;s Ì I ) .-² 3�8 g−1(C)
6

3 /(� component �>Z� 8 á < ö-< . Ý � p � 1–
mïn�o

C V local H � ¸ ÷-ø 6 ]-^�W;X �\â W;X Ý�Z. pdÞ X ( ù 1 g xZ[ edge C
6

open arc �d>-�-' � �-õU´ 3 �Zú;�\HN0 8 ���2
C
6

loop �4>Z�NVY¼_û )[ g−1(C)
6

2 /�� component �4 YH_X_>-�Z'Ná < Õ 2
g
6

2 ² 1 .�H�®�170 X�ü�ý . 2C (
� � type � 1–

mïn�o V 2 þ-ÿ�>ey Á )
8

1 ²
2



1 .7H�®�1�0 Xñü�ý . C � 1–
m�n�o V pµÞ X (

5��µ3
1–
mïn�o7p � q7m�r 6 GS�4 �]7J�®�1�0 Xeõ�´ 8 � < '�j(�-H�0 ����& 7 g x�� [ g−1(C)

6
connected �>Z�-' 1–

mïn7o
3C V p4Þ X ( ù 1 g x ) [ � � type � 1–

mñn�o V 3 þ\ÿ�>�y Á [

C

C

C

C

h

3C

C

h

ù 1

× . GS
8 m�n�o�p � q�mUr 8 1–

m�n�o�p � q�m�r � ��� VZ]-^ 3 k;? [Ã_Ä
4 2 /$� GS Σ = (S,G, f) > Σ′ = (S ′, G′, f ′)

6��	�$2�Ì Xô>ï' S �; 
S ′ Ö$� homeomorphism F > P �µ  P ′ Ö � homeomorphism H

6�
��3 1
f ′ ◦ F = H ◦ f V�Ø 5 W�G�>=WdX�[ � �4>-� Σ ≡ Σ′ > � ±í[
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S S ′

F

f

P P ′

H

f ′

Tg Tg′
H

g

U(G) U(G′)
F

g′

Gh Gh′

H

h

G G′

F

h′

ù 2

J 5 mñn�o�p � q�m�r L = (S,G, g)
8

L′ = (S ′, G′, g′)
6���� 2�Ì X >ñ' S �  S ′ Ö$� homeomorphism F > Tg �µ  Tg′ Ö$� homeomorphism H

6�
���3 1
g′ ◦F |U(G) = H ◦ g VYØ 5 WUG�>óW;XY[ � �4>Z� L ≡ L′ > � ±¶[ GS Σ .b² 3 L(Σ)' ��� ����� 2 K���� .-¡ J(X�[ J 5 Σ ≡ Σ′ �;>-� 8 L(Σ) ≡ L(Σ′)

2�Ì X�[
1–
mbn�o�p � q�m�r L1 = (S,G, g)

8
L′

1 = (S ′, G′, g′)
6���� 2�Ì X >ñ' S �î 

S ′ Ö$� homeomorphism F > Gh �µ  Gh′ Ö � homeomorphism H
6�
���3 1

h′ ◦ F |G = H ◦ h V�Ø 5 WN[UG�>QW;X�[ � �µ>-� L1 ≡ L′

1 > � ±í[ L ≡ L′ �4>"�
L1(L) ≡ L1(L

′)
2�Ì X�[

DS diagram �-õ�´ 8 á <  ��; =¡$J X 1–
mïn�o7p � q�m�r 6���� �;>-� 8 DS

diagram > 3 1 s ��� .�H�®U1U0 X�[ GS
2 ' � �ZG��('-ü�� 3 H�0Z[ 3 � 3 �;±� õ�´ 1–

m�nUoUp � qUmNr 6N��� H;  8 GS
6 %UÜUW;XZ� � � ' � ¸_.NH_X�[\Ù Ú×_6 ü��-W;X�[

Ã��
2 / � GS Σ = (S,G, f) > Σ′ = (S,G′, f ′)

6��;�
1–
m�n7o�p � q�m�r V¡�� X(>b� 8 / J;I L1(Σ) ≡ L1(Σ

′) >ðH(X >Z� 8 L1(Σ)
6-× � A© B© C© � 3 / �

type V�� 5 H Þ < ì M(Σ) > M(Σ′) ' � ¸ 8 / J;I M(Σ) ∼= M(Σ′)
2�Ì XY[

 
prime H�� � � .�! 3 1�' KUM�O�:=< 5 DS

6 ]�� X 1–
mñn�oUp � q�mUr 6�4� Hd �� � � ' � ¸ 2�Ì Xe[

1–
mYn�oNp � q�m�r 6 � � � V K���� . ¡���H�0Z��� > H�X 3 /_� type A©, B©, C©'ZÍ i7��"�I 2�Ì X�[
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A©

A A AX Y

ù 3

X,Y ' empty s�¼�� 5�#  ���� subgraph Ve% �-W\[

A A A

A1
A2

D1 D3
D2

D2

A

P 3 −
◦

b3
1

P 3 −
◦

b3
2

A1 = A2

A

D1

D3

D3

D2ù 4

1–
mñn�o

A V$�7/ 3 /_� edge V�%�& .��7/ B � proper H 2–disk V D1,D2,D3>óW;X ( ù 4 ' ù-g_x ) [ 3 /(� 2–disk
2

cut
3 1 2 �UX 3-ball

2�8
annulus Ai V�%

5



& .��U/;sZ� V Bi >óWôX (i = 1, 2) [ annulus Ai

6)( ý (+* > identify
:ó< X_>Z�

Bi/f ∼= P 3 −
◦

b3
i , ∂(Bi/f) = Di ∪ D2 H�� 2 (B1 ∪ B2)/f ∼= (P 2 −

◦

b3
1)\(P

2 −
◦

b3
2)

∼=

P 2]P 3−
◦

b3
3 ( ù 4 , ÕUùñg_x )

8 �U� 2
\ '�%�& « �	- 2 b3

i ' Ì X 3–ball[ A1 > A2
6

identify
:A< X�> �Z'Nù 4 ,�iUùU� � .NH�®\1�0_XZ� 2 (B1∪B2)/f ∼= S2×S1−

◦

B3
12UÌ Xe[k-®71�ù 3 �	.0/N� 2 /ô� annulus �	%1&ô� 1–

m n�o ' 2ô. A
2�8

2 /ô�
annulus

63( ý (4* > + I=´ �\��  < X�õ�´$' M(Σ) = M1]P
3]P 3 >�H X�[ K c6�5 � annulus > + I=´ �-�t  < XYõ�´ ' M(Σ) = M1](S

2 × S1) >�H_X�[
B©

A B AX1

Y1

B A BX2

Y2

ù 5

A B A

A1
A2

D1 D3
D2

B A B

A3
A4

D4 D6
D5

ù 6

6



ù 5 ��,_ù$>+'_ùU' �4� S2
i �UÕN. Ì X õU´4s Ì X 3Y8 á�? 2 HU0ñõU´4s Ì XY[ �4�

S2
i Õ�. Ì X_>-�-' K c(� annulus 6(� Ý � 6 W7ª�1�7 �-õ�´;s Ì Xe[�0\ < �-õ´4s�%�&�� 1–

mñnUo > 3 1 A > B V�sY/ annulus ' ( ýt>$8dI»´(�NH70 annulus. + IQ´ � :=< Xe[ù 6 � � . 2–disk V D1, . . . ,D6
8

annulus A1, . . . , A4 >óWôXY[ B V D1, . . . ,D6
2

cut
3 1 8 A1, . . . , A4

2 + I=´ �-� 5 s\� VYh;��X >Yù 7 � � .�H�®U1�0 XY[ 5��3 ' 6 A1 = A3, A2 = A4 �-õ�´ 8 , 6 A1 = A4, A2 = A3 �-õ�´ 2�Ì X�[

