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In troduction 

This is the first of a series of papers which will be devoted to a study of 
the index of elliptic operators on compact manifolds. The main resul t was 
announced in [6] and, for manifolds with boundary', in [5]. The long delay 
between these announcements and the present paper is due to several factors. 
On the one hand, a fairly detailed exposition has already appeared in [14]. 
On the other hand, our original proof, reproduced with minor modifications 
in [14], had a number of drawbacks . In the first place the use of cobordism, 
and the computational checking associated with this, were not very enlighten­
ing. More seriously, however, the method of proof did not lend itself to 
certain natural generalizations of the problem where appropriate cobordism 
groups were not known. The reader who is familiar with the Riemann-Roch 
theorem will realize that our original proof of the index theorem was modelled 
closely on Hirzebruch's proof of the Riemann-Roch theorem. Naturally 
enough we were led to look for a proof modelled more on t hat of Grothendieck. 
'While we have not completely succeeded in this aim, we have at least found 
a proof which is much more natural, does not use cobordism, and lends itself 
t herefore to generalization. In spirit, at least, it has much in common with 
Grothendieck's approach. 

A further essential feature of our new approach is the elimination of 
cohomology from the picture, at least in the first instance. The algebraic 
topology that is really relevant to the study of elliptic operators is K-theory.' 
This is not surprising since K-theory may be roughly described as "the alge­
braic topology of linear algebra". Thus, in the present paper, no homology 
or cohomology is used, either explicitly or implicit ly. Our main theorem, giv­
ing a formula for the index of an elliptic operator, is expressed purely in K­

theoretical terms. This is especially significant for generalizations which will 
be dealt with in subsequent papers. The cohomological formula given in [6] 
can be obtained quite simply from the K-theory formula given here. This, 
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2 See for example [1] for an elementary treatment. See also [2) for a non-technical 

exposition of the relation between K-theory and elliptic operators in euclidean space, 
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of course, is simply an exercise in algebraic topology, translating from one 
set of topological invariants to another, and it will be dealt with in paper III 
of this series. Which formula actually provides the "best answer" is partly 
a matter of taste. It depends on which invariants one is more familiar with, 
or can most easily compute. 

One generalization of t he index problem plays a minor role in our proof 
and is therefore included in this fi rst paper. This concerns an elliptic operator 
which is invariant under a compact Lie group G. The index in this case is a 
character of G. The appropriate algebraic topology here is Ka-theory' (or 
equivariant K-theory), and our formula for the index is expressed in those 
terms. In a subsequent paper, II of this series: we shall show how this for­
mula can be expressed in terms of the fixed-point sets of elements of G. The 
character formula obtained in this way is closely related to the generalized 
Lefschetz fixed-point formula of [4], and is a special case of it when the fixed­
points are all isolated. As a particularly interesting special case of this 
character formula (for general fixed-point sets) one can derive the formula of 
Langlands [12] for the dimension of spaces of automorphic forms . This will 
be dealt with in a separate paper.' 

Besides the topics referred to above, subsequent papers of this series will 
deal with 

(1) Families of elliptic operators, parametrized by a space X. In this 
case one can define an index in K(X) . 

(2) Real elliptic operators. For example, if D is a real skew-adjoint 
elliptic operator, dim Ker D (mod 2) is a deformation invariant. This can be 
interpreted as an index, and a general formula will be obtained which includes 
this as a special case. 

(3) Manifolds with boundary. 
(4) Operators which are "elliptic relative to a group action"; i.e., their 

symbols are elliptic in the directions transversal to the orbits. 
In order to keep this paper to a reasonable and readable size, we shall not 

attempt to develop ab initio all the relevant topology and analysis. Instead 
we shall summarize the relevant basic material. Thus § 2 contains a review 
of K- and Ka-theory, with special emphasis on those parts of the theory which 
will be needed. In § 5 we review pseudo-differential operators, and in § 6 we 
review the basic analytical properties of the index of elliptic operators. All 
of this is essentially standard material. 

, Sec [16]. 
, by Atiyah and Segal. 
, See also [7]. 

, ' 
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The main ideas of the proof are explained in a non-technical manner in 
§ 1. In § 3 we defi ne the topological index using the basic facts about J(­

theory explained in § 2. Then in § 4 we set up some axioms for "index 
functions" and prove a uniqueness theorem (4.6), so that any index function 
satisfying t hese axioms must coincide with the topological index of § 3. 
The elementary properties of the analytical index given in § 6 show that 
this is an index function. At this stage we can formulate our main theorem 
(6 .7) which simply asserts that the analytical index is equal to the topological 
index. In view of the uniqueness theorem for index functions established 
in § 4 it is enough to show that the analytical index satisfies the axioms. 
This is done in § 8 and § 9. In § 7 there is a digression dealing with elliptic 
complexes, and we show how (6 .7) implies a formula (7.1) for the Euler char­
acteristic of an elliptic complex. 

Many of the analytical ideas and devices which we use here are due to 
R. Seeley. He fic'st introduced the "excision" property, and also carried 
through for us the technical treatment of operators on product manifolds. 
The fi nal presentat ion of the analysis in §§ 5- 9 owes a great deal to the help 
of L. Hormander wi th whom we have had many illuminating discussions . 
Finally we are glad to acknowledge our indebtedness to R Palais whose 
Annals of Mathematics St1tdy [14] gave such a thorough presentation of our 
first proof, and has been of considerable assistance to us in preparing the 
present paper. 

1. Idea of proof 

In this section, we shall try to give some intuitive ideas of the nature of 
the proof. In our more formal treatment in the remaining sections, we shall 
present things in a slightly different manner for technical reasons . 

Let X be a submanifold of a manifold Y, both being compact . Denote by 
i: X ~ Y the inclusion. Let A be an elliptic operator on X. Then the main 
step in our proof is the construction (on the symbolic level) of an elliptic 
operator i ,(A) on Y such that 

(1.1) index A = index i ,(A) . 

Once this has been done, we can take Y to be a sphere, and the general index 
problem is reduced to the case of operators on the sphere. For these the 
problem is easily solved. In fact we can go one step further. Thus, if 
i : X ~S is an embedding, and if j: p~ S denotes the inclusion of a point, 
we can show that there is an elliptic operator B on the point P so that 
j ,(B) = i ,(A) (up to a sui table equivalence preserving the index). Thus 
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index A = index il(A.) = index jl(B) = index B , 

and the problem is reduced to a point, where of course it is trivial! 
.' The construction of i!(A) and the verification of (1.1) is thus the heart of 

the problem. Now in a tubular neighborhood U of X in Y, we may consider 
the "transversal de Rham complex" C; i.e., in each normal plane of X we 
consider the de Rham cOlnplex of that plane. The "tensor product" A ® C 
can then be defined as an elliptic complex over U, at least on the symbolic 
level. It turns out that there is a natural trivialization of the symbol of C 
on the boundary of U, and this enables us to extend the symbol of A ® C to 
the whole of Y. This is the definition of il(A). 

To compute the index of il(A), we use an excision property,S observed by 
Seeley [15], which shows that 

index il(A) = index k,(A) , 

where k: X --. Z is the inclusion of X in "the double" of U. Thus Z is fibered 
over X by spheres. Moreover the symbol of k!(A) is the tensor product of the 
symbol of A on X and a symbol "elliptic along the fibres" which Inay be 
roughly described as "one-half" of the de Rham complex along the fibres. 
Now if Z were a product bundle X x S, we could use the multiplicative prop­
erty of the index [14; Ch. XIV] and obtain 

(1.2) index k!(A) = index A· index .i,(l) , 

where j: P-+ S is the inclusion of a point, and 1 is an operator of index 1 on 
P. This would reduce us to proving (1.1) with X = P, Y = S, which is fairly 
simple by direct computation (and can moreover be reduced, by the multipli­
cative property, to the cases dim S = 1,2). In the general case when Z is not a 
product bundle, we have to generalize the multiplicative property of the index 
to deal with fibre bundles." One does not always obtain a formula as simple as 
(1.2), but one does obtain this formula when the "operator along the fibres" 
is rigid in a certain sense. Fortunately the de Rham complex is rigid in this 
sense, and so (1.2) holds and the proof is then complete. This rigidity of the 
de Rham complex comes (in one point of view) from the fact that its coho­
mology groups are the cohomology groups of the underlying space and so have 
an integral basis. The space of solutions of a general elliptic operator does 
not normally have such a discrete structure, and it can therefore "vary" in a 
continuous fashion. 

It is perhaps worth making a remark about the construction of the 

. S A very similar idea was suggested to us independently by P. J. Cohen. 
T It is here that it becomes helpful to introduce groups into the index problem. 
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operator i! (A). The trivialization of the de Rham complex used in extending 
the symbol of "10 C from U to the whole of Y corresponds to the existence 
of a natural boundary-value problem.' The use of such a boundary-value 
problem in U may be more conceptual but, on the other hand, boundary ques­
tions involve more delicate considerations both analytical and topological. 
For this reason, we have kept away from boundary-value problems for the 

present . 
Finally, it may be worth pointing out that the proof given in this paper 

could be technically simplified in a number of ways if one only wants the 
index theorem of [6], particularly if one is content to compute the index of 
differential operators only. However, since our aim is to present a proof which 
will generalize in various directions, we have not attempted to make these 
simplifications. The ideas in any case are the same. 

2 . Review of K-theory 

A general reference for the results summarized here is [1]. The basic 
periodicity theorem is also in [3], while more detailed facts about KG can be 
found in [16]. It should be emphasized that the only' non-trivial result which 
is involved in all this is the periodicity theorem." 

Let X be a compact space. The isomorphism classes of complex vector 
bundles over X form an abelian semi-group under Ell, and the associated abelian 
group is denoted by K(X). If E is a vector bundle over X, the corre­
sponding element of K(X) is denoted by [E]. K(X) is a commutative ring 
under 0 . A continuous map/; X-Y induces a natural ring homomorphism 
/* : K(Y)-,K(X) which depends only on the homotopy class of /. K(Point) 
is naturally isomorphic to the ring Z of integers. If X is a space with a given 
base point P, then K(X) is defined as the kernel of the homomorphism 

K(X) -> K(P) 

induced by the inclusion P-.X. We have, moreover. a natural decomposition 

K(X) ~ ]((X) Ell K(P) ~ !((X) EEl Z . 

If Y is a closed subspace of X, we denote by X/Y the space with base point 
obtained by collapsing Y to a point (if Y = 0 we take X/0 = X + P disjoint 
sum) . We defi ne 

B See [5} for the relation of boundary conditions to the trivialization of an elliptic 
symbol. 

9 In KG-theory we also need the basic (Peter-Wey!) theorem about representations 
of G. 

II) Further comments on the periodicity theorem and the proofs in [1] and [31 will be 
made later in this section . 
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K(X, Y) = K(X/ Y) . 

If X is a locally compact space we define K(X) = j«(X+) where X + is the 
one-point compactification of X: it will be a contravariant functor of X for 
p"ope,' maps, because only these extend to X +. This is "K-theory with 
compact supports" and there is an alternative way to describe it which is very 
convenient. We take, as basic objects, complexes of vector bundles over X, 
that is sequences 

O---+ .EO ~EL~~ ... _a_~E"_. O 

of vector bundles Ei and homomorphisms a with a' = O. The S1'ppO,·t of such 
a complex is the set of points x E X for which 

o ---+ E~ ~ E; ---+ ... ---+ E; ---+ 0 

is not exact . We consider only complexes tv'ith co'rnpact SUP1JO,· t . Two such 
complexes E, F are said to be homotopic if there is a complex G over X x I 
(with I the unit interval) such that G I X x {O} = E and G I X x {1} = F. The 
homotopy classes of complexes over X, we denote by C(X) . This is an abelian 
semi-group under EB, and it contains a subsemigroup C.(X) represented by 
complexes with empty support. As a second definition of K(X) we can then 
take the quotient C(X)/C.(X) ; although apparently only a semi-group, it 
turns ou t to be a group. The proof that our two definitions of K(X) agree 
can be found in" [16]; in fact , we shall only use non-compact spaces in a very 
mild way (e .g . the total space of a vector bundle over a compact base) and 
the reader should have little difficulty in eliminating them entirely from the 
presentation . The formalism is, however, much simpler and more conceptual 
in the locally compact theory. 

If E is a complex of vector bundles with compact support as above, we 
denote by [E ] its class in K(X) . If X is actually compact, then we have 

(2.1) [E] = B (_l)i[Ei] . 

Two complexes E and F which involve the same bundles, and whose homo­
morphisms a E and a,. coincide outside a compact set, are homotopic, and so 
[E] = [F]. In fact we can define the class [E ] of E even if the homomor­
phisms a are not defined on some compact set L; we simply multiply by 1 - 'P 

where'P is a continuous function with compact support and vanishing in a 
neighborhood of L. 

Note that K(X) is a ring without identity unless X is compact. If U is 

11 For X, Y compact the analogous definit ion of K(X, Y) by complexes on X with 
support in X - Y is treated in [11 . 'fhe version described here foll ows from this and the 
contin uity property (2.2); we consider the groups K( D, V - U), 
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an open set of the locally compact space X, we have a natural map 

X + --+ X +/(X+ - U) = U+ 

and so a natural homomorphism 

i . : K( U) --+ K(X) . 

Thus if {U.l denotes the directed family of all open relatively compact subsets 
of X, the groups K( U. ) form a direct system of groups (with the homo­
morphisms i :': K(U.) - K(Up) if U. c Up). Then K has the following conti­
nuity property 

(2.2) K(X) = dir lim K( U. ) . 

The proof of this is quite elementary (cf. [16)). 
If we work only with complexes of fixed length n ~ 1, then it is still true 

that K(X) can be defined as C"(X)/C~(X) . The advantage of using complexes 
of arbitrary finite length lies in the multiplicative structure . Thus if E is a 
complex on X, F a complex on Y, then E [gJ F (the external tensor product) 
is a complex on X x Y , and it has compact support if E and F have compact 
support. This induces a product 

K(X) @ K(Y) --+ K(X x Y) . 

As a simple example of multiplication of complexes, let 0 --+ E O ~ 
E' - > 0 and 0 -, F O _ fi_> F' --+ 0 be complexes with compact support on 
spaces X, Y respectively. Their external tensor product is the complex 

0-> E O [gJ F °....:!.-. E' [gJ F O EEl E O [gJ F' -.i.... E' [gJ F' - -> 0 , 

where'P = a [gJ 1 + 1 [gJ ,e, ..;r = -1 [gJ,e + a [gJ 1. Now, using metrics in the 
bundles, we can exhibi t a complex of length one representing the same class 
in K(X x Y) as the complex E [gJ F, namely the complex 

o 
0--> E O [gJ F O EEl E ' [gJ F ' --> E' [gJ F O EEl E O [gJ F' --> 0 , 

where 

0= (a [gJ l , - 1 [gJ,8* ) 
1[gJ ,e, a * [gJ l ' 

and a * , ,e* denote the adjoin ts of a, ,e wi th respect to the metrics (for the proof 
that this is equivalent to E [gJ F see [1; 2.6.10)) . This particular representa­
tive for the product of two complexes will be needed later in § 9. 

For the application to elliptic operators, we shall be particularly con­
cerned with the groups K(V) where Vis a ,·eal vector bundle over a space" X . 

12 In the applications X will be a smooth manifold and V = TX will Le its cotnngent 
bundle. 



INDEX OF ELLIPTIC OPERATORS: I 

If W is another such bundle then composing the product 

K(V) ® K(W) --t K(V x W) 

491 

with the map K(V x W) -. K(V EB W), induced by the diagonal inclusion 
X ~ X x X, we obtain a product 

(2.3) K(V) ® K(W) --t K(1' EB W) . 

In particular, taking W = X, we see that K(V) is a K(X)-module. 
Let E', E l+ ' be complex vector bundles over X, and let rr* E' denote the 

induced bundle over V; the fibre (11: * E'). may then be identified with E;,,) . 
A homomorphism a: rr* E'~ rr* Ei+' is called (positively) homogeneous of 
degree m if 

for all v E V and all real positive scalars:l.. Note that, if we fix a metric in 
V, and let S( V) be the unit sphere bundle of V, then such a homogeneous a 
is determined by its restriction to 8(1'). If all the homomorphisms a of the 
complex E over V are homogeneous of degree nt, we say that E is homoge­
neous of degree m. If X is compact and if, outside the zero-section of V, E 
is exact, then it has compact support and so defines an element of K(1'). It 
is easy to show that K( V) can in fact be defined using only homogeneous 
complexes (of fixed degree). More precisely let mc(1') denote the semigroup 
of (compactly supported) homogeneous complexes of degree m modulo homo­
genous (compactly supported) homotopies, and let mC.(1')cmC(1') denote those 
elements represented by complexes whose restriction to the unit sphere S(1') 
is induced by a complex on X, so that 

a, = II v 11".8.1, ) 

where 

E " P E "" •• • ---t '-. ' -1"" 

is exact on X. Then 

"C( 1')/"C.( V) "" C( V)/C.( V) "" K( V) . 