A

A2 = A4
D6

D5

D3

D2

B

A

A1 = A3
D1

D3

D4

D5

B
A

A1 = A4
D1

D3

D5

D6

B

A

A2 = A3
D6

D4

D3

D2

B

ù 7

� < V D6
2 + I=´_�Z� 5 � 6 ù 8

2UÌ XY[ � < k(Ið� � � 'U0b < �ZõU´ôs S2×

S1 − (
◦

b3
1 ∪

◦

b3
2)
2�Ì XñG 6 ý$� Xñ[ 3 � 3 D1 ∪ D2

6
M(Σ) 9�� non–separating

2–sphere �ZõU´ D1 �4  D4(D5
2 sUkZ0 ) . Ý ��? arc � regular neiborhood VYh�UX > 8 á�� Ý �\'�, ù;>4'(ù 2 7_.�H�®�170 X�[ù 5 ' ù 2 1–

m�n�o
A � p 0 5 K�: 9�; � o ��< V X1 �-c Ý Ö�` 34= � 3ï5o ��< V `1 >íW$X [ o �>< `2 V f(`1) = f(`2) > H�X � . >ñX ('_ù�� 1–

mYn�o
A �p 0 5 K�: ��;�� o ��< V Y1 �Zc Ý ÖU` 3+= � 3Y5 o ��< ) [ B =

p
⋃

i=1

B3
i

2
proper

H 2–disk V D1,D2 V ∂D1 = `1, ∂D2 = `2) >YH�X � .ô>ZXY[ � �ô>Z� f(D1∪D2)

7



' 2-sphere
2�Ì X 6�8 � < 6 separating �;>-�\'�� � � ' identification .(k   K���� 2 M(Σ) = (S2 × S1)]N1]N2 >Y0�?@? . � Þ X�[ át? 2 H�0;>\� K c '

M(Σ) = M1](S
2 × S1)](S2 × S1)

8�5 c ' M(Σ) = M1](S
2 × S1)](S2

τ × S1) >�HXY[ 5��;3�8 S2
τ × S1 ' S1 Õ�� twisted S2–bundle [

A

D1

D2

D3

D4

D5

D3

D6

A

D1

D2

D3

D5

D4

D3

D6

ù 8

C©

3W

X Y

ù 9

� K�A ��B7c . k I M1]L(3, 1) J 5 ' M1]L(3, 2) .�H Xe[ M1
6

orientable
2

self orientation reversing homeomorphism VC� 5 H�0 >ñ�ñ' M1]L(3, 1) 6∼= M1]L(3, 2)2UÌ Xe[
8



]�DdV�E�W 5 �7.�' × � 2 / ��F7&;V�E�� ì(kb0\[
G�H

5 2 / � GS Σ = (S,G, f) > Σ′ = (S,G′, f ′)
6U�î�

1–
mïn7o�p � q�m�r V¡I� X_>-� 8 /_JôI L1(Σ) ≡ L1(Σ

′) >YH X_>Z� 8 L1(Σ)
6

A© B© C© � 3 /_� typeVJ� 5 H Þ < ì L(Σ) ≡ L(Σ′)
2�Ì X�[

G�H
6 2 / � GS Σ = (S,G, f) > Σ′ = (S,G′, f ′)

6��µ� mñn�o�p � q�m�r V¡��$X >-� 8 / J;I L(Σ) ≡ L(Σ′) >�H X$>-� 8 M(Σ) > M(Σ′) ' � ¸ 8 /(J;I
M(Σ) ∼= M(Σ′)

27Ì X�[

2
K L

5 M N O� ��¨ 2 '�0;± / ������&µV�P�Q 3 H 6  4F�& 5 V�PRQ-W;Xñ[�Í i ��� H GS
8mYn�o7p � q�m�r 8 1–

m�n7o�p � q�m�r V�h;�7X�>\�-' 8N��� V�S ��X F
2�T �U 3 1-h;��X � >�.(k I S = S ′

8
G = G′ �-/ identity

6
2 / � ��� V�S �\1�0X_>4V(]-W;X�[

W�H
7 GS Σ = (S,G, f) .\² 3 L1(Σ) ' 2 X�Y � 1–

mïn7o V�� 5 H70-[
Z�[

1–
mïn�o

2C V�se/ edge '�á7�1\�; 6 f . k I identify
:=<^] X�V`_ H0Z[ � �ô>\��a�I�� 1–

mñn�o
C V��7/ edge '�á7��\�; 2 f . k I identify

:=<
XZ� 278 � < ' f

6
local homeohorphism

2�Ì X � >�.�b�W;X�[
× � 2 / ����&_' DS diagram �;>-�(> �-� .Zü�I��\/�[W�H

8 GS .�j�0�1 s × ù 10 � � H 1–
mñn�o�p;Þ ' 
	�t3 H�0-[

A

A

A

A

ù 10

W�H
9 GS .7j�0�1$s identify

:=< X vertex �7J��;Iñ� 1–
men�o ' é ê . Ý �V_>�I`cbWt>ðù 11 � � .7H�®U1�0 XY[ ��� 2 A = B−1 d 'ZÂ :ó< 1U0 X_>=W4X�[

9



B

A C

B

A D

C

A D

C

B D

ù 11

Z�[
GS � identification ' local homeomorphism H7� 2�8 ��& 8 � � H 1–

mn�o�p4Þ ' 
���3 H�0Z[�J 57�b� . local homeomorphism > � K � 1–
m�n�o VUs/ edge ' 3 Ó�>e0�? � >��d �ù 11 � � .�H�®U1�0 X � > 6 ý �(X�[

��� 2
singular block bundle ([1 ] g(x ) ��]\^;V q7m�r G Õ7� s"�7.�! 3 1�ef 3 1�j;±ó[ G =

⋃

v∈V (G)

{v}
⋃ ⋃

e∈E(G)

e > 3�5 >-� 8 U(G) .�j Þ X G Õ���g�h�i
jJkml3nío�o�p >�' U(G) =

⋃

v∈V (G)

B(v)
⋃ ⋃

e∈E(G)

B(e) �-G 2�Ì X�[ �U� 2 Yk V
k Ó ��q�r�º Ij = [0, 1] (j = 1, . . . , k) V 0

2 + I p;Þ 1�_�  < X complex W4X >� 8 B(v) = {v} × Y3, B(e) = e× Y2 >=W;X�[
Bj(e) = e × Ij

8
Bj(v) = e × Ij >�WµXï[ � � � H Bj(e), Bj(v) V subblock>Yy Á [ ∂e = {v1, v2} �4>�� 8�s j .-² 3ñÌ X i1, i2

6�
���3 1 Bj(e) = Bj(e) ∪

Bi1(v1) ∪ Bi2(v2)
27Ì I 8 ∂e = {v1} �;>\�"' s j .-² 3ñÌ X i1 J 5 ' i1, i2

6�
��3 1 Bj(e) = Bj(e) ∪ Bi1(v1) J 5 ' Bj(e) = Bj(e) ∪ Bi1(v1) ∪ Bi2(v1) V�Ø 5;31U0 X ( ù 12 g x ) [

e

B1(e)

B2(e)

v1

B1(v1)

B2(v1)

B3(v1)

e

B1(e)

B2(e)

v1

B1(v1)

B2(v1)

B3(v1)

ù 12

10



f(G) =
⋃

v′∈V (P )

{v′}
⋃ ⋃

e′∈E(P )

e′ � P .Uj Þ X ç�è U(f(G)) . singluar block bun-

dle � o�p V ã <�t ] 3 1�jd±í[�Ù;Ú U(f(G)) =
⋃

v′∈V (P )

B(v′)
⋃ ⋃

e′∈E(P )

B(e) VYh
�UX�[ ��� 2 B(v′) = {v′} × Y4, B(e′) = e′ × Y3

2�Ì X�[5��d3
3 X�Y � edge

6�
�� W;X(> 8 � ��JUJ 2 ' singluar block bundle .�'�H eH�0�[ ��� 2 � � block
o�p V�` 3 �î� 5 singluar block bundle Vñh;��X : e6

3 X�Y �;>Z� 8 f(e) = e′ >=W4X�[ e′ Õ�.�u v′ V(>�I e′1 = e′ −{v′} >Yj;±í[ v′ V
vertial H�v�u4>=h4� (G �wv�u 2 'UHU0 6U8 block

o�p 2 '�v�u4>»hd�NX )
8e× �_k?ó.�g�h�i j V >\X�[ B(e′1) = e′1 × Y3, B(v ′) = {v′} × Y3 > 3�8 B(e′) ��x �;I�.