This is proved as follows. Given a complex E on V with compact support L, 
choose a ball bundle Bp(V) of radius p containing L. The class [E] depends 
only on the restriction of E to Bp( V) . Since X is a deformation retract of 

r' Bp(Vl, it follows that, over Bp(V), E' "" 11:* F', where F' is the restriction of 
E' to the zero section. Moreover this isomorphism is unique up to homotopy 
if we choose 'I, to be the identity on the zero-section. Putting 
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on the boundary Sp(V) of Bp(V), and extending it to V as a homogeneous 
function of degree m, we obtain a homogeneous complex E'. Associating E' 
to E then defines a homomorphism C(V) ~ mc(v), and this illduces the 
required isomorphism C(V)/C.(V) ~ cm(vlrC. (V). 

Again we can restrict ourselves to complexes of length one so that we 
can write 

The degree 11t above plays, of course, a quite harmless role. Mu!tiplica­
tion by II v II'-m wiII map mc(V) - 'C(V) isomorphicaIIy. Thus it would be 
natural to consider only the case m = 0. However this is inconvenient for the 
explicit description of products. If E, F are compactly supported homogeneous 
complexes of degree m over vector bundles V, W respectively, then E (8J F 
over V x W is again compactly supported (i.e., exact outside the zero-section) 
provided m > 0; if m :;;; 0, there wiII be discontinuities in the homomorphisms 
of V (8J W at points (v, 0) and points (0, w) . This fact \ViII be of considerable 
analytical significance in § 9. 

On the other hand, we cannot settle for ,. > ° because in one situation 
we definitely must take ,. = 0. This occurs when X (the base of V) is non­
compact. A homogeneous complex over V, as above, cannot now ha ve compact 
support unless ,. = 0; when ,. = 0, it has compact support provided it is exact 
outside the zero-section of V and in addition, outside some compact set in X, 
the homomorphisms IX are constant on the fibres of V . ActuaIIy, for non­
compact X, we shaII only explicitly need the foIIowing fact . Every element 
a E K(V) can be represented by a compactly supported homogeneous complex 
of degree zero 

a 
0-> '!r* (E' ) -> '!rOtE' ) -> ° , 

with E ' and E' trivial outside a compact set in X. This is proved much as 
before. Since K (V) = ](V+), we can represent a by a complex 

(2.4) O~FO ~Fl--+0 

in which, outside some compact LeV, we have isomorphisms 

!3i: Fi I V - L -> (V - L) x C' , 

and, over V - L, 'P = !3~'!3, . Let Y be open relatively compact in X contain­
ing '!r(L), and let p be chosen so that the compact set L lies in the baIl bundle 
Bp(V) I Y. Then a is already determined by the restriction of the complex 
(2.4) to Bp( V) I Y. 
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Bp('V) I iT 

r-------+~/_----, -----------Sp(V) 

o I--------x 

----________ --1. __ .., _____ _ 

l' 

FIG. 1 

Now on this compact set, since Bp(V) I Yretracts onto iT, we can find isomor­
phisms 8,: Fi --+tr* Ei (where E' is the restriction of F' to the zero-section of 
V). Moreover we can assume the 0, extend the isomorphisms over tr-1

( iT - Y) 
induced ,by the 13,; more precisely this nleans that, if $ e iT - Yand tr(v) = $, 

then the homomorph~smO,(v): ~F': --+ (1r* Ei).., = F; coincides with the com­
position p,(X)-l 0 (3,(v). Now put a = 011rpOo on 

a(Bp(V) I iT) = (Sp(V) I Y) U (Bp(V) I (iT - Y») , 

extend it to all of V I iT so as to be homogeneous of degree zero and extend it 
outside Y in the obvious way (using the fact that the Ei are trivial there, 
and that a is isomorphic to the identity). We now have a representative for 
a e K( V) of the required type. 

Remark. If the base X is a smooth manifold, then the isomorphism 
classes of continuous and smooth vector bundles over X coincide (by standard 
approximation arguments). Similarly, if V is also smooth, we get the same 
group K(V) if we take only smooth bundles over V in the above definitions. 
by complexes. 

Suppose now that V is a complex vector bundle over X, and assume first 
that X is compact .. Then the exterior algebra A *(V) defines in a natural way 

. a complex of vector bundles over V, exact outside the zero-section (and homo­
geneous of degree 1). We shall call this the exterior complex of V, and denote 
it by A( V). The class of A( V) gives an element of K( V) which we denote by 
A.y. Since I( V) is a K(X)-module, multiplicatio~ by A.y induces a homomor­
phism 

tp: K(X) ~ K(V) • 

We call this the Thom ho?nomorphism. Note that if i: X --+. V denotes the 
zero-section, then by (2.1) we obtain 

(2.5) i*rp(x) = {E ( _l)i~'( V)}x for xe K(X) • 
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For locally eompact X, the exterior complex A(V) does not have compact 
support. However for any complex E on X with compact support, the product 
A(V) (9 E has compact support, and 

EI--> A(V) (9 E 

defines again a Thom homomorphism K(X) ~ K(V). 

Since for vector spaces V, W, we have a natural isomorphism of algebras 

A*(V (9 W);: A*(V) (9 A*(W) , 

it follows that, for vector bundles , V, W, over a compact space X, we have 
the multiplicative formula 

(2 .6) x,1' • A.w = :\'''$11' • 

Here we use the product (2.3). The formula (2.6) implies that the Thom 
homomorphism 

K(X) -> K( V EB W) 

coincides with the composition of the two Thom homomorphisms 

K(X) ->K(V) 

K( V) -, K( V EB W) 

the latter being obtained by regarding V EB Was a bundle over V. 
The fundamental result of K-theory, the Bott pe1'iodicity them'em," 

asserts that '1' is an isomo1·phism . Note in particular the special case 
X = point; V = C' . Then we have an isomorphism 

'1' : K(Point) -> K(C' ) • 

Thus K(C' ) ;: Z and is generated by :I., = :I.e' , The multiplicative property of 
:I. shows that :I., = (:I.,), . 

There is a fairly st raightforward generalization of K-theory to the 
category of G-spaces where G is a compact Lie group. Thus let X be a compact 
G-space, i.e., a compact space with a given action of G on X. Bya G-vector 
bundle over X, we mean a G-space E which is also a vector bundle over X, 
the projection E~ X being compatible with the group action, and such that 
for each g E G the map 

defined by g is linear. Note that if X = Point, then a G-vector bundle over X 
is just a complex representation space of G. 

Starting from G-vector bundles over a G-space X we form a ring Ka(X) 

13 This is also called the Thorn isomorphism theorem for K-theory; the Batt periodicity 
being restricted to the special case where V is n trivial bundle. 
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just as in the case where there is no group. All the elementary part of K­
theory goes over without essential change to Ka (see [IS]). The Bott periodi­
city theorem in the general case presents some new features, and not all 
proofs generalize automatically to Ko-theory. Thus the proof given in [1] 
applies only when the vector bundle V decomposes into a sum of line-bundles. 
This decomposable case would be adequate for our purposes because we shall 
explicitly need only the case when X is a point and G is an abelian group. 
However this is a rather artificial restriction and, in [3], a more fundamental 
proof of the periodicity theorem is given which appli~s directly to Ko. Since 
the proof in [3] uses indices of certain classical elliptic operators (on the sphere 
and projective space) it might appear that we were involved in a vicious 
circle. However this is not the case; the main theorem (S.7) of this paper is 
not used in [3]. In a sense, 'l'heorem (S.7) expresses the index of a general 
elliptic operator in terms of the index of certain classical operators and, for 
these, one has explicit methods of computation which yield ultimately the 
concrete formulas in papers II and III of this series. 

We shall in fact only use the,special case of the Bott periodicity when X 
is a point, and so we state this explicitly: 

(2.7) Let G be a compact Lie group, V a complex G-module. Then the 
homomo'rphis'n7, 

9': Ko(point) ~ Ka( V) , 

given by g>(ro) = roo )uy, is an isomo1"phism. 
Note that Ko (point) is the characte:r or representation ring R(G), and so is 
determined by its restriction to all abelian subgroups. It is for this reason 
that we could restrict ourselves to abelian groups and hence use only the 
periodicity theorem as proved in [1]. 

If G acts freely on X so that X --. X/G is a principal fibre bundle, then 
we have a natural isomorphism 

Ka(X) ~ K(X/G) • 

More generally if G x H acts on X with H acting freely, then 

Kox1/(X) ~ Ka(X/H) • 

In addition to the results reviewed so far, we shall need a small technical 
lemma which is not given explicit.ly in the literature, and which we shall 
therefore prove here. 

Suppose W is a real G-module, V = W ®n C its complexification. Then 
the map 

t: V-.V 

i-Yr ~~:~_~Zr~J ~ ~ ::J:"iI;? .. :.-:c: .. ~e.... ~ ~;..~~~ ~ ~r.~ ~~J. ;~~I'; ~~ •• ~;~ ~~=--"':t' f ,~ ..; ~I~~: ~ [:';~~ 

• ~ I ~ ~ ~ I • 
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given by complex conjugation is a G-map. We want to investigate the induced 
homomorphism 

v*: ](a(V) -> ](a(V) . 

By (2.7) ](a( V) is a free R(G)-module generated by the element "y, so it is 
sufficient to compute V*)..I' . This can be done quite easily in general , but for 
our purposes the two cases given in following lemma will suffice. 

LEMMA (2.8) . Let.yr: V ~ V be complex conjugation, whe?·e V = W ® R C 
is the complexijication of the ?·eal G-module W. Then if.yr' is the induced 

h01no1n01·phism of ](a( V) we have 

(1) If W = R', G = 0(1), v'a = - a[Vj. 

(2) If W = R', G = SO(2), v'a = a. 

PROOF. Case (2) follows from the fact that V is G-homotopic to the 
identity. We define 

.yr ,(1t + iv) = u + ig,(v) 1t , V E W, 0 ;;:; t ;;:; 1 

where g, E G = SO(2) is rotation through ITt. In case (1) we observe that the 
element v*).." + )..,,[ Vj E ](010' ( V) is represented by the complex 

CEB V~ VEBC 

where 

(z 0) a, = 0 z . 

Here C = A'( V) is a trivial O(l)-module, and we have used the natural iso­
morphisms V 2:: V, V ® V 2:: C. Let g, E GL(2, C) be a path connecting the 

iden ti ty to the matrix (~ ~) . Then 

gives a homotopy from a, to (~~z). Thus, on the unit circle S( V), a, is 

homotopic to a constant and so 

v'''v + )..,,[Vj = 0 • 

In view of (2 .7), this completes the proof. 

3 . Symbols und the topological index 

Let X be a differentiable manifold , TX its tangent bundle." This is a 

U Using a riemannian metric (G-invariant when appropriate) we will usually, in the 
topological sections , identify the tangent and cotangent bundles . In the analytical sections 
'l'X will denote the cotangent bundle. 
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real vector bundle. If X is a differentiable G-manifold (i.e. if the compact Lie 
group G acts differentiably on X) then so is TX and we may consider the 
group [(o(T X). 

Suppose now that X, Yare G-manifolds with Xc Y and X compact. Let 
i : X ~ Y denote the inclusion. Then we shall first define an R(G)-homo­

morphism 

i , : [(G(TX) ---. Kc(TY) . 

Choose a G-invariant riemannian metric on Y (in the neighborhood of X), 
and let N be an open tubu lar neighborhood of X in Y. Then N is a G­
manifold, and it may be identified with the normal bundle of X in Y (which 
is , of course , a real G-vector bundle) . The tangent bundle TX is then a 
closed G-submanifold of TY, and t he tubular neighborhood TN of TX in TY 

may be identified with the vector bundle over TX obtained by lifting NEB N . 
The simple verification is left to the reader, but since there are two copies 
of N involved, we must be explicit about our identification. We shall agree 
that the first factor corresponds to a point of Y, and the second factor to 
tangents to Y (along the fibres of N). Moreover we shall identify NEBN with 
NEB iN = N 181" C, so that the neighborhood TN of TX in TY is identified 
with IT' (N 181" CJ, IT: T X -. X denoting the projection. Since this is a complex 
G-vector bundle, we have the Thom homomorphism 

<p : K u(TX) ---. [(atTN) . 

Since TN is open in TY, we have a natural homomorphism 

Ie , : [(e(TN) -, [(e(TY) 

induced by the inclusion . Combininl{ <p and k, we obtain the homomorphism 

i, : [(e(T.X) ---. [(e(TY) 

which we wanted to construct. It is easy to check that it is independent of 
the metric used in the construction and of the choice of tubular neighborhood . 

The fact that it is functor ial (i .e., t hat if X ~ Y _3_' > Z are inclusions, 

then (ji), = j ,i,) is a consequence of the transitivity of the Thom homomor­
phism (see § 2). Formula (2 .5) implies the following 

(3.1) for x E [(,,(TX) 

where i ' : Ke( T Y)~[(e(TX) is the restriction homomorphism , and [(e('1'X) is 
r egarded as a [(o(X)-module in the usual way. 

Using the homomorph isms i, just constructed we shall now proceed to 
define a homomorphism 

[(e(TX) ---. R(G) . 



498 ATIYAH AND SINGER 

This homomorphism will be called the topological index and will be written 
as t-ind . 

Thus let X be a compact differentiable G-manifold, and let i : X ~E be a 
differentiable G-embedding of X in a real representat ion space E of G. The 
existence of such embeddings is essentially a consequence of the Peter-Weyl 
theorem (for a proof see [13]). Let j : P~E denote the inclusion of the origin 
Pin E . Then we have homomorphisms 

But j , is just the Thom homomorphism for the vector space E (8)" C (regarded 
as G-bundle over the point P) and hence, by (2 .7), it is an isomorphism. Thus 
we may define 

t-ind: Kc(TX) - R(G) 

by 

t-ind = ( j ,)- ' 0 i, . 

To see that this is independent of the choice of the embedding i: X ~E, 
let i' : X ~ E' be another embedding and consider the diagonal embedding 

k : X -. EffiE', /c(x) = i (x) ffi i'(x) . 

It will be sufficient to show that i and" give the same answer for t -ind (the 
same will then be true for i ' and Ie). Now we have a G-homotopy of embed­
dings X -. EffiE' given by 

k ,(x) = i(x ) ffi si'(x) 

and t-ind depends only on the G-homotopy class. Thus it will be enough to 
compare the embedding i : X ~ E with Ie,: X ~ E ffi E' . If N is the normal 
bundle of i(X), then the normal bundle of 1e,(X) is N ffi E' A similar result 
holds, rather t rivially wi th X replaced by the origin P. The iransitivity of 
the Thom homomorphism then gives rise to the commutative diagram 

Kc(TX) 
/ "-. 

i, / "-.Ck,), 
,/ , '\. 

Kc(TE) _v_ Kc(T(Effi E'») 

'\. / 
i'''-. /1, 

"-. / 
K c(TP) 

II 
R(G) 
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where ofr is the Thom homomorphisp.! for E' Q9H C (as G-bundle over TE), and 
j, I denote the inclusions P~E,P~E'EElE'. By (2.7), j, and I, are isomorphisms, 
and so therefore is ofr. It now follows from the diagram that the two ways 
from Ke(TX) down to R(G) coincide, i.e., formally 

1,'(Ie,), = ji"ofr- '.yi, = ji'i, . 

Thus i and Ie, yield the same value of t-ind. We have then established that 
t-ind is independent of the choice of t he embedding X~E used in its definition. 

An important element Px E K(T X) on any compact manifold X is the class 
P •• of the "de Rham symbol." This is defined as follows ." We consider the 
exterior algebra A *(T) of the tangent bundle T = TX. Lifted to T this gives 
a complex of real vector bundles, exact outside the zero section. The complexi­
fication of this thus defines an element p,r E K(T X). If X is a G-manifold, 
A *(T) is acted on naturally by G and so ,or E K e(T X). 