B(e′1) ∪ B(v′) V >-Xe[� �4>Z� � � s Bj(e
′) V f

2�T � U W � >Y._k_I 8 U(G) ��g�h�i jJkylyn o 2U8
f V subblock .�z Ò 3�5 >-� 8 f |Bj (e) : Bj(e) → Bj(e

′)
6

f(x, t) = (f(x), t) V�Ø5 W � H s-�_V o ü 2 �NXe[NÍ(i q�m�r G � regular neighborhood U(G) V 1 /t ] 3e8 J 5 � � � H singular block bundle
o�p V 1 / t ] 3 1-h4��X�[s;? 1 / � GS Σ′ = (S,G, f ′)

6 S_�   < X_> 8 f ′ V GS � ��� ����� 2 ��.�{I+|µ�-1 8 S(�   < 5 singular block bundle � o�p V`};Ú 8 Õ��\Î�Ï;V�Ø�~�W;Xk4? . 2 ��Xe[�Í i ��1;±\X f , f ′ H3�e� identification map ' � �-Î�ÏµV�Ø 53 1�0(X�s-�;>4V(]-W;X�[
GS Σ = (S,G, f)

6 S �   < X > , S − G Õ�� fixed point free involution( Í i��� . free involution >�y Á ) V × � � .7]-^UW;X � > 6U2 �UX : p ∈ S −G .-²3
f−1f(p) = {p, p′} >óW4X >Z� 8 τ (p) = p′ >óW4Xð[ � � Σ �4 ó¡ J_X involution

V S −
◦

U(G) Õ 2 h4� 5 s\� V τ (Σ) >�0�? ��� 2 % �-W�[ f
6

S − G
2

2 ² 1 �
local homeomorphism H�� 2�8 τ ' homeomorphism

2�Ì X�[
1–
mñn�oUp � qUm�r (S,G, h)

6 S �_  < X_> U(G) � singular block bundle �o�p �d  ∂U(G)
6

1–
mïnUo�p4Þ   < 1U0 X_>=h4��X � > 6�2 �UX�[ G � edge '

∂U(G) Õ�.-²���W;X edge V 2 /;se/�[ á�� 2 /(� edge
��� V twin >ey � >�.W4X�[� �;>Z� free involution τ (Σ) ' 8 1) L1(Σ) � 1–

m�nUoUp4Þ > compatible
8 /J4I τ (Σ) ' ∂U(G) Õ�� 1–

mñn�o�p � edge V �î� 1–
mïn7o � p 0 5 edge .�÷W 2) τ (Σ) ' twin edge

��� V-÷ : H�0 (1) 8 � 2 / � ¬�� V�� ®U1�0(X�[
7 . 1–

mñnUoUp � q�mUr L1 = (S,G, h) .b² 3 S −
◦

U(G) Õ�� free involution τ6�
���3 1 8 1) τ ' L1 � 1–
m�n�o�p;Þ > compatible

2
2) τ ' twin edge

���
VZ÷ : H�0;>=W;Xe[ � � involution V L1 > compatible � free involution >y Á [ � �;>-� Ì X GS Σ = (S,G, f)

6�
��t3 1 8 L1 ≡ L1(Σ) �-/ τ = τ (Σ) >HU®�170 X�[ � � � >-V���&(��? 2 ©�ª 1�jd±í[
(1)3 �$�����$�	�������� edge � G � edge �������$� edge �$�$����� singular block bundle�������$������ �¡�¢$��£

11



W�H
10 GS Σ = (S,G, f) ¤-²¦¥ τ (Σ) § L1(Σ) ¨ compatible © free involutionª�«�¬`�® ¤ 1– ¯`°�±�²3³�´�¯�µ L1 = (S,G, h) ¤�¶·¥ L1 ¨ compatible © free

involution τ ¸�¹	º>» ¬ ¨�³�¼ GS Σ = (S,G, f) ¸�¹�º·¥J½�¼ L1 = L1(Σ),τ = τ (Σ)¸�¾�¿�» ¬�
ÀRÁ

2 ÂÄÃ Σ = (S,G, f) ¨ Σ′ = (S,G, f ′) §1ÅmÆ 1– ¯�°�±�²m³1´�¯�µ�Ç�ÈÉ ¬ ¼�ÂRÊ0Ë L1(Σ) ≡ L1(Σ
′) ÇÍÌRÎ�»mÏ�Ãm¨4» ¬Ð Ê�ÎRÑ�Ã0¨�³ f Ò0Ó4ÔRÊ ¬

involution τ (Σ) Ç τ ¼ f ′ ÒyÓ4Ô�Ê ¬ involution τ (Σ′) Ç τ ′ ¨`Õ�Ö�» ¬JÑ�Ñ ª�× Ç�Ø�Ù�» ¬�
Ú�Û

11 ` Ç ∂U(G) Ã «�¬ component ¨4» ¬` L1(Σ) ≡ L1(Σ
′) Ç�Ì�Î�»�Ü�Ý�Ã

Σ′ ¤�¶Þ¥$¼ Σ ¨ Σ′ Ã�Å�ß3Ç�È É ¬ Å�à�á�â F ¸�¹�º·¥�½ F (τ (`)) = τ ′(F (`)) ¸¾�¿�» ¬ ¨�³ ` §�ã�ä (∗) Ç�å�Â¦¨Jæ¦ç (2) 
Ê�Î G Ã 3–regular subgraph H ¤�¶·¥J¼ ∂U(H) Ã�»�è�½�Ã component ¸�ã�ä

(∗) Ç�å�Â¦¨�³�¼ H §�ã�ä (∗) Ç�å�Â¦¨�æ¦ç 
é�ê

12 3–regular subgraph H ¸ hoop ÇJå�Î�©�ë�ì�í�¼�ã�ä (∗) Ç�å�Â 
î�ï ã�ä (∗) Ç�å�Î�©�æ0¨4» ¬ ¨�¼ «�¬ ` ⊂ ∂U(H) ¸�¹�º¦¥Í½�¼ τ (`) 6= τ ′(`)¨J©�ð�½�æ ¬��ñ ç ª ©�ë�ì�í F ¨�¥�½ identity Ç�¨�ð>Î�ò�ó�ã�ä (∗) Ç`å�ð�½¥JÊôç  ` ¸ 1 õ�öÄÃ^¨�³�§�¼ ` ¨�Å3Æ 1– ¯Ð°�±3Ç�å3÷ 1 õ�ö�¤�© ¬ Ï�Ã�§RÏ3ç 1Â·¥�Ò�©�æ�Ã ª ¼ τ (`) 6= τ ′(`) ¨�§�©3Ó�©�æ 3ø ð�½ ` § 1 õ�ö ª ©�æ3¨+» ¬�

A1

A1

A1

A2

A2

`

τ (`)

A1

A2

A2
`

τ (`) or. . .

ù
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(2) ú$û�ü �$ý$þ���ÿ������������Ð �	�
���ÿ�� F � identity ��C��£
12



(1) τ (`) = ` Ãy¨�³�¼ ` Ã 1– ¯J°�±�Ã���§ A1A2 · · ·AnA1A2 · · ·An ¨$©�ð�½	æ ¬J
1– ¯�°1± A1 Ç�Ï`Â G Ã edge § 3 Â¦¥ÐÒ�©�æ�Ã ª ù 13 � ù Ã��R©�����¸�����»¬J Ñ`ì�§���� 8 ¤�����» ¬�

(2) τ (`) 6= ` Ò�Â τ ′(`) 6= ` Ã3¨�³  Ñ�Ã3¨�³ `,τ (`),τ ′(`),τ (τ ′(`)) Ã 4 Â�§ ñì���ì� �©�ð�½�æ ¬` ` Ã 1– ¯�°�±�Ã 1 Â3Ç A1 ¨ » ¬ ¨ ` ¤�!RÊ�ì ¬ 1– ¯Ð°�±
A1 § 1 "$#�ë ª�«�¬Ð3ø ð�½ ù 13 % ù Ã ø ç4©&����¸&'�( ª�«�¬ ¸�¼ÄÑ�ì�§��
� 8 ¤��)��» ¬�
Ú�Û

13 G Ã edge ¤�¶�*�» ¬ ∂U(G) +�Ã edge α Ç-, É ¬J 1– ¯�°�±�²yë�¨ com-

patible © 2 Â�Ã free involution τ, τ ′ ¤�¶¦¥ τ (α) = τ ′(α) ¸�¾R¿�» ¬ ¨�³ (τ ¨ τ ′

¤/.3¥`½ ) type 0 ¨1032�¼ τ (α) ¨ τ ′(α) ¸ twin
ª�«�¬ ¨�³ type A ¨40/2�¼ ñ ìÀ/5 Ã�ò�ó type B ¨40)6¦ç 

é�ê
14 1– ¯�°�±�²3ë�¨ compatible © 2 Â�Ã free involution τ, τ ′ ¨JÅ3Æ 1– ¯Í°�±

A Ç�å�Â 6 Â�Ã edge ¤�¶¦¥�¼ type Ã87�ó�9�§ À�Á Ã 4 Â 
(0) »�è�½ type 0

(1) type 0 ¼ type A ¼ type B ¸ ñ ì:��ì 2 Â
(2) type A ¸ 2 Â�¼ type B ¸ 4 Â
(3) »�è�½ type B

î�ï ; Â�Ò�Ã Fact Ç-<¦¥`©�¸yÓ>=$?�» ¬� edge α ¨ α′ § twin ¨ » ¬� 6 Â�Ã
edge Ç α, α′, β, β ′, γ, γ ′ ¨4» ¬�
Fact 1 α ¸ type 0 ©3Ó�í τ (α) Ï type 0


Ñ�ì�§ τ, τ ′ ¸ involution ¨�æ¦ç�Ñ�¨�Ò3Ó4»A@1B�C ç 

Fact 2 τ (α) ¨ τ (α′) § twin B�§�©3Ó�©�æ  τ ′ B�Â�æ�½�Ï�Å�� 
τ (α) ¨ τ (α′) ¸ twin #3¨4» ¬` τ (α) = β ¨4» ¬ ¨�¼ τ (α′) = β ′ ¨�© ¬`3ø ð�½

τ (γ) = γ′ ¨$©^Ó�©�ë�ì�í�©3Ó>D compatible Ã�Ø�Ù$B8����» ¬�
Fact 3 α ¸ type A ©3Ó�í τ (α) § type B

ª�«�¬�
τ (α) = β ¨ » ¬ ¨Ð¼ τ ′(α) = β ′

ª�«�¬�
β ¸ type 0 ©^Ó τ ′(β) = α = τ ′(β ′) ¨©yË>�)�  β ¸ type A ©3Ó τ ′(β) = α′ ©�Ã ª ¼ τ ′(α) = β ′, τ ′(α′) = β ¨`© ¬ Ã ª

Fact 2 B�����» ¬`3ø ð�½ β § type B
ª�«�¬�

Fact 4 α ¸ type B ©3Ó�í α′ Ï type B
ª�«�¬�

τ (α) = β, τ ′(α) = γ ¨4» ¬� τ (α′) = β ′ ¨4» ¬ ¨ Fact 2 B�����» ¬ Ã ª ¼ τ (α′)§ γ Ê�Î�§ γ′
ª�«Ä¬� Å��$B τ ′(α′) = γ ′ ¨4» ¬ ¨ Fact 2 B�����» ¬ Ã ª ¼ τ ′(α′)§ β Ê�Î�§ β ′
ª�«�¬� æ8D�ì�Ã�ò�ó^Ï α′ § type B

ª�«�¬�
�/��Ã�=�?/B�EGFyç  type 0 Ã edge Ã�"�H�§�¼ Fact 1

ø ËJI3H/" ª�«�¬$ Fact 4ø Ë type B Ã�"�H3Ï-I�H/" ª�«�¬J Ê�Î Fact 3
ø Ë type B Ã edge Ã�"/H�§ type

A Ã edge Ã�"�H À + ª�«�¬J type 0 ÃK"�H�¸ 6 "�Ã�í « æ�§ (0)
ª�«¬J

type 0 Ã
edge ¸ 4 "�¹�º	» ¬ ¨�¼�L¦Ë�Ï type 0 B�© ¬ Ã ª�M)N 4 "Þ¨�æ¦çPO�§�©�æ  type

0 ¸ 2 "�Ã�ò�ó�¼ ñ ì¦Ó�¸ twin ¨�æ¦çQO�§�©�æ�Ã ª ¼ Fact 4
ø Ë type 0 Ã twin §

13



type A B	©�ð�½�æ ¬� Ñ�Ã�ò�ó (1) ¸8R3Ñ ¬� type 0 ¸�¹�º¦¥Ð©�æ�ò�ó�¼ type BÃ�"�H�¸ type A Ã�"/H À + ª I)H�"¦¨�æ¦çSO�Ò3Ó (2) Ê�Î�§ (3)
ª�«�¬�

é�ê
15 X Ç S −

◦

U(G) Ã 1 Â�Ã component ¨4» ¬` Ñ�Ã3¨�³
(1) X ¸ 2–disk ©3Ó�í ∂X §�ã�ä (∗) ÇJå�Â 
(2) ∂X Ã «�¬ component ¸�ã1ä (∗) Ç�åÄ½�íUT�Ã�»1è�½�Ã component Ï`ã�ä

(∗) Ç�å�Â 
î�ï

∂X Ã hoop
ª ©�æ component §8��� 12

ø Ë+ã�ä (∗) Ç�å�Â  ø ð�½ ª ½V ¬
component § hoop ¨�¥�½ ø æ 

(1) X ¸ 2–disk Ã^¨�³  α = ∂X ¸�ã�ä (∗) Ç`å�Î�©�æ3¨+» ¬ ¨ «�¬ τ ′ ¸�¹º ¥�½ τ (α) 6= τ ′(α) ¨C© ¬J α Ã 1– ¯�°�±�¸ 3 W/X�Ãy¨�³�§�ã�ä (∗) ÇJå�Â�Ã ª ¼
α Ã 1– ¯�°�±3Ç A ¨4» ¬Ð Ñ�Ã^¨�³4��� 14 Ã (1), (2), (3) Ã�æ�D�ìRÒ�B�©�ð�½æ ¬�

(1) Ã3¨�³�§ type B Ã edge Å�Y�¸ twin B�©^ËC¼ ñ ì�¸ 2–disk Ç�Z�ð�½1æ ¬ Ãª ¼RÑ�Ã edge ¸�[�ð�½�æ ¬ 2–sphere S2
i B�¶ô¥ G ∩ S2

i § 1 "�Ã loop ¨`©�ð�½1æ¬ 
F Ç S +	Ã�Åwàá�â ª S2

i

À/5 ª
identitiy ¼ S2

i + ª § G∩S2
i Ç�\>Ø)¥ (G∩S2

iÇ-]�^Þ¨4_�½ ) `$a8b¦¨>c$a�b^Ç�æ�ì�Ò É ¬ Ï�Ã3¨4» ¬�

X Y

τ ′

τ

τ ′

τ

S2
i

F

ù
14

(2) Ã^¨�³�§RÑ�ì¦Ó�Ã edge Ã�[�ð�½�æ ¬ 2–sphere S2
i §�»�èR½ G ∩ S2

i ¸ 1 "�Ã
loop ¨`©	ð�½�æ ¬� type B Ã edge ¸8[ð�½�æ ¬ 2–sphere Ç S2

i1
, S2

i2
¨4» ¬J F Ç

S +�Ã�Å�à�á�â ª S2
i1
, S2

i2

À�5 ª
identitiy ¼ S2

i1
, S2

i2
+ ª § G ∩ S2

i Ç�\�Ø3¥>`�a�b¨Jc$a8b3Ç�æ�ì�Ò É ¬ Ï�Ã3¨ » ¬�

14



τ

τ ′

τ

τ ′

τ ′

τ

S2
i1

S2
i2

F F

ù
15

(3) Ã^¨�³�§�Ñ�ìÞÓ�Ã edge Ã�[�ð�½�æ ¬ 2–sphere S2
i §�»�è�½ G ∩ S2

i ¸ 1 "�Ã
loop ¨J©�ð�½�æ ¬J type B Ã edge ¸�[�ð>½	æ ¬ 3 ÂÃ 2–sphere ÒyÓ 2 ÂyÇ4d�e ª
S2

i1
, S2

i2
¨�» ¬� F Ç S +�Ã�Å�à�á�â ª S2

i1
, S2

i2

À/5 ª
identitiy ¼ S2

i1
, S2

i2
+ ª § ñì Ó�Ç-E�ì3f É ¬ Ï�Ã)¨+» ¬J Î/#y¥$¼ ` Ç-d�í�ì½�©�æ 2–sphere +	Ã component¨+» ¬ ¨�³�¼ F (τ (`)) = τ ′(`) Ç�Ì�Î�»)�$B�d/g 

τ

τ ′

τ

τ ′

τ ′

τ

S2
i1

S2
i2

F

ù
16

æ�D�ì�Ã�ò�ó3Ï F ¸�Å�ß3Ç�È É ¬ Ã ª ¼�ã�ä (∗) Ç�å�Î�©�æ�O�B�����» ¬�
(2) α ¸�ã�ä (∗) ÇÐå1Â ∂X Ã component

ª
β ¸�ã1ä (∗) ÇÍåRÎ�©�æ com-

ponent ¨C» ¬Ðyø ð�½ τ (β) 6= τ ′(β) ¸�¾R¿3¥Ð½�æ ¬ ¨ » ¬Ð τ (α) = τ ′(α)
ø Ë

τ (X) = τ ′(X) Ç4h ¬� Ñ�Ã3¨�³ τ (τ ′(β)) § β ¨�Å3Æ 1– ¯Í°�±3Ç�å�Â ∂X Ã�T�Ã
component B�©�ð�½�æ ¬Í β,τ (β),τ ′(β),τ (τ ′(β)) Ã 4 Â�§�ÅmÆ 1– ¯Í°�±3ÇÍå�Â�à
 �© ¬ hoop ©�Ã ªji ì�Ò�§ twin B�© ¬ ¸�¼ β ¨ τ (β) k involution

ª�l Ë+ó ç�ÏÃ�§ twin B�©�ìR©�æ�Ã ª ¼ β ¨ τ (τ ′(β)) Ê�Î�§ τ (β) ¨ τ ′(β) ¸ twin B�©�ð�½�æ
15



¬J Ñ�Ã3¨�³�§ ∂X Ê�Î�§ τ (∂X) Ã 2 Â�Ã component ¸ twin B�© ¬ Ã ª ¼ S B
genus ¸����·¥�½���� 
é�ê

16 H Ç 1– ¯Ð°	± A Ç�Ï�Â 3 Â�Ã hoop Ò3Ó�© ¬ subgraph ¼ ∂U(H) = α1 ∪

· · ·∪α6 ¨+» ¬ ¨�³Jã�ä (∗) ÇJåÎ�©�æ αi Ãm"/H�§�¼ ¹�º·¥$Îy¨+»�ì�í 4 " ª�«�¬$
î�ï Ê&D τ ¨ τ ′ Bn.^¥Í½&��� 14 Ã (2), (3) Ã�ò�óÄ¸�RmÑ�ÓÐ©�æ&O0Ç4<�» �o
(2) Ê�Î�§ (3) ¸�R3Ñ�ð�½�æ ¬ ¨4» ¬�

S −
◦

U (G) Ã α1 Ç4!�p component Ç X ¨4» ¬$ X ¸ 2–disk Ã�ò�ó�§��/� 15
ø

Ë ã1ä (∗) ÇÐå1Â�Ã ª 2–disk
ª ©�æm¨4» ¬Í ∂X B�§UT�Ã component β1 ¸�¹1º» ¬�q

αi (i = 1, . . . , 6) B	¶ ¥Í½ τ ¨ τ ′ Ç�rts�Ò3u ¥ÍÎÅ�à)á�â κi ¸�¹º ¥Í½
αi = κi(α1) ¨�© ¬Ð βi = κi(β1) Xi = κi(X) ¨1v V ¨�¼ β1, . . . , β6 §�Å3Æ 1– ¯Í°±yÇ�å�Â edge

ª�«�¬�
∂X ¸ α1

À�5 Ã αi (i 6= 1) Ç4!�p3¨ genus ¸�����» ¬ Ã ª (
ù

17 wyx ) ¼ α1

À�5
Ã component §�!RÊ�©�æ 3ø ð�½ i 6= j Ã^¨�³ Xi 6= Xj

ª�«R¬�3ø ð�½ i 6= i Ã¨�³ βi 6= βj

ª�«�¬Ð Ñ�Ã3¨�³ αi, βi (i = 1 . . . , 6) § ñ ìz��ì 3 7ÄÃ twin ©�Ã ª
genus ¸����·¥�½���� 3ø ð�½ (2) Ê�Î�§ (3) §�R3³�©�æ 

α1

α2

α3

α4 α5

α6

α1

α2 α3

α1

α2

Å�à�©�Ï�Ã�¸ 2 " Å�à�©�Ï�Ã�¸ 3 "ù
17

α1 ¸�ã�ä (∗) Ç$å�Î�©�æy¨�³�¼ 2 ÂÃ involution τ, τ ′ B�¶·¥�½�¼ α5, α6 ¸ type 0¨�¥�½ ø æ &{ Ã involution τ ′′ ¸�¹�º·¥�½�¼1| É í τ ¨ τ ′′ B�.y¥ α5 Ê�Î�§ α6 ¸
type 0

À�5 B�©�ð�½�æ ¬ ¨4» ¬Ð Ñ�Ã3¨�³ α1, . . . , α6 § τ, τ ′, τ ′′
ª�l Ë « ç4Ã ª ¼} Ã�~)� ¨`Å��yB��)�¸)� ¬`�ø ð�½�ã�ä (∗) Ç�å�Î	©�æ	Ã�§ ( ¹�º�»�ì�í )4 " ª«�¬�

é�ê
17 A© B© Ã 2 Â�Ã type Ç���æ�½ G §�ã�ä (∗) Ç�å�Â 

16



îIï �/� 12
ø Ë+ã�ä (∗) ÇJå�Î	©�æ	Ã�§ hoop ¨	¥J½ ø æ  Ê�Î 3 W/X�Ã hoop§�ã�ä (∗) Ç�å�Â�Ã ª 3 W�X ª ©�æ3¨�¥�½ ø æ Rø ð�½ Å3Æ 1– ¯Ð°�± A Ç�å�Â 3

"�Ã hoop Ò3Ó`© ¬ G Ã subgraph H
ª ã�ä (∗) Ç�å�Î�©�æ�Ï�Ã�¸�¹�º�» ¬ ¨�³�¼

A© Ê�Î�§ B© B�© ¬ O3Ç1<�» 
∂U(H) = α1 ∪ . . .∪α6 ¨+» ¬� �/� 12 ¨J�/� 16

ø Ë$¼ α1, α2 ¸ type B ¼ α3, α4¸ type A ¼ α5, α6 ¸ type 0 ¨4» ¬� Ñ�Ñ ª involution § τ (α3) = α1, τ ′(α3) = α2ÇJÌ�Î^¥�½�æ ¬ ¨ » ¬� Ê�Î α3 ¨ α5 ¼ α4 ¨ α6 ¸ twin
ª�«�¬ ¨+» ¬`