Rema1·/c. The element p,r is closely related to (but not to be confused 
with) the elements ~" of § 2. Their relation is as follows. If T ' = T Q9H C, 
the element 

~T' E Ke(T' X) . 

If i: TX ~ T ' X is the inclusion, then 

Px = i*A.Tc • 

If we take X = S' = R ' U 00 , G = O(n), then, in particular, we get an 
element PS' E Ko", (TS'). This element will playa fundamental role in our 
proof. Actually a more fundamental object is the element j,(l) E KO f, ,(TR' ) 
where j: P~ R' is the inclusion of the origin, but, as the following lemma 
shows, this element is in some sense just "half" of Px. 

LEMMA (3.2) . Let j ' : P'~S ' , j~: P~~ S ' be the inclusions of the Q1'igin 
and the point at infinity, and let 0: TS'-·TS' be multiplication (of tangent 
vecton) by - 1. Then we have 

PS' = j~(l) + O*j j (l) E KOf, ,(TS') . 

PROOF. S' may be identified wi th the union B; U B:' of two copies of the 
unit ball B' t: R', and this identification is compatible with the action of 
O(n). Then we have an O(n)-isomorphism 

TS' =: (B; x R' ) U (B:' x R') , 

where we identify points over the equator S'- ' = ilB; = ilB:. by 

I:' We will omit a fnctor i , which is more natural from the point of view of differential 
operators but for our prescnt purposes it is irrelevant . 
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(x , V) f- (X, h,v ) XES"- t,VE R '" I 

h, denoting the reflection in the hyperplane of R" orthogonal to x. Passing 
to exterior algebras, we then have an O(n)-isomorphism of complexes 

7C *A* T' = (B; x R" x A*(C"») U (B;:. x R" x A*(C"») , 

where 7C : TS " - S" is the projection and, on the right, we make the identifi­
cation 

( i) (x , V, w ) f- . (x , h,v, h,(w», 
hA ) denoting the action on A *(C") induced by the reflection h, . Suppose now 
that 0 ;;;; s ;;;; 1, and define a new complex A , of vector bundles over TS " by 
changing the bundle homomorphisms as follows . We define 

B; x R" x A'(C") -> B; x R" x A'+'(C") 
by 

(ii) (x, V, w) H (x, V , (v - isx) /\ w) and 

B! x R" x A' (C") -> B'! x R" x A'+'(C") 
by 

(iii) (x , V , w ) H (x, V , (v + isx ) /\ w). 

Since h,(x) = -x, (i) implies that (i i) and (iii) agree over S"-' , and thus define 
a complex of vector bundles over TS " as asserted. Now observe the following 
facts about the complex A, 

(a) for all s , it is exact outside the zero section of TS "; 
(b) for s = 0, it is the original complex rr*A' T ' ; 
(c) for s = 1, it is exact outside P, and P_. 

By (a) and (b), the element PS" E Kol" ,(TS ") is equally well defined by A" for 
any value of s. By (c), the complex A, defines an element a = aO + a- in 

KUi",(T(S " - S' - '» ) = Ko1",(T' ) EEl K o1",(T - ) , 

where T ' = T(B; - S"-' ), T - = T(B:' - S"-') . From their definitions" we see 
that 

a' = k1(1) a- = 0* k i (l) , 

where leo: p o_. Bo - S"-'. k- : P- -. B. - S"-' are the inclusions. Applying 
the natural homomorphism 

](o l" ,(T(S' - SO- 'l l -> K o1. ,(TS ") 

a becomes .oS" k1(1), and k!( I) become j 1(1), j,(I) respectively, and so we obtain 

Ps" = j 1(1) + O*j,(I) 
as required. 

HI There is actually a scalar factor i between the complexes involved, but th is does 
not affect the class in K. 

, 

I 
I 
1 
I 
I 

' ,' 
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4. AxiolllS for the index 

In the preceding section we constructed an R(G)-homomorphism 

t-ind: Ka(TX) -) R(G) • 

In this section we shall gi~e axioms which will uniquely characterize this 
homomorphism. In the analytical part of the paper we shall then introduce 
the analytical inde~ and show that it verifies the axioms. 

We suppose now that, for every compact differentiable G-manifold X, we 
are given an R(G)-homomorphism 

indii: Ko( T X) -) R(G) • 

(We shall write ind instead of indtT when there is no possibility of confusion.) 
We assume this is functorial with respect to diffeomorphisms in X and homo­
morphisms in G. More precisely if f: X -. Y is a G-diffeomorphism, then the 
diagram 

Ka(TX) L Ka(TY) 

" . / 
ind~'\. .linda 

R(G) 

commutes, and if <p: G'- G is a homomorphism, the diagram 

indcr 1 
R(G) 

1 ind(}', 

R(G') 

commutes. Such a functorial homomorphism, we will refer to briefly as an 
index function. 

We introduce the following two axioms for index functions. 
(Al) If X is a point, ind is the identity of R(G). 
(A2) ind commutes with the homornorphism ir of § 3. 
The meaning of (Al) is clear; when X is a point, T X = X, and Ko( T X) 

is naturally isomorphic to R(G). In (A2) we mean that, for any inclusion 
i: X - Y with X, Y compact G-manifolds, the diagram 

commutes. 

Ko(TX)...!.. Ko(TY) 

" / ind§'\u/indej 

R(G) 

The topological index t-ind satisfies (Al) and (A2). The first is trivial, 
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and the second follows from the transitivity of i ,. 
The following is then a rather trivial consequence of § 3: 

PROPOSITION (4.1). Let ind be an index function satisfying (AI) and 
(A2). Then we have ind = t-incl. 

PROOF. Given X we take an embedding i : X ~ E where E is a real G­
module. Let E + be the one-point compactification of E. Since we can assume 
G acts orthogonally on E, it is clear that G acts differentiably on the sphere 
E +; i.e . , E + is a G-manifold. Now let i +: X-,E+ be the embedding given by 
,i . Similarly if P is the origin of E, we have j: P~ E, j +: P~ E +. Consider 
the following diagram 

The top two triangles commute because of the way i, and j, are defined . The 
bottom two triangles commute by (A2). By (AI), indE is the identity . Now 
j, is an isomorphism, and t -ind: J(G(TX) ~R(G) is defined by t-ind =j,'i, . The 
diagram then shows that it coincides with ind{ . 

Axiom (A2) is not easy to verify, and our next aim is to show that it 
follows from a number of other more elementary axioms. First we describe 

an excision axiom. 
(Bl) L et U be a (non-compact) G-manifold, 

j : U -'X, j': U-. X' 

two open G-embeddings into compact G-manifolds X, X'. Then the following 
diag?'am comm1<tes 

J(G(TX) 

/ " ; * / "ind{ 
/ '\. 

J(o(TU) R(G) . 

" . / ;'*" /indJ' 
'\. / 
J(G(TX' ) 

When (El) is satisfied, we can define 
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ind: Ka(TU) ---+ R(G) 

as the composition ind 0 j*, and it is independent of the choice of j: U - X 
provided that one such X exists". In particular if E is a real G-module then 

ind: Ka(TE) ---+ R(G) 

is defined. Our next axiom is, like (A1), a normalization axiom18
• 

(B2) Let j,: R(O(n» -Ko,,,)(TR") be ind'U,ced by the inclusion j: P-R", 
where P is the o'rigin. 'l'hen ind j,(l) = 1. 
Actually we shall also want to consider a weaker axiom, involving only the 
abelian groups 0(1) and SO(2). 

(B2') indjl(l) = 1 where j, is eithe'r 

R(O(l») ---+ KO(1)(TR1) 

or 

R(SO(2») ---+ KSO(2)(TR2) • 

Finally we want to introduce a m.ultiplicative aroiom. This is the most 
significant one, and it'requires some c~re in setting up. The simplest kind of 
multiplicative axiom would be concerned with product manifolds X x Y, but 
this is not enough. We need to consider not just products but fibre bundles. 

Suppose then that P-- X is a compact differentiable principal fibre bundle 
with group H (a compact Lie group). Thus H acts freely on P, on the right, 
and X = P/H. If F is a compact differentiable H-manifold (H acting on the 
left), we can form the associated fibre bundle Yover X, given by 

Y=Px1rF; 

i.e., Y is the quotient of P x F by the action of H: h(p, f) = (ph -1, hf). Since 
H acts on F, it also acts on TF, and P XII TF is then a vector bundle over Y. 
This is usually called the tangent bundle along the fibres, and denoted by 
T(Y/X); it is a sub-bundle of TYand (using a metric), we have a decomposi­
tion 

TY = T(Y/~Y:) fB n*TX 

where 1t': Y - X is the projection. Thus we have a multiplication 

K(TX) ® K(T(Y/X») ---+ K(TY) • 

On the other hand, we have homomorphisms 

K II ( T F) ---+ K II(P x T F) == K(P x II T F) 

= K(T(Y/X») • 
17 In fact this assumption can be avoided, but we do not need this, 
18 In (B2) we either assume (Bl) so that ind is unambiguously defined on KOln)(TRn). 

or else we define it by the standard embedding R c (Rn)+ = 8 n, 
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Combining these we thus obtain a mutiplication 

K(TX) 0 KII(TF) ~ K(TY) . 

Suppose now that a second compact Lie group G acts on all the preceding 
situation . Thus we assume that G acts (on the left) on P and F commuting 
with the action of H and so inducing an action on X = P/H and Y = P X II F . 

Then we get a multiplication 

KdTX) 0 J(G(T(Y/X)) -> J(G(Ty) 

and a homomorphi.;m 

J(GXII (TF) ---> J(GXII (P x TF) ~ J(G(P x II TF) 

= J(G(T(Y/X) ) , 

which combine to give 

(4.2) 

On the other hand, if V is any complex G x H-module, P x II V is a 
G-vector bundle over X . This extends to an R(G)-homomorphism 

(4 .3) f/p: R(G x H) -> J(G(X) . 

Finally let us recall that J(G(T X) is a J(.(X)-module . We are now ready to 
formulate our multiplicative axiom. 

(B3) Fo,' all G, H, P, F , as above we have 

ind:;(ab) = ind[(a ' f/p(ind{'"x lI(b) ) 

whe" e a E J(G(TX), bE J(G XII(TF) the p"odnet ab is taken as in (4.2) and fir 

is the homomo"phism of (4.3) . 

Suppose, in particular, that ind[x lI(b) lies in the subring R(G) of R(G x H ). 

Then, since /",. and indJ are both R(G)-homomorphisms, (B3) simplifies to 

ind ab = ind a· ind b E R(G) . 

It is only th is special case of (B3) which we shall need, and so we state this as 
(B3') If indgxlI (b) E R(G) c R(G x H), then, i n the notation of (B3), 

ind:;(ab) = ind~·a.indLllb " 

Rema,"k. Taking F = point, H = 1, we see that (B3') implies (AI) unless 
ind '" 0; but, of course, this is a trivial formal observation. 

Axioms (B3) and (B3') are for fibre bundles with group H. In particular 
therefore they apply to products, taking H = 1. Thus (B3') implies 

(B3") If X, F a7"e G-manifolds and a E J(o(T X), bE J(.(TF) , then 

ind{"'(ab) = ind{a·ind[b . 

It is of course possible to reformulate (B3") in terms of "external products" , 
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for different groups G. Thus. if X. is a G.-manifold and a. E J(G,(TX.) , we 
can form the product a,a, E J(G(T X) where X = X , x X" G = G, x G,. Then 
applying (B3") with X. = X, X, = F we see that 

indx a a - ind"', a . ind x'a G 1 : - Gil G: : , 

where the latter product is given by: 

R(G,) ® R(G,) -> R(G) • 

Our aim now will be to show that Axioms (Bl), (B2') and (B3') imply (A2). 

First we prove 

PROPOSITION (4.4). Axioms (Bl), (B2') and (B3") imply (B2). 
PROOF. Axiom (Bl) enables us to extend (B3") to open sets in compact 

manifolds . Thus if a. E J(G.(TU.) with U. open in X. (i = 1, "', Ie), then 

ind IT a. = IT ind a • . 

(The point of (Bl) is that ind II a. may be computed by any manifold com­
pactifying IT U., not necessarily IT X •. ) In particular, this multiplicative 
property holds for U. 0= R"' and G. c O( n .) 

a. = j;(l) j': P -. R"' . 

If all n. = 1 or 2 and G. = 0(1) or SO(2). then (B2') asserts that inda. = 1. 
Hence by (B3') ind IT a. = IT ind a. = 1 E R(IT G;). Now, since j, is multi­
plicative, it follows that IT a. is the restriction of a = j ,(l) E J(o," ,(TR"). 
Thus ind a E R(O(n)) gives 1 when restricted to any subgroup IT G. of 
O(n) (with G. = 0(1) or SO(2) . But these subgroups contain all cyclic sub­
groups of O(n), and so are sufficient to determine a character of O(n). Hence 
ind a= l E R(O(n» , establishing (B2). 

Rema1·1e . The verification (for the analytical index) of (B2) is not in fact 

much more difficult than (B2'). but it seems relevant to observe (as we have 
done in (4.4») that (B2') is sufficient. 

We can now prove 

PROPOSITION (4.5). Axioms (Bl), (B2) and (B3') im,ply (A2). 
If we have an index function satisfying (Bl), then as observed above (B3') 

or (B3") implies a corresponding result for open sets in compact manifolds. 
Thus (B3') continues to hold when F is an open set (stable under G x H) of some 
G x H- compact manifold Ii', the space Y = P x lIF is then an open set of t he com­
pact manifold P x ,)i'. In particular, we can take F = R", F = (R")+ = S" , H = 
O(n), b = j ,(l) wherej: k - . R" is the inclusion of the origin A . Then Pis a prin­
cipal O(n)-bundle over the compact manifold X, and G acts on P, commuting 

with O(n). We make G act trivially on R". The space Y =P x 0'"' R" is then the 
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associated real vector bundle over X; it is a G-bundle . The homomorphism 

K a(l'X) --> K a(TY) 

given by a """ ab is just the homomorphism i! induced by the zero-section in­
clt:sion i : X - Y. If ind satisfies (B2), then 

indol>,(b) = 1 E R(O(n)) , 

and if we regard G as acting trivially on R >, the same formu la holds with 
G x O(n) instead of O(n) (using the functoriaJity of ind for the projection 
homomorphism G x O(n) -, O(n)) . Now applying (B3'), we obtain 

ind i!(a) = ind ab = ind a·ind b 

= ind a E R(G) . 

This establishes (A2) in the special case when Y is a real vector bundle over 
X . But for a general embedding 

k:~Y-Z f 

the homomorphism 

k! : K a(l'X) --> KC<TZ) 

is defined as the composi tion of 

j! : K G( TX) --> K a(TN) 

and the natural homomorphism 

K a(TN) --> K a(TZ) , 

where N is t he normal bundle of X in Z. In the following diagram 

Kdl'X) -. K a(TN) --> K a(TZ) 

" I / 
ind

X
,,\. l ind~/ind? 

R (G) 

the .first triangle commutes by what we have just proved, and the second 
commutes by (Bl). Thus 

ind'k! (a) = indxa 

and (A2) is established in general. 
Putting together Propositions (4 .1), (4.4), and (4.5), we then obtain the 

following uniqueness theorem. 

THEOREM (4 .6) . L et ind be an index f 1L?lction satisfying (Al), (Bl), (B2') 
and (B3') . Then ind = t -ind . 

R ema,·k. It will be noticed that (B3) has not been used- only (U3'). It will 

r"",~~'to.~,:"~~J~ , 
' -r, "',. . : I 
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actually turn out in § 9 that the stronger axiom (B3) holds for the analytical 
index. 

Axiom (B2') can be replaced by another which is, in practice, more con­
venient to check." Let us recall (cf. § 3) that, for any compact G-manifold X, 
we have the "de Rham symbol class" p,r E [(o(T X). We then introduce the 
following variant of (B2'): 

(B2") . (i) ind Ps' = 2 E R(SO(2)); 
(ii) ind P Sl = 1 - e E R(O(l)), where e: 0(1) - U(l) is the standard 

represen ta tion . 
(iii) indi,(l) = l E Z, where i: P_S' is the inclusion of the origin. 
Rema1·k. The elements occurring here all belong to [(o,. ,(n = 1 or 2), but 

in (i) and (iii) we choose to restrict to the smaller groups SO(n). 
We shall now show that (B2'), can be replaced by (B2"). 