S −
◦

U (G) Ã α1 Ç-!$p component Ç X ¨ » ¬J ∂X = α1 ©RÓ X § 2–disk
ª

ã�ä (∗) Ç�å�ÂRÃ ª ( ��� 15) ¼UT�Ã component β Ç4���ô¨�¥�½&!$p  Ñ�Ã β Ã
1– ¯�°�±�¸ (1) A Ã�ò�ó¦¨ (2)

ñ ç ª ©�æ�ò�ó�¼�B��3ë ¬�
(1) 1– �8����� A ���)� : β § α2, . . . , α6 Ã�æ�D�ì�Ò)B�k���æ  α5, α6 B�kA��æ¨+» ¬ ¨�¼m��� 15 B8����» ¬� α2 B�kA��æ3¨+» ¬ ¨ genus ¸������$½8��� )ø ð½ α3 Ê�Î�§ α4 B�kA��æ  Ñ�Ñ ª β = α3 ¨���½�Ï4����ã3Ç1�:��©�æ 

α5 α3

X = τ (X)

α1 α2

τ ′(X)

α4 α6

ù
18

∂X ¸ α1, α3

À�5 Ã component γ Ç4!$e ª æ ¬ ¨4» ¬� Ñ�Ã3¨�³ τ (X) = X ©Ã ª ∂X § γ ¨�Å3Æ 1– ¯�°1±^Ç�å1Â τ (γ) Ç4!$��¼ ∂(τ ′(X)) §�Å3Æ 1– ¯�°1±^Ç�åÂ τ ′(γ), τ ′(τ (γ)) Ç-!�p  Ñ�Ã3¨�³ genus ¸��/����½��3��¼ ø ð>½ X § annulus
ª«�¬�

α1, α3 § i ÷�Ó�Ï 1– ¯Ð°�± A Ç�å�Â�¸�¼ annulus + ª _�½ A Ã���³�¸ ® B�© ¬ø ç4© 1– ¯Í°�±�²^ë�¸�¹�º�» ¬ ¨`¼ X +�Ã orientation preserving free involutionÇ S2 B��yZ ª ³ ¬ Ã ª ¼ S2 +�B orientation preserving free involution ¸�¹�º�»¬ Ã ª �3� �ø ð>½ X + ª _	½ α1 ¨ α3 Ã 1– ¯Ð°�±�Ã/��³�§�� ª�«�¬� Ñ�Ã�ò�ó
A© B�© ¬`
(2) 1– ������� A �)������� : β1 = β, β3 = τ (β), β2 = τ ′(β3), β4 = τ ′(β) ¨4vV 

β1, . . . , β4 § X, τ ′(τ (X)), τ (X), τ ′(X) Ã��/��©�Ã ª ¼ à3 �©	ð>½�æ ¬J ÑJì·ÓÃ���B twin ¸�¹�º�» ¬J β1 ¨ β3 § β3 = τ (β1) ¨�æ¦çJ.���B «�¬ Ã ª twin B�©�ì©>æ  β1 ¨ β4 Ï�Å��$B twin B�©�ì�©�æ  β1 ¨ β2 ¸ twin B�© ¬ ¨ genus ¸��/��»¬Jmø ð�½ β1 §�TÄÃ βi ¨�§ twin B�©mÓ�©�æ  β2 Ï�Å��$B�TRÃ βi ¨�§ twin B�©ÓJ©�æ 3ø ð�½ β3 ¨ β4 ¸ twin B�©�ð�½�æ ¬J
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α5 α3 β3

τ (X)

β1

X

α1 α2 β2

τ ′(τ (X))

β4

τ ′(X)

α4 α6

ù
19

∂X ¸ α1 ¨ β1

À�5 Ã component γ Ç4!$e)#3¨4» ¬� γ, τ (γ), τ ′(γ), τ ′(τ (γ)) Ã
4 Â�§� �© ¬ Ã ª ¼IÑ�Ã�©�Ò�B twin ¸�¹�º�» ¬ ¸�¼ γ ¨ τ (γ), γ ¨ τ ′(γ) § twin B©�ì�©�æ�Ã ª ¼ γ ¨ τ ′(τ (γ)) Ê�Î�§ τ (γ) ¨ τ ′(γ) ¸ twin B�© ¬� ��Ò��`æ�D�ì�Ãò>ó3Ï genus ¸������J½���� �ø ð�½ X § annulus

ª�«�¬$
α1 Ã 1– ¯�°�± A ¨ β1Ã 1– ¯`°�± B Ç4��©��$�/B�d�e ª v V ¨�¼ B© Ã type ¸�RyÑ�ð�½�æ ¬ O�¸���Ò ¬$

é�ê
18 3–regular subgraph H ¸�ã�ä (∗) Ç`å3÷ 3 W�X�Ã 1– ¯�°�±3Ç�å�Î�©�ë�ìí>¼ H Ã�Ê3� Ë ª identification § unique ¼ »�©/��÷ f |U(H) = f ′|U(H) ¸Ð¾�¿�» ¬$

îIï
3 W/X)Ç�Ï�Î�©�æ�Ã ª ¼ hoop Ã�ò�ó identification § unique

ª�«�¬J�ø ð�½
hoop

ª ©�æ component Ç4, É ¬� ` Ç ∂U(H) Ã�Ü�Ý�Ã component ¨ » ¬J Ñ�Ã¨�³ ` ¨J�$� ¬ U(H) Ã�Ü�Ý�Ã subblock b B�¶�� τ (b−H) = τ ′(b−H) Ç4<�9�íø æ  ÑCì�¸�¾�¿G�$½�æ�©�æy¨+» ¬$ ` ¸ 1 õ�ö�Ã�ò�ó�¾¿G�J½�æ ¬ Ã ª ¼ ` § 1 õö ª §�©�æy¨+» ¬J b ¨��y� ¬ H Ã edge Ã 1– ¯�°�±yÇ A ¨/� ñ Ã/��Ã 1– ¯�°�±Ç A2 ¨ » ¬$ τ (b−H) = b−H ¨JæmçJÑ�¨$§ « Ë É ©>æ ( Åm��B τ ′(b−H) = b−HÏ )
Rø ð	½ b−H, τ (b−H), τ ′(b−H), τ ′(τ (b−H)) §�à3 �© ¬ subblock

ª�«�¬J
Ñ�Ã�©�Ò3B�§ twin ¸�¹�ºA��¼m�/� 8 B�����» ¬� (

ù
20 § b ¨ τ (b) ¸ twin ¨/��½� æ�½ «�¬� )

b

τ (b)

A2

A2

ù
20

18



Ñ�ì�Ê ª Ã��)� ª/  ¨-e i ?3ÓJÒ/#�¸���*/¡�� 5 Ç4=$?G� ø ç  L1(Σ) ¸ A©, B©Ã type ÇJå�Î�©�ëJì�í��/� 17
ø Ë ã	ä (∗) ÇJå	Â  Ê	Î C© Ã type ÇJå�Î�©�æ�Ãª

3 W/XÄ§�©�æ ^ø ð�½U��� 18
ø Ë G Ã8¢¦Ë ª identification § unique ¼ ø ð�½

L(Σ) ≡ L(Σ′) ¸�¾�¿�» ¬�

3 £ ¤ 6 ¥ ¦ §
Ñ	Ã3¨ ª §U¡:� 6 Ç�=©?	» ¬� X Ç planar surface ¨:�Ð¼ τ Ç X +Ã free

involution ¨+» ¬J c Ç ◦

X ª Ã loop
ª

τ (c)∩c = Ø ¨J© ¬ Ï�Ã ¨�» ¬J Ñ�Ãy¨�³ τ ′

Ç × ÃK�:B>ØÐÙ�» ¬  Tc Ç c B¬«�ðwÎ Dehn twist ¨ » ¬C x ∈ X−(
◦

U(c)∪τ (
◦

U(c)))