LEMMA (4 .7). Let ind be an index f1tnction satisfying (B2") . Then it 
also satisfies (B2') . 

PROOF. By Lemma (3.2), we have 

Ps. = i f(l) + O'ii(l) E [(ol, ,(TS ' ) , 

where i O
: p o _ s", i- - S · are the inclusions of the origin and the point at 

infini ty , andOis multiplication by - 1 on tangent vectors. Let!: S' -'S ' be 
reflection in the equator so that! interchanges p o and P - and commutes with 
O. Then 

f' (O ' j;'( l)) = O' i 1<l) . 

By the functorial properties of an index function, this implies that 

ind O' ii(l) = ind O' i1<l) E R(O(n)) . 
Thus 

ind P .. , = ind (1 + O' )if(l) . 

Now, by definition, if (which we now write simply as i ,) factors through the 
group [(ol, ,(TR' ) and, on TR' = C' , e coincides with complex conjugation. 
Applying Lemma (2.8) therefore we deduce 

ind Ps' = ind 2i,(1) = 2 ind i ,(l) E R(SO(2)) 

ind Ps' = ind (1 - <)j,(J') = (1 - e) indi,(l) E R(O(l)) • 

Parts (i) and (ii) of (B2") then give 

I II Verifying (B2') for the analytical index involves computing the index of a certain 
operator in euclidean space (see a forthcoming paper by Atiyah and HOrmandcr). In some 
ways this is more direct and natural than verifying (B2"), on the sphere. However, it 
involves more explicit analysis which w(! avoid by the topological deformations implied in 
(~ .7). 
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2 ind i,(l) = 2 

(1 - ~) indi,(l) = 1- ~ . 

Now the annihilator of 1 - E in 

R(O(l») = Z[E]/(l - e ) 

consists of integral multiples of (1 + E). Hence we deduce 

ind i,( l ) = 1 E RSO(2) 

ind i,(l) = 1 + a(l + E) E R(O(l ») 

for some integer a. Restricting the second equation to the identity of 0(1). 
and applying (iii) of (B2"). we deduce 

1 = 1 + 2a i.e ., a = 0 . 

Thus indi,(l) = 1 both for SO(2) and for 0(1) . This is precisely Axiom (B2'), 
bearing in mind that ind on K(TR") is defined via the compactification 
R " -. S' (cf . footnote"). 

To conclude thi s section, we might point out that the topological index 
of § 3 clearly satisfies axioms (A1). (A2), and also (B2). It ill not quite so 
obvious that it satisfies (B1) and (B3) but, with a li t tle work, these can be 
established directly. On the other hand, once we have shown that the ana­
lytical index (to be introduced in § 6) satisfies (El), (B2). and (B3), the 
uniqueness theorem (4.6) will imply that t -ind = a-ind, and so t -ind will also 
satisfy these axioms. 

5. P scudo-clifTcrcIl tint opera LoI'S 

In this section, we shall review the basic analytical facts concerning 
pseudo-d ifferential operators. Their application to the index of elliptic opera­
tors will be treated in § 6. For proofs of the results stated here, we refer to 
Kohn-Nirenberg [11], Seeley [15], Hormander [9](10], and Palais [14] . We 
shall however attempt to present the material so that only st.andard results 
are given wi thou t proof. 

The term "pseudo-di fferential" is applied, in different places, to slightly 
different classes of operators. For our purposes anyone of these classes would 
be equally good. In fact, we shall eventually form a closure of this class and, 
by that stage, any differences would disappear. Perhaps the largest and most 
natural class is that given in Hormander [10], and we begin therefore by re­
calling his definition.'" 

: 0 Actually [10] is concerned primarily with classes L~. ~ , and we only usc the case 
p = I, J = O. The other values of p. a arc used in [10] to treat certain classes of hypo­
elliptic operators. For these the index problem can be solved by reducing it to the 
standard elliptic case discussed here. This is proved in a forthcoming paper of Atiyah 
and Hormander. 

"", ... '_" ~~ ....... ~ f··'-')1I'~~~~.¥. 
.. :..:':::. ...... -, .. ~."'t.(_,:" -;~ .. ~'~";~" -,~~:_J '".... '. .' I 
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Consider first an open set U of R", and let ~ = (xu • • ., x,,) be the standard 
coordinates. For any integer m, we denote by sm(u) the set of all smooth 
functions p(x,~) on U x R" such that, for every compact K c U, and all multi­
indices a, (3, we have 

I D! D;p(ro, ~) I ~ Ca,p,K(l + I ~ Dm-,a, , 
Here D; stands for the partial derivative 

(-iO/a~l)al( -i%~!)'r2 • •• (-ia/ae,.)a,. , 

I a 1= E ai and Ca,P,K is a constant depending on a, {3, K, and p. For any such 
p, we define a linear operator 

P: 9)( U) ----. &( U) 

by the formula 

Pu = (21r)-n~p(x, .;)u(e)ei(C,f)de • 

Here & denotes the smooth functions on U, 9) those with compact support, and 
u is the Fourier transform of u. If p IS a polynomial in e of degree m with 
smooth coefficients, then '1' e 8 m( U), and P is the differential operator associ­
ated to it in the usual way. For this reason, when we want to show the 
dependence of Pon p, in the general case, we write 

p = p(x, D) , 

where D stands formally for the yector with components - i(%x/). 
A pseudo-differential ope'rator is one which is locally of the above type. 

Precisely, we denote by Lm( U) the set of all mappings P: 9)( U) --. &( U) such 
that, for all Ie 9)(U), there exists some Pr e sm(u) with P(lu) = pAx, D)u 

for all u e g)( U). An equivalent definition [10; § 2] is that P is continuous, and 
that the commutator 

pAx, ~) = e-Ht:,f> P(lei(~,f» 

belongs to sm( U) for all Ie m( U). 
In this paper we shall introduce a sub-class fPm c Lm consisting of opera­

tors P for which all the functions pAx, e) above lie in a certain subspace 
S;n(U x Rn) of sm(u x R"). A function p e Som if, for e =1= 0, the limit 

u(p)(x, e) = liml_oo P(X~m~~) 

exists. Then u(p) is a Coo function on U x (R" - 0), and it is homogeneous 
of degree m in ~. For an operator P e fPm, we define the symbol u(P) by 

u(P)(x, ~) = u(Pr)(x, ~) , 

.iill"~~~~-',.:;~""",::..-~ .... ~r~:;"",,,,-J,~:l~:;M"\:''':'''··'·~:'·''·~~;·T;;'"-~'·"·I·I.' ~" : ~.' 

. . . . ~.'. ~ : 'i . . . .' ~ : 
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where J is any function equal to 1 near x. It does not depend on the choice 
of J. The symbol is a C- function of (x, <) outside ~ = 0, and it is homo­
geneous of clegree ?n . It follows from results of [10] that L " ancl 9''' are 
invariant under cliffeomorphisms of U, ancl hence corresponding classes of 
operators can be defined globally for smooth vector bundles over smooth 
(paracompact) manifolds (for the details of this, see [10] or [4]) . If E and F 
are smooth vector bundles over a smooth manifold X, we shall denote by 
9'm(x; E, F) the space of pseudo-differential operators" 

P: 9l(X; E) -. &(X; F) 

of type 9''' . Locally , with respect to a coordinate patch on X and bases in E, 
F, such an operator P is gjven by a matrix pdx, D) of operators in euclidean 
space as above. 

The symbol a(P) of 9''' (X; E, F) is globally well-defined as a smooth 
homomorphism 

a(P) : rr ' E -----.. rr ' F 

of vector bundles on the cotangent space TX (with the zero-section removed) . 
Here rr denotes the projection rr: T X ~ X. On each fibre of T X, a(P) is 
(positively) homogeneous of degree ?n . We denote by Symbm(X; E, F) the 
space of all homomorphisms rr' E~rr' F which are defined ancl smooth outside 

the zero-section and, on each fibre of TX, are homogeneous of degree?n . If 
we choose the unit sphere bundle S(X) of TX defined by some smooth 
riemannian metric, we can clearly identify Symbm(X; E, F) with the space of 
smooth homomorphisms rr'S E-· rr.i F where rrs: S(X) -, X is the projection. 

,Ve recall briefly a few important properties of pseudo-differential opera­
tors. First of all they compose well; that is, 

P e 9'm , Q e 9",/e 9l(X) = PJQ e 9'm+, , 

and 

a(PJQ) = a(P)fa(Q) . 

If X is a compact manifold then the function J may be omitted. Secondly 
they transpose well; that is, 

P e 9'''(X; E , F) = P' E 9'm(x ; F', E') , 

where E' = Hom (E,.o,) (.0, denoting the volume bundle of X as in [4; § 51), 
and P' is the transpose of P (so that the distributional extension of P' 
coincides with the dual of Pl . Moreover a(P') = a(P)' where a f-> a' is the 

~ 1 We write &( X; E ) for the spaces of smooth sections of E over X and g)(X; E ) for 
those with compact support . When X is clearly ~mderstood, we shn.lI omit it. 
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map of symbols induced by the isomorphism Hom (E, F) - Hom (F', E') of 
bundles. If we choose a smooth hermitian metric for E, and a smooth 
positive measure on X, we get an anti-linear isomorphism E- E'. If we 
also have a metric for F, then the transpose pt e fj'm(x; F', E') can be 
replaced by the "formal adjoint" P* e g>m(x; F, E). For the symbols, we 
then have u(P*) = q(P)*. 

'Ve come now to the Sobolev spaces. If E is a smooth vector bundle over 
a smooth manifold X, and if 8 is any non-negative integer22, we denote by 
H~OC(X; E) the space of those distributional sections u of E for which 
Du e L~oe for all differential operators 

D: 9)(X; E) ~ fD(X; 1) 

with smooth coefficients, and of order ~8. If, for local coordinates (rei), and 
a local base (ei) of E, we write u = E ui(re)ei, then (in the coordinate patch) 

u e Hloc = (~)au. e Ll('C 
II are' ~ 

for all a with I a I ~ 8 • 

The space H~OC(X; E)' has a natural topology given by a countable23 set 'of 
semi-norms. It is a Frechet space. We also consider 

H:omp(x; E) c H;OC(X; E) 

consisting of sections with compact support. It has its own natural topology 
as a direct limit (over compact K c ~Y:) of Hilbert spaces (this is not of 
course the induced topology from H~OC). We define H~;(X; E) as the dual of 
H:omp(x; E'), and H~~mp(x; E) as the dual of H~OC(X; E') where E' = 

. Hom (E, 0) as above. 
It X is compact, then H:omp = H~oe, a~d we write it simply as H.. An 

explicit Hilbert space norm for H, can be defined in terms of a hermitian 
metric and connection for E, and a smooth positive measure on X as follows. 
For 8 = 0 we have the usual L2-norm 

II I'll = (~'y<U' u> }/2 . 
For 8 > 0, we first introduce the positive definite operator A = 1 + D 'JC D, 
where D: 9)(E) - ID(E ® T) is the covariant derivative given by the connec­
tion, and then put 

. 22 These spaces are also defined fol' real 8 [8] but the integer case is enough for our 
purposes. The invariance properties for integral 8 are then rather trivial. 

23 All our manifolds are assumed paracompact so that we can take a countable set of 
·coordinate patches. 



512 ATIYAH AND SINGER 

For s < 0, we take the dual norm, Note that, if a compact group G acts 
differentiably on X and E, then an invariant measure on X, and an invariant 
connection will lead to I-Iilbert space norms on H .(X; E) invariant by G, 

Pseudo-differential operators behave well with respect to the H,-spaces, 
namely we have 

(5 ,1) A pseudo-dijj'enntial opemto?' 

P: 0l(X; E) -. &(X; F) 

in g m(x; E, F) e:~tends, fo1' intege?' s, to a continuous linea?' ope?'ato?' 

p .: H ,r:OIfl II(X; E) ---+ H;?:m(X; F) . 

Let Op; = Op;(X; E, F) denote the space of all continuous linear maps 
H ;"" (X; E) - H ;""m(X; F) with the topology of bounded convergence, Then 
P j-o P, defines a map 9'm -, 01); whose image we denote by g: , If X is 
compact, Op;, is a Banach space (with norm denoted by II II ;') and the closure 
0i;- has a rather simple structure as described in the following resul t , 

(5 ,2) Let X be compact, then the symbol 

U: g:(X; E ; F) ----> Symbm (X; E, F) 

is contimwus [O?' the sup no?'?n topology on the tmit sphe?'e btmdle o[ T X; it 
extends by contim,ity to a map 

U,: 0i;,(X; E, F) - . Symbm (X, E, F) 

which is s?wjective , and has the compact ope?'ato?'s H , - H ,._m as ke?'nel, 

R ema?'!e , We recall that Symbm (X; E, F) is isomorphic (by restriction 
to the unit sphere bundle S(X) in TX) to the space of smooth homomorphisms 
rr: E-rrI F where rrs: S(X)-X is the projection, The closure Symbm (X; E, F) 

can thus be identified with the space of continuous homomorphisms 
7r~E -. rr;F . 

To obtain C" results from the H,-spaces, it is convenient to consider all 
s simultaneously, For this purpose, we in troduce (for any X, not necessarily 
compact) the space Opm(x; E, F ) of all linear operators ffi(X; E) - ffi' (X; F) 
which extend by continui ty to operators in Op;'(X; E, F) for all s, Now the 
Sobolev lemma implies that 

&(X; F) = n, H;~(X; F) 

(with the inverse limit topology), and so an operator in Op' actually maps 
0l(X; E)- &(X; F) (cont inuously), For each s we have an embedding of Op· 

in Op; , and hence of Opm in II, Op;,: its image is closed, and we give Op· 
the induced topology making it a Frechet space, 
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The space Opm is a local space of operators in the sense that the Schwartz 
kernels on X x X are a local space of distributions. "This means that an 
opera tor P is in Opm if and only if, for every pair of Coo functions qJ, 't on 
X with compact support, qJP1r E Opm. Reasoning as in [3; Appendix] it follows 
that, if {Us} is a coordinate covering of X so that {U, x Us} covers X x X, 

for all i . 

Moreover the semi-norms in the U, determine the semi-norms in X. 
By (5.1) fYm c Opm, and we now form the closure {pm. Since fYm is by 

definition a local space of operators, and since Op'" is local, it follows that 
g>m is local. Since 9'''' - fY:a is, by definition, continuous, (5.2) implies that 
the symbol extends by continuity to give a diagram 

g>"'--~?J>: 
" / 
a" ,/a, 
Sy~bm • 

Note that, in this diagram, while (l, is surjective, (l is not. In fact, the 
image of (l is rather difficult to describe, and we shall not go into the question. 
An operator P e fP: will be called elliptic if (l,(P) is invertible. An operator 
Pe 9>m will be called elliptic if u(P) is invertible (in the space Symbm of 
continuous symbols); this means that 

P elliptic = P, elliptic for some 8 = p. elliptic for all 8. 

The most important reason for introducing the closure fPm lies in the 
behavior of pseudo-differential operators for products of manifolds as we 
shall now explain. Thus let E, F be smooth vector bundles over X, and G a 
smooth vector bundle over 1". If P is a continuous linear map 9)(X; E)--. 
&(X; F), we denote by P the "lifted operator" from ill(X x Y; E IZI G)--. 
&(X x Y; F~ G), that is the unique continuous linear map such that 

P{u ® v) = Pu ® v u E 9)(X; E), 1) E 9)(Y; G) • 

If m ~ 0, this lifting operation behaves well with respect to the Opm spaces, 
that is P t- P defines a continuous map 

(5.3) Opm(x; E, F) ~ Opm(x X Y; E~ G, F~ G) • 

To verify this, it is enough to check the case when X and Yare domains in 
euclidean space, and all bundles "are trivial of dimension one. Suppose then 
that P E Opm{x). Then for f E 9)(X x Y), compact sets K eX LeY and 
lal + 1,81 = 8 - m ~ 0, we have 
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\ 
1 D; Dt Pt I'dxdy = r dy\' 1 D;PDtfl'dx 

KxL JL K 

;;i; e LdyL 2:I1,.,.'+m 1 DID:fl'dx 

;;i; e LXI, 2:",+11,., 1 DIDtf l'dxdy , 

This shows that (for s ~ m) P is continuous H,romp(X x y) -. H~"".(X x Y), 
and that P >- P is continuous from Opm(x) to OP:(X x Y) , Passing to 
adjoints gives the corresponding result for s ;;i; 0, Hence for 'm = ° or 1, we 
are through and obtain the continuity of (5,3), For 1n > 1, another small 
argument is needed, but since 1n = 1 suffices for applications , we shall omit 
the proof, 

Unfortunately it is not true in general that PEg"' = P E 9'm , However 
for the closure g>m , we do have 

(5.4) Fa?' 1n > 0, if P E 0'm(x; E, F), then the lifted ope1'atO?' 

PE (J> m(X x Y; E[8J G, F [8J G) , 

Mo?'eovm' a(P) = a(p) tvhe1'e a is the lift of a defined by 
all, ,, (c 0 g) = a,(e) 0 g, ~ E TX, 1JE TY, e E E, 9 E G, 

This is essentially property (S6) of [14; eh, XI], but we shall recall the proof 
which is quite elementary, 

Since :Jm is a local class of operators, it will be sufficient to deal with 
the case when X = U c R' and Y = V c R' are domains in euclidean space, 
and all bundles are trivial of dimension one, Moreover by the continuity of 
(5 ,3) it will be sufficient to prove that 

P E gm(u ) = PE g>m(u x V) , 

Again, since 0'm is a local class, it will be sufficient to show that, for all 
cp , '\t E g)( U) and '1'" '\t, E g)(V), Q = <P<P,P'\t'\t, djim(U x V), To do this we 
shall construct a fami ly R' E 0"( U x V), defined for t > 0, and such that 

(i) QoR'E9'm(u x V) 
(ii) QoR' - Q in Opm(u X V) as t- 0, 

First of all we choose a family of functions a'(~ , 1J) , defined for t > 0, taking 
values in the unit interval and such that 

(a) a' is homogeneous of degree zero and em outside the origin, 
(b) a' = 1 for 1 ~ 1 < t 11J I 

= ° for 1 e I > 2t 11J I, 
Also let '1'(;") be a em function of ;" E R such that 

'1'(;") = ° for 1;,, 1 ;;i; 1 

for 1;,, 1 ~ 2 , 
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Then put 

p'(~, r;) = 1 - p (t(1 H + 1 r; 1,)lI')U'(E, r; ) . 

The appearance of this function is indicated below: p' = 1 in the horizontally 
shaded region, and p' = 0 in the vertically shaded region 

FIG. 2 

Finally we define R' to be convolution by the inverse Fourier transform of p' 
so that 

R'1t(X , y) =, (21r)-" " lP'(e, r;) il.(~, r;)e" ' ,<>+"'," dedr; • 

Then the operator Q' = Q 0 R' is given by the integral formula 

(Q'u)( x , y) = (21r)-'-' l 'P, (Y) 'P(X)Pv(X, e)p'(o, r;)~t(e , r;)d<dr; . 

The properties of the function p' show that PvP' E S,- ( U x V x R'+') so 
that Q' E f'pm (u x V). Now, as remarked in [11], the H. estimates for pseudo­
differential operators do not require regularity in (~ , r;) . The fact that, 
for ?n ~ 0, D!pv(x , E)/(l + 1 ~ 1 + 1 r; 1)_ is bounded then implies that Q E Op­
(which we already know). Similarly for?n > 0, the inequalities 

I D!{py(x, E)(p' (e, '7) - 1)} 1< C,tm , 

(1 + 1 E 1 + 1'7 I)m 

I' 
I 
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(which are easy consequences of the properties of p') show that, as t ~ 0, 
Q' - Q - . ° in Opm. As for the symbols we have 

a(Q') = CP.q><T(py)(l - 17')",. = cp.cpa(P)(l - a')"'~'. , 

and, as t -.0, this converges to cp.cpa(p)",,,,,. Since the symbol is also a local 
object, this implies that a(P) = alP) as required. 

The final proper ty of pseudo-differential operators we need concerns the 
situation of a group action. Thus let X be a compact manifold, and G a 
compact Lie group acting smoothly on X and on vector bundles E, F over X. 
Then G acts on the space g. m(X; E, F ) (because of the in variance of i)i" 

under diffeomorphism). If g E G and PE 9'm, we denote the action simply by 
g(P) . Note that, if u is a section of E, and u H gu denotes the action of G 
on sections, then 

g(P)u = gPg-'u . 

Then we shall need the following continuity property." 

(5.5) Fo,' fixed P E g.·(X; E, F), the map G-,g.mc Op" given by gHg(P) 

is continuous. 

Since G can be assumed to act unitarily on all H. spaces , and since 9'm is 
the uniform closure of 9'm it will be sufficient to prove (5 .5) for PE 9''' . Let 
A be an element of the Lie algebra of G, and let A E, AF denote the first order 
differential operators defined by the action of A on E, F, respectively. The 
symbol a(A,;} is given by 

a(A,,)~ = A(~)IE , 

where I E is the identity of E, and A(e) is inner product of the cotangent 
vector" E (TX), with the tangent vector A. defined by the action of A on X. 
Hence 

a(P)a(AE ) = a(AF)a(P) , 

and so, by a basic property of pseudo-differential operators, 

PAE - A,.PE9''' . 

For A in a bounded neighborhood of zero in the Lie algebra, it follows that 
we can fi nd constants C. so that 

II PA", - AFP II:' < C • . 

Now, for g, = exp tA and ,t E 9l(E) , we put 

~4 The proof of (5.5) that follows we owe to L. Hormander. In fact, the proof in [101 
of the in variance of pseudo-differential operators under diffeomorphism also gives a certain 
uniformity which essentially includes (5.5) as a special case . 
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II dft II = IlexptAFo(PAg - AFP)oexp(-tAE)U II 
dt m-I 

< C,I/ull. , 
since G can be assumed to act unitarily on all H. spaces. Hence 

Ilf, - fo Ilm-, ~ C,t II u II. 
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establishing the continuity of PI- g(P) at the identity element of G. Since 
each g acts continuously on fjm, the continuity everywhere follows. 

In view of (5.5), if Pe fjm, and if dg denotes normalized Haar measure 

on G (so that ~o dg = 1), we can form the average 

Av(P) = ~og(P)dg 
and this will still be in25 fjm. 

Since 0': {pm'-+ Symbm is continuous, it follows at once that we have 

(5.6) 0' Av(P) = Av(O'P) • 

Similar results hold for the closure 9>: in each H.-space. 

6. The index of elliptic operators 

Let ~y: be a compact manifold, E and F smooth vector bundles over X. 
We recall that an operator P e gm(x; E, F) is said to be elliptic of order m 
if a(P) is invertible. One can then construct Q e g>-m(X; F, E) such that 
PQ - 1 and QP - 1 both have smooth kernels (and in particular are compact). 
This then leads at once to the basic results on elliptic operators. 

(6.1) P has closed range, K(~r P and Coker P are finite-dimensional and 
all distributional solutions of P and its adjoint are Coo, i.e. Ker P = Ker p. 
and Coker P = Coker p. = Ker p.* f01· all s. 

The index of P is defined to be 

index P = dim Ker P :- dim Coker P • 

In view of the last part of (6.1) we also have 

index P = index p. for all s • 

For operators Pin fPr: with invertible symbols, we can, using (5.2), find 
Q.-m e g;;~m(X; F, E) such that QP - 1 and PQ - 1 are both compact. This 

26 Actually it is true that Peg>m.~ Av(P)eg>m, but this requires a little more work 
and is not necessary for our purposes. 

;~;:.;c ~~!t-"""'·w.;~.,.;:~:,~:,:·::;,;'r":;'.::. ".:~. ·"-~·"·;~!.I:··'~:-;:-I ~ ~··1 ! ,: .;:l.:"~ 
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implies that P is a Fredholm operator (from H . to H ._m ), i.e., t hat it has 
closed range and Ker P, Coker Pboth have finite dimension . Index Pis there­
fore defined for all elliptic P E 9)~ . By standard properties of Fredholm 
operators in Hilbert space the index is a continuous (and so locally constant) 
function, and it is unchanged by addi tion of compact operators. Together 
with (5 .2), this implies 

(6.2) The inde;~ depends only on the hornotopy class of the symbol in the 
space of continuouE' invel·tible syrnbols of given O'rdel·. 

In fact the order of an operator is not significa nt for purposes of t he 
index as is shown by 

(6 .3) If P, Q al'e ell'iptic opel'at01's in 9'm , 9'- such that a(P) and 
a(Q) coincide on the ,mit sphel'e blmdle of T X (/01' sorne rnetl'ic), then 

index P = index Q. 
To prove (6 .3), we observe that a(P)/a(Q) is self-adjo int, and so we can find 
a self-adjoint elliptic R so that 

a(P ) = a(Q)a(R) . 

This implies that index P = index Q + index R = index Q, since index R = 0 
for a self-adjoint operator. 

Finally let us add two trivial formal properties of the index 

(6.4) index P EEl Q = index P + index Q 
(6 .5) index P =, 0 if P: 9l(X; E) ~ 9)(X; F) is induced by a bundle isomor­

phism E ~ F over X . 

If P E i:i':,(X, E, F) is elliptic, then a(P) defines , as in § 2, an element of 
K(T X). Moreover our description of K(T X) in § 2 by homogeneous complexes 
(of length one) and the proper t ies (6.2) - (6.5) of the index above show that 
index P depends only on the class of a(P) in K(TX), and that p f--. index P 
induces a homomorphism 

K (TX) ---> Z . 

This will be called the analytical index and denoted by a-indo Note that it 
does not depend on the integers 1n, s chosen above , The independence of rn 
follows from (6 ,3) and the independence of s from the fact that gm is dense 
in P: , that we have regularity (6 .1) for elliptic operators in g' , and that t he 
index is continuous. 

Let us now return and consider an elliptic operator P E pm, so that p. is 
a Fredholm operator for all s. Since a(P.) is independent of s , it follows from 
what has been said above, that index p . is independent of s. But 
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index p. = dinl Ker p. - dim Ker P !_ •. 

Since H.::::) H.+! and H m_. C H m-.-u it follows that index p. is a monotone 
decreasing function of s, and so can be constant only if Ker P, and Ker P!-. 
are independent of s. Hence we have established 

(6.6) Let P E fJ'm be elliptic, then all distributional solutions of Pu = 0 
a'1'e Coo and the sa'lne holds for the adjoint P*. 

This result, together with the fact that each P, has closed range, 
easily implies that P has closed range; if f is in the closure of the range of 
P, it is in the closure of the range of P., and so f = P,g, for g, E H •• But (6.6) 

then implies g, - g, E C·o for all s, t, and so g, E Coo. Thus we can again 
compute index p. on Coo sections, 

index p. = index P = dim Ker P - dim Coker P • 

Finally we consider the situation of a group action. If the compact Lie 
group G acts smoothly on X and on vector bundles over X, and if P E ?pm, 
then we saw in § 5 that we can average over G to obtain Av(P) E {pm, and 
that averaging commutes with takIng symbols. In particular if a(P) is 
invariant, then 

a(.A.v P) = O'(P) • 

Similar results hold for P E fP:. 
It remains now to show that a G-invariant Fredholm operator P: H-tH', 

where Hand H' are Hilbert spaces acted on by G, has an index in R(G) with 
the usual properties. The definition of index P is clear, we put 

index P = [Ker P] - [Coker P] E R{ G) , 

which makes sense because Ker P and CQker P are finite-dimensional G-mod­
ules. To prove that this is locally constant for the norm topology of P, we 
proceed as follows.26 Choose V c H to be any G-invariant closed subspace of 
finite co-dimension with V n Ker P = 0 (for example V = (Ker P).J.), and let 
F: HI V - H'I P{ V) be induced by P. From the exact sequences 

0--+ HIV --+0 

lzs 
0--+ P(V) --.. H' --+ H'IP(V) --+ 0 , 

we deduce G-isomorphisms Ker P == Ker P, Coker P == Coker P. Hence 

index P = [Ker P] - [Coker P] = [Ker p] - [Coker F] 

= [HIV]- [ll'IP(V)] 

2d We are simply giving here a proof of the invariance of the usual index which 
extends natur~l1y to group actions. 
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by a simple property of the index for fi nite-dimensional spaces. Now the map 
(PV)" EEl V -, H' given by x EEl y)-o x + Qy is an isomorphism for Q = P, 
and so also an isomorphism for II P - Q II small. Hence, for such Q, we have 
V n ICer Q = 0 and (PV)" = H'/Q(V) . Hence introducing Q: H/ V ~ H'/Q(V) 
we find as before 

index Q = index Q = [H/V ] - [H' /Q(V)] 

= [H /V]- [(PV) '- ] 

= indexP . 

Thus index PE R(G) is locally constant." If Kis compact and G-invariant, the 
homotopy P + tK with 0 ~ t ~ 1 then shows that index P = index (P + K). 

As has already been indicated in the introduction, our main theorem will 
be 

T HEOREM (6.7). The analytical index and the topological index coicide 
as hornom01'ph isms ]{G( T X) -, R( G) . 

This theorem gi ves in principle a complete topological answer to the 
problem of computing the index of G-invariant elliptic operators. Alternative 
and more explicit methods of computing the topological index will be derived 
in papers II and III. 

In view of the axiomatic characterizations of the topological index given 
in § 4 we have only to show that the analytical index verifies the appropriate 
axioms. The fact that 

a-ind: ]{G(TX) - . R(G) 

is functorial for G-diffeomorphisms of X, and for homomorphisms of groups 
G ~ G', is immediate from the naturality of the construction. 

Axiom (Al) is quite trivial for the analytical index. In fact an elliptic 
operator P on a point is just a G-linear map P: V -, W of fi nite-dimensional 
G-modules, and we have 

[O'(P)] = [V] - [W] = index PE R(G) . 

The verificatioll of the remaining axioms will be carried out in § 8 and § 9. 

7. Ellipti c COl11pIcxcs 

In this section we digress briefly to discuss the notion of an elliptic 
complex . Let X be a compact manifold, E ' a sequence of smooth vector 
bundles over X , and 

27 Note that we did not really use the compactness of G. Everything holds for unitary 
representations of any g roup G provided we interpret R(G) as the group generated by 
characters of finite-dimensional representations of G. 
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di : g)(X; Ei) ---+ 9)(X; Ei+l) 

a pseudo-differential operator of order '1n with symbol (J •• The sequence 

o -. fD(EO) ~ ~(El) ---+ • • • ~ g)(E") ---+ 0 

is called an elliptic complex (of order 'In,) if 
( i) d,+ld, = 0, 
(ii) the symbol complex 

over the cotangent bu~dle TX is exact outside the zero-section. 
In [4] it is shown that28 the homology groups Hi(E) = Ker d./Im d'_1 are 

finite-dimensional, and so the Euler characteristic 

X(E) = E ( -1)' dim H'(E) 

is defined. If a compact group G acts on E (commuting with the d.), then 
Hi(E) is a G-module, and we can define X(E) as an element of R(G). 

If the complex is of length one, then we have just one elliptic operator 
do and X(E) becomes just the index of do. Thus an elliptic complex is a natural 
generalization of a single elliptic operator. Moreover elliptic complexes occur 
naturally in differential geometry; the two significant examples .being the 
de Rham complex and its complex'analogue, the Dolbeault complex. 

The symbol complex (J(E) of E is, in the terminology of § 2, a compactly 
supported homogeneous complex over TX, and so it defines an element of 
K(TX) or of Ko(TX) in the group situation. The problem of computing 
X(E) in terms of the class of aCE) in Ko( T X) can be reduced to the problem 
of the index of a single operator by the following simple device. 

Introduce G-invariant metrics in all the bundles and on X so that we 
obtain adjoints dt for the d •• Now consider the single operator 

D: ill(EBi E2i) ---+ W(ei E2i+l) 

defined by D = d + d*. More precisely 

D(uot U2, ••• ) = (douo + d~U2' d2u" + dtuu ••• ) • 

Since d2 =' 0, we have (d*)! = 0, and so 

D* D = Ea. Au , D* D = Ea. A2i- 1 , 

where Ai denotes the "laplacian" on 9)(E,) given by 

Ai = di-1df-l + dtd, • 

28 Actually in [4] the degrees of the di are not assumed to be the same. Here for 
simplicity we have made this assumption. 
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Now the exactness of the symbol complex u(E} (off the zero-section) implies 
that 

0'(0- , ) = O'i_la t_ l + af a , E Hom (7r * E i I rr* E ') 

is an isomorphi sm (off the zero-section). Hence t, i ' and so also D, is elliptic. 
Using the regularity properties of elliptic operators, it then follows, as in the 
usual Hodge theory, that 

ICer D = EEli H " = EEli H "(E} 

Coker D = EEli H " " = EEl H " " (E) 

where H' stands for the space of "harmonic" sections of E i
, namely ICer Ai ' 

Hence 

index D = X(E} . 