B�¶��½�§ τ ′(x) = τ (x) ¼ x ∈ τ (U(c)) B�¶���½�§ τ ′(x) = Tcτ (x) ¼ x ∈ U(c) B�¶
�J½�§ τ ′(x) = τT−1

c (x) ¨4» ¬� τ ′ § X +�Ã free involution B�© ¬ ¸�¼�Ñ�Ãy¨�³
τ ′ § τ Ò3Ó (c B�«�ð�Î ) ®�¯ Dehn °�± ª h¦Ó ì ¬ ¨�æ¦çQO$Bj� ø ç Ê�ÎU�:�mÇ&\1Ø²�ÍÎ F Ã isotopy Ht(0 <= t <= 1) ¸ q³ °1± t

ª
Htτ ¸ free

involution Ã3¨�³ equivariant isotopy ¨�æ�æ�¼ τ ′ = H1τ ¨�© ¬ ¨�³ τ ′ § τ Ò3Ó
equivariant isotopy

ª h¦Ó4ì ¬ ¨�æ¦ç 
τ ′ ¸ τ ÒRÓµ´&¶ Dehn ·�ö ¨ equivariant isotopy Ã1¸�¹K� ª h Ó ì ¬ ¨Ð³w¼ Dehn

°/± ª h¦Ó4ì ¬ ¨`æ¦ç �× Ã�����§ Dehn twist ¨ Dehn surgery Ã�´�¶yº�.���ÒÓJ»�¼yB�h¦Ó4ì ¬`
é�ê

19 L(Σ) ≡ L(Σ′) ¨J© ¬ 2 Â�Ã GS Σ = (S,G, f) ¨ Σ′ = (S,G, f ′) Ç1, É¬J
X Ç S −

◦

U (G) Ã component Ã�½�Ê3Ë ª τ invariant ©�Ï�Ã3¨C» ¬� τ ′ ¸ τÒyÓ X B�.�» ¬ equivariant isotopy
ª É Ó ì ¬ ¨�³�¼ Σ ≡ Σ′

ª�«�¬�
Ê�Î c Ç c ∩ G = Ø Ò�Â c ∩ τ (c) = Ø ¨Ð© ¬ loop ¨ » ¬Ð d = f(c) Ç c Ç

M(Σ) ª Ã knot ¨1_�Î�Ï�Ãy¨4» ¬� τ ′ § τ Ò3Ó (c B�«�ð�Î ) ´)¶ Dehn ·�ö ª hÓ+ì ¬ Ï�Ãy¨4» ¬� Ñ�Ã)¨�³ M(Σ) Ç d B)«	ð>½ ±1–surgery ��½ ª ³ ¬�¾ ��¿�§
M(Σ′)

ª�«�¬�/À B d § trivial knot
ª�«�¬ Ã ª M(Σ) ∼= M(Σ′)

ª�«�¬�
 �© ¬ identification ÇJå�Â�ò�ó$B�Ï ¾ �)¿�Ã�Å�à3Ç1<�»�Î�Á����3Ç1Â�Ý�» ¬�

é�ê
20 τ Ç annulus X +�Ã orientation preserving free involution ¨4» ¬� m Ç

X Ã proper arc
ª

∂X Ã& �© ¬ component ÇmÃ�g0Ï�Ã0¨4» ¬� Ñ�Ã3¨�³ τ Ò0Ó
equivariant isotopy

ª h¦Ó4ì ¬ free involution τ1
ª

τ1(m) ∩ m = Ø ¨�© ¬ Ï�Ã�¸¹�º�» ¬�
îIï

m B&��³�Ç-E�ì�½/v V ÅÄ/Æ B m∩τ (m) ¸ +1 Ç�2 −1 Ã intersection num-

ber Ç4È�B�å�Â�ò�ó3Ç-, É ¬J innermost © 2–disk d Ç4, É ¬J Ñ�Ã3¨�³ τ (d) = d©^Ó fixed point ¸��n��» ¬� Ê�Î d ∩ τ (d) 6= Ø Ã0¨�³�¼�È�É©Ê�Ë 1 Ê�Ãn�^¨Í©¬` Ñ�Ã�Ê�¸ fixed point B�© ¬Ðyø ð�½ d ∩ τ (d) = Ø ¨Ð©�ð�½1æ ¬Ð Ñ�Ã^¨�³
equivariant isotopy B ø ð�½ intersection Ç4Ì�»�O�¸ ª ³ ¬�
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m

τ (m)

α

β

p

q

ù
21

ø ð�½ intersection ¸�¹�º�» ¬�Í ³�¼ intersection number Ë�»�è½)Î¯8Ï	Ê�Î�Ë�»è�½�Ð�Ñ$Ò�Ï Í »�Ó  τ (m) +)B����$Ê p ÒyÓ × Ã m ∩ τ (m) Ã�Ê q Ê�Ô arc β ÇÍ Ó  m +�B�Ê q Ò^Ó τ (p) Ê�Ô arc α Ç Í Ó  Ñ�Ã Í ³�¼ α ¸�Ê q
À�5 B τ (m)

Í
intersection Ç�å�½�í ±1 Ã intersection Ã�Ê�¸U����»�Ó mø ð�½ α ∩ τ (m) = q ÔÕ Ó  Ñ�Ã Í ³ τ (β) = α Ô τ (q) = q

Í4Ö Ë4\�Ø�Ê�Ç`å	Â�Ã�Ô���� 
é�ê

21 τ, τ ′ Ç annulus X +�Ã orientation preserving free involution Ô τ |∂X =

τ ′|∂X Ç�Ì�Î�» Í »²Ó  Ñ�Ã Í ³ τ ′ Ë τ Ò3Ó>¸y¹ns�Ã equivariant isotpy B ø Ó
·�ö$Ô8h¦Ó4ì�Ó 
îIï �/��Ã� Ö Ó component

i ç���Ç4Ã/g arc Ç m
Í �$¼ ñ Ã��/��Ã/Ê�Ç p, qÍ »�Ó  ��� 20 B ø Ë m ∩ τ (m) = Ø ¼ m ∩ τ ′(m) = Ø
Í Ô�³�Ó 

` = τ (m)
Í v³�¼ Γ = (m∩ τ ′(m))∪ (m∩ τ ′(`))∪ (`∩ τ ′(`))

Í »�Ó  Γ = {p, q}Ã Í ³�¼ m ∪ τ ′(`) Ë 2–desk d Ç bound ��½�æ$Ó  d ∩ τ ′(d) = Ø
Ö Ã�Ô�¼�Ñ�ÑUÔ

equivariant isotopy Ç×Â�æ�½ τ ′ ÇØ·�ö�� (·>ö²�JÎmÃ/Ù Ç τ1
ÍÛÚ V

) ¼ τ (m) = τ1(m)Í Ô�³3Ó  X− (U(m) ∪ U(τ (m))) Ë 2 Â�Ã 2–disk
Ö Ã/Ô�¼ τ1 Ç�Ü	Ó-B equivariant

isotopy Ô τ
Í �)ÝAÜ>9�Ó�Ñ Í ¸�Ô�³�Ó ø ð�½ Γ ¸ p, q

À/5 Ã/ÊÇ1!:e/Ô�æ�Ó Í »GÓ  Ñ�Ã Ö Ò3Ô innermost
Ö Ï�Ã�Ç-,É Ó : α, β Ç m, `, τ ′(m) Ê�Î�Ë τ ′(`) ª Ã arc Ô À�Á Ã�Þ)ß)Ç`Ì�Î�»3Ï�Ã Í »�Ó 

α∩β ¸ 2 Ê>¼ α∪β ¸ bounde »GÓ 2–disk Ç d
Í »GÓ Í ³�¼ d

Í
m∪`∪τ ′(m)∪τ ′(`)Ã intersection Ë α∪β Ã/�  Ñ�Ã d B�¶²� d∩τ ′(d) = Ø ¸���Ò�ÓÐÃ/Ô�¼�Ñ�Ã 2–disk