Moreover u(D} and u(E} represent the same class in K d T X} [1; 2.6.10]. Thus 
we are reduced to the case of a single operator, and our main theorem (6.7) 
yields immediately 

THEORE)l (7 .1). Let E be a G-inva"iant elliptic complex O"Je,' the compact 
G-manifold X, and let [u(E}] E K G( TX} be the class of the sumbol sequence 
of E . Then the Eule,' chamcte7'istic 

is given by 

X(E} = t-ind [u(E}] . 

R ema,.k. l3] was concerned with a general endomorphism Tof an elliptic 

complex (not necessarily arising f rom a compact g roup), and the introduction 
of metr ics invariant under T is not in general possible . For this reason com­
plexes are needed essentially in [3) but not here . 

o. The exc isio n und 11 01' 111 ulizu Lion uxioms 

In th is section, we shall show that the analytical index of § 6 satisfies 
the excision axiom (B1) and the normalization axiom (B2") of § 4. 

Consider first the excision (B1). Thus we suppose that U is an open 
G-invar iant subset of the compact G-manifold X, and we denote by j: U-·X 

the inclusion. Then j induces 

j . : KG(TU} -, K G( TX} . 

Shortly we shall show that any element a E K G(TU} is the symbol class of an 
elliptic G-invariant opera tor P which is "equal to the identity" outside a 
compact set. More precisely, this means that P E i'J>'(U; E, F} is G-invariant 

with [u(P}) = a, 
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a: E I U _. L --+ (U - L) x en 
.8: FlU - L --+ (U - L) x en 
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are G-bundle isomorphisnls outside some compact set L, and for ~(, E 9)( U - L;E), 
we'have 

(S.l) Pu = .8-1a'u • 

For the moment assume we have such an operator P. Then it extends in an 
obvious fashion to a G-invariant operator j *P on X; we extend E, F trivially 
to bundle~ j*E, j*F on X using a and .8, and then extend P outside U by 
(S.l). Clearly we have 

[aj*(P)] = j*[a(P)] = j*(a) E ](o(TX) • 

On the other hand, if u E m(X; j*E), (S.l) shows that 

(j*P)u=O=supp'l{'cU and pu=o. 

Thus Ker P == Ker j *P, and similarly for the adjoint P*. Hence 

indexXj*P = [Ker~] ,- [Ker P*] e R(G) • 

This shows that indexx j *P can be computed from the operator P on U, and 
so does not depend on X. This is axiom (Bl). 

It remairis now to show how to construct the operator P. As shown in 
§ 2, we can represent a e KG(TU) as the class of a complex over TU 

a o ~ n*E--+ n* F--+ 0 , 

where E, F are vector bundles on U, a is homogeneous of degree zero and, 
outside a compact set L1 of U, we have isomorphisms 

a: E I U - L1 --+ (U - L 1) x en 
.8: III U - L1 --+ (U - L 1) x en , 

such that (J = rc*(.8-1a). :Moreover, everything is G-invariant, and we can 
assume a is smooth. Since the construction of a pseudo-differential operator 
with given symbol is done locally and then globali~ed by partitions of unity, 
it is clear that we can find P1 e f]IO( U; E, F) with a(P1) = (J, and such that P1 

is equal to the identity (or precisely is induced by .8-1a) outside some 
(G-invariant) compact L::J L 1• The required operator P is then the average 
Av(P1). Strictly speaking we have only shown that averaging preserves the 
class {Po on compact manifolds. Since U is non-compact, we should either 
extend the proof to non-cOlnpact manifolds (which is not hard), or we can 
argue as follows. We can certainly form Av(P1) in some weak sense (e.g., 
using the distribution topology of kernels). On the other hand, because P1 is 
the identity outside a compact set, it is clear that averaging over G will 
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commute wi th extension from X to U, that is 

A v(j . p ,) = j . Av(P.) . 

Since X is compact, Av (j . p,) E 9"(X; j . E,j . F). Hence its restriction to U, 
namely Av (P,). belongs to g.' (U; E, F). 

We now verify (B2"). For parts (i) and (ii) we have to consider the de 
Rham complex of exterior differential forms on the n-sphere for n = 1,2; 
the symbol class of this is just the element P.," of Axiom (B2") . If we are 
prepared to use the de Rham theorems, wh ich assert that the cohomology of 
this complex is naturally isomorphic to the ordinary cohomology groups 
H'(S". C), then (i) and (ii) of (B2") become obvious. In fact we have 

H '(S", C) = 0 

dim H'(S-, e) = dim H "(S", e) = 1 . 

The connected group SO(2) acts trivially on H '(S', e). and so 

a-ind Ps' = 2 E R(SO(2») , 

for 0 < q < n 

proving (i). On the other hand, the generator of 0(1) changes the orientation 
of S ' , and so act !; as - Ion H '(S ', e) (but trivially on HO(S ' , e»). Thus 

a-ind Ps' = 1 - ~ E R(O(l») 

proving (ii). 
A direct proof without appealing to the de Rham theorems (or to the 

cohomology of spheres!) is however quite easy. FOl' the circle, the de Rham 
complex is just ff- df = (df ldx ).dx where x mod 1 is a parameter for the 
circle. Hence Ker d consists of the constant functions, and Coker d is 
generated by dx . The generator of 0(1) is the map x f- - r,; which induces 
dx f- - elx on Coker el and, of course, the identity on Ker d. Thus 

a-ind Ps' = 1 - ~ . 

For S ' , the de Rham complex has three terms: 
dO dt o ----> DO ----> D' ----> D' ----> 0 • 

Again Ker d' consists of constants. Taking adjoints, we see that Coker el' is 
generated by the volume form in D' . Since SO(2) acts trivially on both these 
spaces, it remains to show that there is no contribution from D' , i.e. , that 

dtv = 0 = tv = elf tv E D'.j E D' . 

Now" outside the north pole, the Poincare lemma shows that tv = dfo, and 
similarly tv = elf_ outside the south pole. Then el(fo - f - ) = 0, and so 

U The proof that follows is essentially n specially simple version of the proof of the 
de Rham theorems. 
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f, - f- = constant. Thus f, is actually defined everywhere, i.e., f , En'. 
We come now to part (iii) of Axiom (B2"). Here the operator whose index 

we have to compute is not a differential operator, and the whole problem in 
this case is a matter of sign conventions." In fact, if we make use of the 
multiplicative Axiom (B:l") we can compute (a-indj,(l» ' on 8 ' x 8 ' (or better 
on 8'). Using part (i) of (B2") which we have just verified, one finds 

(a-ind j,(l»)' = 1 , 

so that a-ind j,(l) = ± 1, and thp. whole problem is to show that, with ou,' 
choice of sign conventions, we get the plus sign. This we now proceed to do. 

Consider first the operator P on the circle 8' = R/2rrZ defined by 

= 0 

for n ~ 0 

for n < 0 . 

We shall show that P E 9". Let fE 9l(R) have support in an interval of length 
< 2rr (which we identify with i;;s image in 8'). The Fourier coefficients of 
f(x)e'" arej(n - e). Hence, in !;Uppj', 

pAx, $) = e- '" P(/(x)e"') = B~ j(n - ~)e" " -" 
= f(x) - B=~ j(n - E)e",ft-/ l . 

As e -. - 00 , the sum B~ convel'ges to 0 fas tel' than any power of I ~ I, and 
so do all its derivatives with respec t to x and E. When ~ ~ + 00 , the sum 
B=~ has the same properties. Thus P is pseudo-differential of order zero. 
Since 

p,(x, e) ---> f(x) 

-->0 

it follows that PE 9", and that its symbol u/' is given by 

up(x,~) = 1 

= 0 

as ~ -) + 00 
as ~--+- oo 

for E > 0 

for ~ < 0 . 

Now define A = e"P + (1 - Pl . This is then an operator in 9", and its 
symbol is given by 

(8.2) 
U .• (x, $) = e" 

= 1 

A is therefore elliptic. On the other hand, by definition 
Ae~ fU' = e iC ,, +I) r 

= ei .. r 

for e > 0 

for ~ < 0 . 

for n ~ 0 
for n < 0 , 

30 Sec [14, p. 281J for a discussion of the various places where a convention of sign 
is involved. Because we have no cohomology so far, our sign problem is a little less acute 
than in [14}. 
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and so Ker A = 0 and Coker A is generated by the constant functions. Thus 
index A = -1. 

To establish axiom (B2") of the analytical index, it remains therefore to 
show that the natural homomorphism 

(8.3) K(TR') -> K(TS') 

takes the element - j,( l) into the class of a" in K(TS '). To do this, we define 
a continuous symbol a on R' by equation (8 .2) for 0 ~ x ~ 21r, and by a = 1 
for x < 0 or x > 2IT. It is then clear that [a ] - [a,,] in the homomorphism 
(8.3). Thus we have finally to check that 

[a] = -j,( l ) E K(TR') . 

Now both these elements are defined by maps 

TR' - (compact set) -> C - (0) . 

For a, the compact set is the rectangle 0 ~ x ~ IT, I ~ I ~ 1, while for j,(1), it 
is the disc I x + 'i~ I ~ 1. 

FIG, 3 

On the rectangle, a is e" on the top and 1 elsewhere, while j,( l ) is x + ie on 
the unit circle. An elementary homotopy then deforms a into -j,(1) and 
the verification of Axiom (B2") is then complete. 

9. The nutlLiplicn Live nXi0l11 

In this section, we show that the analytical index satisfies the multipli­
cative axiom (B3) (and hence also the weaker axiom (B3'»). Once this has 
been done we shall have established all the axioms necessary to apply Theorem 
(4.6), and deduce that the analytical and topological indices coincide. Thus 
our main theorem (6 .7) will be proved. 

We start by recalling the context of axiom (B3). Thus let Y = P X /I F 
be a fibre bundle over a compact manifold X where P - X is a principal 
bundle with compact Lie group H , and F is a compact manifold on which H 
acts on the left. In addition a second compact Lie group G acts on both P 
and F commuting with the action of H . Hence G acts on X = P/H and 
Y =P x /I F. In what follows, metrics are chosen on P, X, F, Y, and assorted 
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vector bundles over these spaces so as to be invariant under G and/or H. 
Axiom (B3) is concerned with two elements 

a E J(G(TX) , bEJ("xl/ (TF) 

and their product, in a suitable sense, which is an element 

ab E J(o(TY) . 

What we have to do is to calculate the analytic index of ab in terms of the 
analytical indices of a and b. For thi s purpose we must first represent a, b, 
and ab, by elliptic operators. This we proceed to do rather carefully. 

Consider first aEJ(c(TX). We choose a representative smooth symbol a 

of order" 1 (and G-invariant). Let A, E 9" have symbol a , but for the moment 
we do not insist that A, be G-invariant. Now take a covering { U; } of X with 
trivializations of P, and hence of Y, over each U;. Let {'Pl} be a smooth partition 
of unity on X for this covering, and consider the operator AI = 'P;A,'P; on 
U;. Let Y; = p- '( U;) ~ U; x F, where p: Y ~ X is the projection, then the 
lifted operator AI on Y ; belongs by (5.4) to the class 9" (Y;) . Because of the 
'P; it can also be regarded as an operator on Y, and so it belongs to 9" (Y). 
Now form the average over G 

A = Av(L: AI) d " (Y) . 

Since 11(L: AI) = L: 'P;I1(A,) = a, and since taking symbols commutes both 
with lift ing (5.4) and with averaging (5.6), it follows that 

I1(A) = if . 

Note that because we have ehosen invariant metrics everywhere, the li fting 
d' of the symbol a is globally well··defined: if we split the cotangent space of 
Y into horizontal components ~ and vertical components Tj, then if(~ , Tj) = a(~ ) 

(where we identify ~ with the corresponding vector on the base X). 

If we restrict AI to sections coming from the base, i.e., constant on the 
fibres of Y, we recover the original operator AI . Hence the restriction of A 
to such sections is just the G-invariant elliptic operator 

A = Av(L: AI) E 9l'(X) 

with symbol a. 
We turn next to the element Ii E J(oxl/(TF). We choose a G x H-invariant 

operator B E 9" (F) with {3 = I1(B) in the class b. Let ii, be the operator on 
P x F obtained by lifting B. Since it is G x H-invariant, it induces a 
G-invariant operator ii on Y = P X II F. We simply restrict ii, to sections 
constant along the fibres of P x F~ Y . Since P is locally a product, it 

31 As promised in § 5 we are only going to apply (5.4) for 1n = 1. 

I' 
I 
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follows that, over the open sets Y j = p-' ( Uj } == Uj x F, the restriction E j 
of E is just the lifting of B. It then follows from (5.4) that Ej E 9"(Yj ), and 
so E E 9" (y). Let ii = a(E}. It is invariantly defined by {3, and in terms of 
horizontal (.;) and vertical (7]) components, we have ii(~ , 7]} = {3(7]} . 

Finally we come to the element abo For this we take the operator 

D = (~ -~' ) dl"(y) . 
B A' 

It is G-invariant (since A and E are), and we have 

( --(iii, ' ) . a(D} = ~ 

Rema?·/c. If A E 9" (X; E O, E'} and B E 9"(F; GO, G'}, then 

DE 9"( Y; E O [gJ GO EB E ' [gJ G', E ' [gJ GO EB E O [gJ G'} , 

and the two liftings of A, which occur in D, are liftings to different bundles. 
Thus the A in the top-left is the lifting to GO, while A' in the bottom right 
is (adjoint of) the lifting to G'. However the position in the matrix makes 
clear which bundles are involved, and to simplify the notation we shall omit 
all reference to the actual bundles involved. 

As explained in § 2, a(D} is a representative for the class abo What we 
have to do now is to compute the index of the elliptic operator D. 

We fi rst show that A and E commute. From the local product represen­
tation Y j == U; x F, it follows that E; commutes with AI. Thus E commutes 
with B AI and, because E is G-invariant, it also commutes with A = 
Av (B AI) . Similar remarks apply with E' for E, and so the off-diagonal 
terms in D commute with the diagonal terms. Hence 

D ' D = (
A*A + E' B 

o 
o ) (Po 0) 

AA' + BB' = 0 Qo 

DD'= T (
AA' , B' B 

o 
o ) (P, 0) 

A* A + BB' = 0 Q, 

Computing the kernels (on smooth sections), it follows that 

Ker D = Ker D' D = Ker Po EB Ker Qo 

Ker D' = Ker DD ' = Ker P, EB Ker Q, . 

say 

But by (6.6) (regularity for elliptic operators in pm), it follows that we have 
Ker D ' == Coker D and so 

index" D = (Ker Po - Ker P,) + (Ker Qo - Ker Q,) E R(G} . 
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Consider now the operator P, = A ' A + jj* jj (on smooth sections). For any 
smooth section u we have 

<P,u, u) = <Au, A1t) + <jju, Eu) , 

and so Ker P, = Ker AnKer E. Since E is the natural extension of the 
operator B on the fibres, it follows that Ker E consists of those smooth 
sections which, on each fibre Y" lie in Ker B. (where B. denotes the operator 
on Y. corresponding to B on the standard fibre F). But this is just another 
way of saying that Ker E is the space of smooth sections of the vector bundle 
K,, = P x /I Ker B over X. Since A and B commute, it follows that A induces 
an operator C on the sections of K~. Since A = Av(2: '7';A{'7'; ), we have 
C = Av(2: '7';C;'7';) where C; is the operator induced on K ill U; by A{. But, 
by definition of AI. this means tha t C; = A, ® Id(K.} . Hence C; E g" , C E {jH 
and 

a(C} ~ a ® Id(J(. } . 

Thus C is a G-invariant elliptic operator over X, and the class of a(C} in 
K a(TX} is the product a[KlIl of the class a E K.(TX} of the symbol a and the 
class [Knl E Ka(X} of the vector bundle K II • Since A* = (A*)-, replacing A 
by A * replaces P, by P, and C by C* . Hence 

Ket" P, - Ker P, = Ker C - Ker C' = a-ind'" a[K.l E R(G} . 

Replacing B by B * , we similarly get 

Ker Q, - Ker Q, = a-indx a[L.l E R(G} , 

where Ln = P X /I Coker B . Hence finally we obtain 

index" D = a-indx (a([Knl- [LB ])) = a-indx (a· f".(a-i ndaxl/' b}) E R(G} . 

Since the class of a(D} is the product ab, we have therefore established 
Axiom (B3) for the analytical index. The proof of Theorem (6 .7) is thus 
complete. 
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The index of elliptic operators: II 

By M. F. ATIYAH and G. B. SEGAL 

Introduction 

The purpose of this paper is to show how the index theorem of (5) can be 
reformulated as a general "Lefschetz fixed-point theorem" on the lines of (2). 
In this way we shall obtain the main theorem of (2), generalized to deal with 
arbitrary fixed-point sets, but only for transformations belonging to a compact 
group. 

The content of this paper is essentially topological, and it should be 
viewed as a paper on the equivariant K-theory of manifolds. The analysis 
has all been done in [5], and what we do here is simply to express the topolog­
ical index in terms of, fixed-po int sets. This is quite independent of the main 
theorem of (5) asserting the equality of the topological and analytical indices. 

As in [5] , we avoid cohomology and use only K-theory. In paper III of 
this series, we shall pass over to cohomology obtaining explicit formulas in 
terms of characteristic classes. 

The basic result in KG-theory which leads to the fixed-point formula is 
what we call the Localization Theorem. We review this in § 1. In § 2, this 
is then applied to the topological index. Some cases of special interest are 
then discussed in § 3. 

1. The localization th eorem 

In (5) , we reviewed some of the basic facts about the functor K G(X), 

defined for G a compact Lie group, and X a locally compact G-space. We did 
not however introduce the group K J(X) and the exact sequence for KG-theory 
which we shall need to use here. Let us recall then [1) that one defines 

K o"(X) = KG(R" >~ X) 

(where G acts trivially on R'), and that the periodicity theory gives natural 
isomorphisms 

Ko' = Ko"-' . 

Considering n as an integer mod 2, we then introduce 

Ed = Kg EEl KJ (Kg = KG) . 

For a compact pair (X, Y), one then has an exact triangle 
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K ; (X) 

/ . '" 
Jq(X, Y) ...."- K J(Y) , 

where a interchanges K(~ and K/;. More generally, for locally compact spaces 
with Y closed in X, we have an exact triangle 

K J(X) 

/ . '" 
K ; (X - Y)...."- K ;(Y) . 

This follows at once from the compact case on replacing X, Y by their one 
point compactifications X +, Y+, and observing that 

K J(X+, Y+) = K ;(X + - Y +) = K J(X - Y) . 

We recall next that the tensor product induces a pairing 

K c(X) 18) K a(Y) -> K c(X x Y) 

for any two locally compact G-spaces X , Y . In particular, taking Y = point, 
we see that K G(X) is a module over K G(point) = R(G), the character ring of 
G. Replacing X by H' x X, the same is true for K !;(X) , and hence for K J(X) . 
It is therefore possible to study K ; (X) from the point of view of commutative 
algebra by analyzing it with respect to the prime ideals of R(G). It is the 
purpose of this section to review the main results in this direction. 

Let "'I be a conjugacy class in G. Then it defines a prime ideal in R(G), 

namely all characters which vanish on "'I. For any R(G)-module 111, we denote 
by 111, the module obtained from 111 by localizing at this prime ideal. Thus 
111, is a module over the local ring R(G),. An element of R(G), is a «fraction" 
1t/S with 1t , s e R(G) and s("'I) * 0, but two fractions u/s and u'/s' represent 
the same element of R (G) , if 3t e R(G) with t("'I) * ° and tus'=tu's. Elements 
of 111, are «fractions" m/s (m e 111, s e R(G), s("'I) * 0) with a similar equivalence 
relation. 

On the other hand if X is a G-space, we can consider the subspace 

X T = U", X· 

where X' denotes the fixed point set of g acting on X. Then X T is a closed' 
G-subspace of X . The main result is then the following. 

LOCALIZATION THEOREM (1.1). Let "'I be a conjugacy class in G, i: XT~X 

the inclusion . Then 

l T is compact and x r is the image in X of a closed subspace of T X X under the 
projection T x X -) X . 
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becomes an isom01'phism 

i; : Kc(X) r -. Kc(x r)r 

when localized at the p"ime ideal of R(G) defined by "I . 
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The proof of this theorem is given in [7]. However, as it plays a key role 
in this paper, we shall review th~ proof. The first step is the following 
lemma about characters. 

LEMMA (1.2). Let H be a closed sub[J"oup of a compact Lie g,'ou p G, and 
let "I be a conjugacy class of G not meeting H. Then thm'e exists 7. E R(G) 
such that 

( i) 7.("1) * 0, 
(ii) 7.(h) = 0 f01' all hE H. 

For general G, the proof of (1.2) is surprisingly difficu lt. However for 
the purposes of this paper, it is sullicient to consider abelian groups. In this 
case, (1.2) is a trivial consequence of the fact that characters separate points 
in the quotient group G/ H. 

When we localize at the prime ideal of R(G) defined by "I, the element 7. 

of (1.2) becomes (by (ill a unit of R(G)r' By (ii), this unit annihilates R (H)r; 
this being viewed as an R(G)r-module in the obvious way. Thus we obtain 

COROLLARY (1.3) . In the notation of (1.2), we have R(H)r = O. 

Observe now that, for any conjugacy class "I of G, R(H)r is itself a ring 
of fractions of R(H). Also if M is an R(H)-module, and so an R(G)-module, 
Mr is an R(H)r-module . Since our modules are always "unitary" (Le. the 
identity of the ring acts as the identity on the module), it follows that Mr = 0 
whenever R(H)r = O. This situation arises if "I satisfies the hypothesis of 
(1.2), and we take M = K G(X) where X is a compact G-space admitting a 
G-map onto G/H. The factorization X - G/H -. point gives rise to a factori­
zation 

K,j(X) <-- K (j (G/H) <-- Kci (point) 

r r 
R(H) <-- R(G) , 

so that K(j(X) is in fact an R(H)-module. Thus we deduce 

COROLLARY (1.4). Let "I, G, H be as in (1 , 2), and let X be a compact G­
space admitting a G-map onto G/H . Then 

Kci(X)r = 0 . 

Rema,·k . If Y is any closed G-subspace of X , then it also admits a G-map 
Y - . G/H, and so Kci(YJr = O. The exact triangle of (X, YJ, together with 

'I 

, 
II 
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the exactness of localization, then shows that KJ(X, Y) , = O. 
Suppose now that X is any locally compact G-space, and let Y c X be an 

orbit with isotropy group H. Then we can always find a closed G-neighbo?'­
hood Vof Y in X wi th a G-?'et?'action onto Y. This follows from the existence 
of a "slice" (cf. [7]); but for our present purposes, we only need to apply this 
when X is a differentiable G-manifold. In this case Y is a G-submanifold, 
and we can take V to be a closed tubular neighbourhood defined by a 
G-invariant riemannian metric. In any case, given that such neighbourhoods 
V of orbits exist, we can cover any compact G-subspace L of X by a finite 
number of sets L, = V, n L . Let Hi be the isotropy group connected with 
V" then we have G-maps L,-,G/H ,. Assume now that 'Y is a conjugacy class 
of elements of G having no fixed points in X, then 'Y n H , = 0 for all i, and 
so Kt (L ,), = 0 by (1.4) . A simple induction on the number of L, using exact 
sequences, and the remark following (1.5), then shows that KJ(L), = O. 
Replacing L by any compact G-subspace L', and then using the exact triangle 
for (L, L'), we deduce that KJ(L, L'), = O. In particular, if U is an open 
relat ively compact G-subspace of X, we have 

K ; (U) , = Kt (tJ,afh = O . 

Since KJ(X) is the direct limit of these KJ( U), and since localization com­
mutes with taking direct limits, we deduce 

PROPOSITION (1.5). Let X be a locally compact G-space, 'Y a conjugacy 
class of G having no fixed poin ts in X . Then K;j (X) , = O. 

Proposition (1.5) is the special case of (1.2) in which X , = 0. To prove 
the localization theorem in general, we consider the exact triangle 

/ 

KJ (X) 
/ 

We now localize this at the prime ideal defined by 'Y , and recall again that 
localization preserves exactness. Applying (1.5) to the space X - X , (where 
'Y has no fixed points), we obtain the exact triangle 

/ 
o 

which establishes (1.1). 

K;j (X), 

/ '- .. 
'-" '\. 

Rema?·k. The proof of (1.1) which we have just given is complete for G 
abelian and X a diij"e?'entiable G-manifold (note that we were careful to 
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avoid taking the one-point compactification of X). Only this case will be 
used in the rest of the paper. 

2. The Lefschetz formula 

Let G be a compact Lie group, X a compact differentiable G-manifold. 
The tangent bundle T X is then a differentiable G-manifold and we can con­
sider the group Ka(1'X). In [5] we defined two R(G)-homomorphisms 

a-ind: Ka(1'X) ----+ R(G) 

t-ind: Ka( l' X) ----+ R(G) . 

The main theorem of [5] asserts that these two homomorphisms coincide. In 
this section we shall show how the topological index t-ind can be computed 
in terms of fixed-point sets. Combined with the main theorem of [5] , this 
will then give a "Lefschetz fixed-point formula" for ellipt ic operators. For 
simplicity of notation (and since in any case a-ind = t -ind), we shall omit the 
prefix and write ind for t-ind. "Vhen it is necessary to prevent confusion, we 
shall write indux to indicate the space and group involved. 

We recall fi rst that in [5] we defined a functorial homomorphism 

i,: K d TX) ----+ Ko(TY) 

for any G-embedding i: X ~ Y. In terms of this the topological index was 
defined as follows. Let i: X ~E be a G-embedding of X in a real representa­
tion space of G, and let j: p-. E be the inclusion of the origin. Then, 

j ,: K a(TP) ----+ K o(TE) 

is an isomorphism and the topological index 

ind: K d 1' X) ---> K G( TP) = R(G) 

is defined by 

ind = (j,)-' 0 i, . 

It follows at once from this definition (and the functoriality of i ,) that, 
if i: Z ~ X is a G-embedding of the closed submanifold Z. the following 
diagram commutes 

(2.1) 

In addition to the covariant map 

i,: K o(1'Z) ---> K o( T X) , 

I , 
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there is of course the usual contravariant restriction homomorphism 

i': ](G(TX) ----> ](G( TZ) , 

The relation between these is given by the following lemma [5; (3,1)] , 

LEMMA (2,2) , If i : Z-.X is a G-embedding with ?lonnal b1mdle N, then 

i'i, : ](,,(TZ) ----> K,,(TZ) 

is multiplication by 

)..._,(N ®n C) = L: (-l)')...'(N ®n C) E Ko(Z) 

whm'e the )..., a,'e the exte.'im' POW€1'S, and Ko( TZ) is ,'ega,'ded as a KO<Z)­
module in the usual way, 

Suppose now that G is a topologically cyclic group , i. e" that it possesses 
an element 9 whose powers are dense in G, Then the fixed po int set of 9 in 
X is fixed by the whole group, i,e" 

Hence we have' (cf , [5; § 2]): 

(2 ,3) Ko(X') 2'; K(X') ® R(G) 

and hence, localizing at the prime ideal of R(G) defined by the conjugacy 
class {g} , 

(2.4) KO<X'), 2'; K(X') ® R(G), • 

The following lemma (valid for any group G) characterizes the units in this 
ring , 

L EMMA (2,5) , L et Y be a compact space on which G acts t'l'ivially, p any 
p"ime ideal of R(G), Then an element u E KO< Y), is a 1mit if and only if 
its ,'est"iction to each point P E Y is a unit in Ko(P), = R(G)" 

PROOF, Let' H ' (Y; Z) denote the group of continuous maps Y - . Z, 

Then by assigning to each vector bundle on Y its dimension (or rank). we 
obtain a homomorphism 

rk: K( Y) - . H ' ( Y; Z) , 

This splits so. if K,(Y) = Ker (rk), we have a decomposition 

K( y) = K,( Y) E& H'( Y; Z) , 

In [1 , (3 ,1.6)] it is shown that every element of K ,( Y) is nilpotent, Hence an 
element of 

~ Tensor products are taken over the integers Z unless othewise indicated. 
3 For ou r purposes Y = 2:i"' l Yi will be a finite sum of connected spaces Yi so that 

H O( Y; Z) is a free abelian group with one generator for each component Yi. 
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J(G(Y) , ~ J(Y) 0 R(G), ~ (J(,( 1') 0 R(G),) E9 (H' (Y; Z) 0 R(G) , ) 

is a uni t if and only if its image in H ' (Y; Z) 0 R(G), is a unit. But 
H ' (Y; Z) 0 R(G), can be identified with the ring of continuous functions 
Y - R(G)" and an element of this ring is a unit if and only if its value at 
every point PE Y is a unit. 

Before proceeding further, we must make some remarks about the fixed 
point set X, of an element g E G. Since G is compact we can, by averaging 
over G, assume g is an isometry for some riemannian metric. Suppose P E X ' , 
and let T" denote the tangent space to X at P. Then g induces a linear trans­
formation g I T p on T p . If e E T J' is fixed by g I T p , then so is the geodesic in 
the direction e. It follows easily from this that, in a neighbourhood of P, X, 
is just the image under the exponential map' of the (+ l )-eigenspace of g IT". 
Thus X, is a submanifold of X, and the linear transformation g i N", induced 
by g on the normal N p to X' at P, has no eigenvalue + 1. In other words 

(2 .6) det (1 - g i NI') * ° . 
We shall now apply Lemma (2.5) to deduce: 

LEMMA (2.7). L et G be topologically cyclic genemted by g, and let X be a 
compact G-manifold. L et N' denote the ?Lonnal bttndle' of X' in X. Then 

A,_,(N' 0 " C) E J(o(X' ) 

becomes a unit in J(a(X' ), . 

PROOF. By Lemma (2.5), it is sufficient to restrict to each point PE X ' . 

Now an element 7. of R(G), i.e. a character, becomes a unit in R(G), if and 
only if X(g) * 0. Taking X to be the restriction of A,_,(N' I8ln C) to a point 
P E X' we fi nd' 

7. (g) = :s (-1)' Trace A,'(g I N p 0 n C) 

= detc (1 - g I NI' 0 n C) 

= det" (1 - g i N p) 

* 0 
This completes the proof. 

We are now ready to prove our:key result. 

by (2.6). 

PROPOSITION (2.8). L et G be topologically cyclic genemted by g and let 
X be a compact G-manifold. Then 

4 defined by the riemannian metric . 
5 Kg may have components of difiercnt dimensions so that Nil will be a vector bundle 

with different dimensions over the different components of X II , 
II We write detR and detc when necessary to distinguish between determinants of real 

and complex linear transformations. 
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i,: Kc(TX' ) -----> Kc(TX ) , 

7Vhen localized at the p"ime ideal of R(G) defined by g, becomes an isom07'­
ph ism 

I ts invene i s 

f.,_,(N' Q9It C) 

7Vhe7'e i : is obtained by localizing the 7'est7'iction homomO?'phism 

i *: Kc(TX) -----> KG(TX') . 

PROOF. By the Localization Theorem (2.1), i; is an isomorphism. We 
need only observe that by (2 .6) 

TX' = (TX)' . 

In other words, the tangent vectors of X fixed by g are precisely the tangent 
vectors of X ' . By (2 .2) the composition i ' i, is multiplication by f.,_l(N' Q9R C). 
Since G acts trivially on TX' , it follows that 

KG(TX' ) == K(TX' ) 181 R(G) 

and so (if 1 denotes the group with one element), 

indJ' == ind{ ' 181 Id . 

Thus the dependence of ind~" on G is rather trivial. On the other hand the 
dependence of indJ on G is not so trivial. However, by localizing (2 .1), we 
get the commutative diagram 

K G(TX") , (i,),. KG(TX), 

(2.9) (indM',. 1 (indJ), 

R(G), 

and we know, by (2 .8), that (i,) , is an isomorphism. This means that ind;i, 
when localized at g, can be computed in terms of indi"' . In fact from (2 .8) 
and (2.9), we get the following precise formula . 

PROPOSITION (2 .10) . Let G, g, Xbeas in (2 .8), and letuE KdTX). Then 
we have' 

(indJ u), = (indJ' ),[ f.,_'(l~·~R C) ] . 