B/.�� equivariant isotopy Ç1à�ð�½ intersection Ç4á¦Ó4»3Ñ Í ¸�Ô�³�Ó 

Ñ�Ñ8Ô�¡�� 6 Ç-=$?�»jÓ�Î�Á × Ç�Ø�Ù�»�Ó 
GS Σ = (S,G, f)

Í
S +�Ã loop c Ô c ∩ G = Ø, c ∩ τ (c) = Ø Ç�Ì�Î�»^Ï�Ã�B�¶

�Jâ��æ GS Σ(c) Ç × Ã8�zB�Ø�Ù�»�Ó  Î)#�� M(Σ) ¸ orientable Ã Í ³�Ë B B
Ë M(Σ) Ã���³ Í Å8ã�»�Ó���³�¸�E�ð�½�æ$Ó�Ï�Ã Í »�Ó 
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c τ (c)

D1 D2

ù
22

B ª Ô c Ç©2 τ (c) ¸ bound »²Ó proper
Ö

2–disk Ç ñ ì©��ì D1, D2
Í »äÓ 

U(Di) = Di × [−1, 1] Ç Di Ã B BnvRë�Ó regular neighborhood
Í »�Ó  Î�#ä�

∂Di × [−1, 1] ¸ ∂Di Ã S B�vÄë�Ó regular neighborhood Ô1¼ τ (∂D1 × {±1}) =

∂D2 × {±1}
Í4Ö Ó4�$B Í Ó 

B′ = B −
(

◦

U(D1) ∪
◦

U(D2)
)

, S ′ = ∂B′
Í v V  fake surface P = f(S) B�¶��Í¼

P ′ = (P − ∂D1 × (−1, 1))
⋃

(E1 ∪ E2)
Í v V  Î�#²� Ei Ë 2–disk Ô ∂f(∂D1 ×

{1}) = ∂E1, ∂f(∂D1 × {−1}) = ∂E2
ÍmÖ Ó�Ï�Ã Í »äÓ  f ′ : S ′ → P ′ Ç x ∈ SÃ Í ³&Ë f ′(x) = f(x) ¼ f ′(D1 × {1}) = f ′(D2 × {1}) = E1, f ′(D1 × {−1}) =

f ′(D2 × {−1}) = E2 Ç`Ì�Î�»��$B�Ø�Ù�»�Ó  Ñ�Ã Í ³�¼ Σ(c) = (S ′, G, f ′)
Í Ø�Ù»GÓ  M(Σ)

Í
M(Σ(c)) Ã�.��$Ë × Ã����$Ô�È É Ó+ì�Ó 

é�ê
22 (1) S2 = D1 ∪ D2 ¸ M(Σ) Ã separating 2–sphere Ã Í ³�¼ M(Σ(c)) =

M1 ∪ M2(disjoint union)
Í ��Ò�ì�¼ M(Σ) ∼= M1]M2

Í4Ö Ó 
(2) S2 = D1 ∪D2 ¸ non–separating 2–sphere Ã Í ³�Ë M(Σ) ¸ orientable Ã Í ³
Ë M(Σ) ∼= M(Σ(c))](S2 × S1) ¼ orientable Ã Í ³�Ë M(Σ) ∼= M(Σ(c))](S2 ×τ S1)Í-Ö Ó 
å/æ

23 (1) M(Σ) ¸���³�²3ë�ç�è�Ò i ç4Ò�Ë L(Σ) Ô�Ô�Ê$Ó 
(2) M(Σ(c)) ¸���� 22 Ã (1) Ò (2) Ò)Ë L(Σ) Ò3Ó Ô�Ê$Ó 
(3) M(Σ(c)) ¸ connected Ô Ö æ Í ³�¼ connected sum Ë 3–ball Ç�� V ò�é�B�ê¹�»�Ó�¸�¼�Ñ�Ã�ò�éyË L(Σ) Ô�Ô�Ø�Ü4ì�Ó 
Ä/ë B�¡&� 6 Ã8=:?IÇ�È É ø ç  Σ = (S,G, f)

Í
Σ′ = (S,G, f ′) ¸ L(Σ) ≡ L(Σ′)

ÇJÌRÎ���½�æ$Ó Í »�Ó  ∂U(G) Ã component c Ô S −
◦

U (c) Ô�Ë 2–disk Ç bound

9/DI¼ c ∩ τ (c) = Ø
Í4Ö Ó�Ï�Ã�Ã�")H$B�Â�æ�½�Ã induction Ô�<�» 

(1) Ñ�Ã�� Ö c ¸�¹�º�� Ö æ Í ³  S−
◦

U(G) Ã component X Ô 2–disk
Í

annulusÀ¬5 ÃÏ�Ã�¸�¹�º�»GÓ Í ¼�Ñ�Ã�� Ö c Ëw¹	º�»ìÓ  »�è�½ 2–disk
Ö ÓJ¼ DS diagram
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Ã�ò�ó Í Å��yB M(Σ) ∼= M(Σ′)
Í4Ö Ó�Ã�Ô�¼ X Ë annulus

Í »�Ó  τ (X) 6= X
Ö

Ó ¼ c ¸�¹�º�»GÓ�Ã/Ô�¼ τ (X) = X
Í »�Ó  Ê	Î τ ¸ orientation reversing

Ö ÓJ¼1�
�>¾���Å�Y�Ç-E�ì/f É Ó�Ã/Ô�¼ c ¸�¹�º�»�Ó �ø ð�½ τ Ë orientation preserving

Í
»GÓ  Ñ�Ã Í ³4�)� 21 Ç-í�Â�»�Ó4OyB ø Ë Σ ≡ Σ′

Í4Ö ËC¼ M(Σ) ∼= M(Σ′) ¸��Ò�Ó 
(2) c ¸`¹�º�»©Ó Í ³�¼ Σ(c) ¼ Σ′(c) BKî&ï¬ð�Ã�ñ�ØIÇ×Â�æ�Ó Í M(Σ(c)) ∼= M(Σ′(c))¸���ÒyÓ 
(a)M(Σ(c)) = M1 ∪ M2 ¼ M(Σ′(c)) = M ′

1 ∪ M ′

2 Ã Í ³ : M(Σ) ¸ orientable Ã Í³�¼ f, f ′ Ë���³�¸�Å�ã�»�Ó ø ç>B�d�í�ì�½�æ$Ó�Ã�Ô�¼ M1
Í

M ′

1 ¸���³�Ï�Ñ�Á�½�Åà Ö Ó M2
Í

M ′

2 Ï ñ ç>Ô Õ Ó$�J¼ M1
Í

M ′

1 ¸���³�Ç ® B��J½�Å�à Ö Ó M2
Í

M ′

2Ï ñ çòÔ Õ Ó  Ñ�Ã Í ³ M1]M2
Í

M ′

1]M
′

2 Ë)��³�Ï�Ñ�Á�½�Å�à�Ò�¼���³�Ç ® B��½�Å�àyÔ Õ Ó  M(Σ) ¸ non–orientable Ã Í ³�Ë M1]M2
∼= M ′

1]M
′

2 Ô Õ Ó 
(b)M(Σ(c)) ¸ connected Ã Í ³ : M(Σ) ¸ orientable Ã Í ³w¼ M(Σ) = M(Σ(c))]S2×

S1 ¼ M(Σ′) = M(Σ′(c))]S2 ×S1 ø Ë M(Σ) ∼= M(Σ′) Ô Õ Ó  non–orientable Ã�òó�Ï M(Σ) = M(Σ(c))]S2×τ S1 ¼ M(Σ′) = M(Σ′(c))]S2×τ S1 ø Ë M(Σ) ∼= M(Σ′)

Ô Õ Ó 

ó ô õ ö

[1] Ikeda, H, Singular block bundles, Yokohama Math. J 22(1974), pp 79–100
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