1 The express ion in square brackets is of course to be understood as an element in 
the localized ring K c(TXp)go 
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This formula compute!; the image of indJ 'u, in the localized ring R(G), . 

It is more usual to compute an element of R (G) by regarding it as a function 
on G and evaluating it at all elements of G. To evaluate it on the generator 
g we observe that the evaluation map 

R(G) ->C 

given by X i-' X(g) factors through the local ring R (G), : the evaluation map 

R(G), -> C, 

given by X/y,..... X(g)/y(g) being well-defined since y (g) '" O. Thus (2.10) will 
yield a formula for (indJ u )(g). To write this in a convenient form, we shall, 
for any trivial G-space Y, introduce the evaluation maps 

Ko(Y) =: K(Y) Q9 R(G) --+K(Y) Q9 C 

Ko(y) , =: K(y) Q9 R(G), --+ K(Y) Q9 C 

gi ven respec ti vely by 

. u Q9 X 1--+ l ' Q9 x(g) 

u Q9 X/y 1--> U Q9 X(g) /y (g) 

for l' E K(Y). Taking Y = TX' we can evaluate (2.10) on the element g, and 
we obtain the formula: 

(2.11) (indJ 1')(0) = (indi ' Q9 Id){ i:u(g) } , 
A,_,(N Q9n C)(g) 

where 
indi' Q9 Id: K(TX' ) Q9 C --+ Z Q9 C = C 

is the natural extension of ind,Y' obtained by tensoring with C. 
In (2.11) we have assumed that G is topologically cyclic and generated 

by g. Now for any group G, and for any g E G, let H be the closed subgroup 
generated by g. If l' E K G(TX), let 'n" be the element of K,,(TX ) induced by 
1'. By naturality of the topological index, we have 

indJ u(g) = indj; 1',lg) • 

Applying (2.11) ·with H intead of G, we then obtain an explicit formula for 
the topological character-index indJ in terms of ordinary topological (integer) 
indices on various fixed point sets. In other words, the group G has been 
eliminated from the problem. 

If we now combine this formula for the topological index with the main 
theorem of [5] we will obtain a general "Lefschetz formula" . Thus let E be 
an elliptic complex on X invariant under G, and let utE) be its symbol 
sequence. Then this defines an element 

';;.~. c ""_'~"I''' ~ 
. ' . I ! 



, ' I \ '. J • ! :l ,\ l 

n "0 11l (!':)! E ](,.(7'_\') , 

a nd lhe ana iyt iutl index of Il e\"a iualcc! at !J is just the Lef~.chetz nu mber 

Ll!/, E) = .L; (-1); Trace (g : Hi(E») 

where H ;(E) are the homology groups of the elliptic complex. 
Formula (2.11) then leads to the following general Lef,;chetz fixed-point 

theorem for G-invariant ell iptic complexes. 

THEOREM (2 .12) . L et G be topologically cyclic gene?'ated by g, X a compact 
G-manifold, E an elliptic co?nplex on X on which G acts. Let X, denote 
the fixed-point set of g, N ' the nO?'mal bundle of X , in X . Finally let 
,,= [a tE) ] E K C< TX) denote the class of the syn,bol of E, i'UE KG(TX') its 
?"est?"iction to X ' . Applying the eval1wtion map 

K c< T X ' ) ~ K( T X ' ) 0 R(G) _ ... .>J( T X') 0 C , 

given by a 0 X '-" a 0 x(g), we can then fO?'m i ' u (g) and " ... ,(N 0" C){g) in 
K( T X ' ) 0 C. The latte?' is inve?·tible, and so 

i'u(g) E K(T X ') 0 C 
A. ... ,(N 0 " C)(g) 

is well-defined . Then the L efschetz numbe?' L(g, E) is given by 

L(g E) = index { i'u(g) } 
, A. ... ,(N' 0 n C) (g) , 

whe?'e index: K(TX')0 C~C denotes the nat!wal extension of the topological 
index K(TX') ~ Z. 

Rema?·!cs. 1. Theorem (2.12) reduces the problem of calculating an index 
in R(G), or a Lcfschetz number, to that of ordinary indices in Z, In principle 
we could have used this to deduce the equality a-ind = t -ind for groups G 
from the corresponding equality without groups. However this would have 
been rather artificial, because the main step in either case is the commutative 
diagram (2.1) (for both a-ind and t -ind). 

2. Applying the explicit cohomological fo rmula for the index given in 
[4] to (2.12) we will of course obtain a corresponding expression for L(g, E). 
This will be done in detail in paper III. 

3. When the fixed point set X, is finite, the topological index K(T X') ~ 
Z is rather trivial, and (2 .12) leads immediately to the explicit Lefschetz 
formula of [2] . This will be developed in the next section, but we should 
emphasize at this stage the exact relation of our Theorem (2.12) to the main 
result of [2]. In [2] general maps with simple fixed points are considered. 
These maps need not be invertible and, even if they are, they may not lie in 



any CO!YlJr:.tct gTIHlp of a1.1tomol'phisms ,j f the elliplic tomplc:.;: . The deforma­
tion rn etlHJds wh ieh ure availabl9 for C'ompal:t groups (because of the discrete­
ness of the characte rs) do not therefo re apply , and the pl"Oof of 121 is by di rect 
anal ysis. The case of higher dimensional fixed-point sets, however , requi res 
more subtle analysis for direct treatment, and our present deformation method 
is therefore very adva ntag.eoU3, when applicable, i.e., where we have a 
compact group. 

4. The right hand side of the formula in (2 .12) is a p"io"i only a complex 
number. The Lefschetz number L(g, E) , on the ot her hand, is the value on 
9 of a character of G. For example, if G is finite these values must be 
algebraic integers . In this way (2.12) leads to "integrality theorems" for 
actions of groups on manifolds. These will be illustrated in the next section. 
It is perhaps worth pointing out that, for cyclic groups, these "integrality 
theorems" do not depend on the analysis in [5], since we can define the 
Lefschetz number topologically. 

3. Special cnses and applications 

First, as indicated in Hemal'k (3) above, we shall consider the case when 
the fixed point se t X , consists of a finite set of points. In t his case , we have 

K(T X V) = IT,. K(P ) , 

where P runs over the fixed points of g . The topological index coincides on 
each factor K(P) with the natural isomorphism K(P) ,= Z. The normal bundle 
N ' at P is just the tangent space Tp to X at P, and 

A,_t( T j • QSi " C)(g) = det (1 - g 1 T p) • 

Finally if E, are the bundles of the elliptic complex E, then the component 
(i "u )p is just I: (- I )'E" and evaluated on g, this gives 

I: (-1)' Trace (g 1 E,) . 

Thus, as a special case of (2.12), we obtain 

TREoREM (3.1). L et G be a "ompact Lie g,'oup, X a compact G-m anifold, 
E an elliptic complex on X on which G acts. Let 9 E G have a finite set of 
fixed points . Then the Lefschetz numbe,' L(g , E) is given by 

L(g, E) = 2::1' v(P) 

whe"e the sum mation is taken ave,' the fixed points of g, and 

v(P).= I:, (-1)' Trace (g 1 E ,.p) . 
det (1 - g 1 T p) 

We shall now show that this formula is essentially identical with the one 

-
I 
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given in [2]. For this, we take f : X -. X to be given by f(x) = g-'x, and the 
maps 

to be given by the action of g. The map T, on sections of E, induced by 
(f, <p,) then coincides with the natural action of g: if s E r (E,) , we have 

(gs)(gx) = g(s(x») 

or 

(as)(y) = g(s(g-'y») = <p",s(J(y» ) = (T,s)(y) • 

Thus L (g; E) = L(T) is the same Lefschetz number as in [2]. As for the 
terms lJ(P) in [2], they are defined as 

2: (- 1)' Trace <p"p 

I det (1 - dfp) I 
Now <P' ,I' = 9 I E "p and dfp = g-' I T p. Since 9 I Tp is orthogonal, it follows 
that 

det (1 - g-' I T p) = det (1 - 9 I T p) > ° . 
Thus we have 

det (1 - g-' I T p) = I det (1 - dfp) I , 
so that the terms lJ(P) occurring in (3.1) are the same as those given in [2] . 

Theorem (3 .1) has a number of in teresting applications b'Jt, as these are 
dealt with fully in [3], we shall not pursue them here. 

Another case of special interest is to take X a compact complex manifold, 
and G a finite group of complex analytic automorphisms of X . Suppose 
moreover that V is a holomorphic G-vector bundle over X. Then the 
Dolbeault complex A(V) 

a 
-. A" P(V) -> A"P+'(V)-> 

(where A" P( V) denotes the differential forms on X of type (0, p) with coeffi­
cients in V) is an elliptic complex acted on by G. The homology groups 
of this complex may be identified with the sheaf cohomology groups 
H P(X, 19( V» where 19( V) denotes the sheaf of germs of holomorphic sections 
of V. The Lefschetz number is thus 

L(g, A(V») = 2:p (-l)P Trace (g I H P(X, I9( V»)) • 

Consider now the fixed-point set X' of g. It is a complex submanifold of X . 
If a(X, V) E KC<TX) denotes the symbol class of the Dolbeault complex A( V) . 
then its restrict ion to K ll (TX' ) (H the subgroup generated by g,) is given by 
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i *a(X, V) = a(X', V I X'),,_,(N*) , 

where N is the (complex) normal bundle of X, in X. This follows from the 
usual decomposition of the exteriol· algebra of a direct sum. Now we have 
isomorphisms 

and so 

Thus we get 

(3 .2) 

)., ,(N*) 
).,_,(N@nC) 

i*a(X, V) 
",_,(N@"C) 

N=:N* 

_ a(X', V I X ' ) 
)"_,(N* ) 

= a(X' )[ V I X ' l 
",_,(N * ) 

where a(X') is the symbol class of the Dolbeault complex of X'. 
If U is a holomorphic vector bundle over a compact complex manifold Y, 

one usually denotes by X( Y, U) the Euler characteristic 

B (-1)' dim H' (Y, 0(U) ) , 

i.e., the index of the Dolbeault complex A(Y, U) . We extend this notation 
toanyuEJ(Y)@C. Thus 

X(Y,u) = index(a(y). t') EC . 

In this notation (3 .2) yields 

index {i*a(X, V)(g) } = Z(X" rV I X'](g)) . 
",_,(N @ n C)(y) . ",_,(N *)(g) 

Putting this into Theorem (2 .12), we have therefore established 

THEOREM (3.3) . Let X be a compact complex manifold, Va holornO?·phic 
vecto?· blGnclle ove?· X, G a finite g?·OlGP of automo?·phisrns of the pai?· (X, V) . 
Fo?· any 9 E G, let X, denote the fixed-point set in X of g, and let N' denote 
the (complex) nO?·rnal bundle of X ' in X . Then we have 

B (-1)' Trace (g I H'(X O(V) )) = x(X' rv I X'](g) ) 
, "' )"_,(N' )* )(g) . 

Rema?·lc . In the case of a general elliptic complex E with symbol class 
1', we can restrict u to K G(7'X') but not the actual complex. In the holomor­
phic case however there is, in some sense, a natural restriction, and so 
Theorem (3.3) can be expressed without reference to symbols. 

We shall now show that Theorem (3 .3) implies in effect a Riemann-Roch 
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theorem for the complex space X /G. For this we need the following lemma. 

LEMMA (3.4). L et X, V, G be as in (3,3), and let f : X ~ X /G be the 
p"ojection of X onto the a.naly tic space X /G. Then we have. natu,'al isomo,'­
phisms 

(H' (X, 19 (T1») ° == H"(X/G, (J. 0 (V»)G) 

tuhe"e ( )0 denotes the invadant pa,'t unde,' the action of G. 
PROOF. We recall that the structure sheaf of X /G is by definition 

f . (0x)G. Now the higher direct images R'f . (I9(V» (q ~ 1) are all zero because 
any y E X /G has a base of neighbourhoods U with f- '( U) a disjoint finite 
union of comple:c balls. The Leray spectral sequence 

H '(X/G, R'f. (I9(V»)) = H' +V(X,I9(T1») 

therefore collap!;es and gi yes rise to isomorphisms 

H ' (X /G, f . (I9(T1»)) == H ' (X, 0(V») . 

Taking invariant parts on both sides, and observing that, (since ( )G is an 
exact functor for vector spaces over C), 

H ' (X/G, (J. (0 (V»))0) == H P(X/G.!. (0(V»))G , 

the required result follows . 
If W is a holomorphic vector bundle on Y = X /G, then V = f* W is a 

holomorphic G-vector bundle on X, and (f. (0 (V»)0 == 0(W) . The Euler 
characteristic 

;:(Y, W) = ~(-1)' dimH'(Y, 0(W») 

can then be computed by the following theorem. 

THEOREM (3.5). L et G be a ji,nite g,'oup of au tomm'phisms of a compact 
com plex manifold X, and let W be a holomo"phic vectm' bundle ove,' the 
com plex space Y = X /G. Then we have 

peg) = x(x' r f* W I X'l(g) ) 
• '",_,((N' )' )(g) 

N ' is the ?lonnal bundle to X, in X, and I G I denotes the m'de,' of G. 
PROOF. By (3.4) we have 

;:(Y, W) = ~(-1)' dimH'(X,0(f · W»)G . 

The theorem follows by combining this with Theorem (3 .3) and, recalling that 

... 
I , 
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for any G-module M, we have 

dim M G = _ 1 __ " " Trace (g I M) • I G I LJ •. 
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Rema1·k.~ . 1. (3 .5) reduces the Riemann-Roch theorem for the singular 
space X /G to the Riemann-Roch theorem for the manifolds X ' . Thus, if the 
terms p(g) are expressed in explicit cohomological form, we shall obtain an 
explicit formula for X(Y, W). This is of particular interest in the case of 
automorphic forms (cf. [6)). 

2. It is probable that (:3.3) and (3.5) continue to hold in abstract algebraic 
geometry provided I G I is prime to the characteristic of the ground field . 

Another interesting case of Theorem (2.12) is given by the Dirac operator 
of a spin-manifold, but we shall defer this example until paper III, (for isolated 
fixed points see 13; § 8]) . 

Theorem (2.12) becomes especially simple if the normal bundle N ' of X ' 
is G-trivial (i.e., isomorphic to X ' x M for some G-module M), or at least if 
it is G-trivial over each connected component. In this case, over each com­
ponent, ).._,(N 0 " C) is just an element of R(G) and evaluated at g it gives 

A._,(N 0" C)(g) = det (1 - g I N p ) , 

where P is any point of the component. Thus (2 .12) becomes 

L(g, E) = B; (1; , 

where the summation is over the connected components XI of X', 

(1; = 1 index iju(g) , 
det (1 - g i N;) 

i*1o; E ](G(T Xn, and N; is the fibre of N at some point of XI . Theorem (3 .1), 
dealing with finite X ' , is of course a special case in which the normal bundle 
is G-trivial over each component. 
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The index of elliptic operators: III 

By M. F. ATIYAH and I. M. SINGER 

In troduction 

In [7 j, paper I of this series, t he index of an elliptic opera tor was com­
puted in terms of K-theory. In this paper, we carry out what is essen tially 
a routine exercise by passing from K-theory to cohomology. In this way, we 
end up with (2 .12) the explicit cohomological formu la for the index announced 

in [6] . 
In l7] we also considered elliptic operators (or complexes) compatible with 

a compact group G of transformations . The index in this case is a character 
of G, and the main theorem of [7] gave a construction for thi" in KG-theory. 
In l5J. paper II of this series, the value of this index-character at a n element 
9 E G was expressed as the index of a new "virtual operator" on the fixed­
point set of g. This was referred to as a Lefschetz fixed-point formula. By 
combining this formula with the co homological formu la for the index, we 
obtain finally an explicit cohomological formula (3 .9) for the index-character. 
We shall describe this formula in detail for a number of important operators . 
In particular we draw attention to the "in tegrali ty theorems" obtained in this 
way for actions of finite groups on manifolds. Most of these do not depend 
on t he analysis in [7]. but are a consequence of combining the purely topolog­
icalresults of [5] and the present paper. 

We begin in § 1 with a brief review of the theory of characteristic classes 
and of the relation between cohomology and K-theory. The index formu la 
(2 .12) is then deri ved in § 2, and the more general index-character or Lefschetz 
formula (3 .9) is given in § 3. The proofs are simple formal eon sequences of 
the results of papers I and II. We also give in (2 .17) a rather more explicit 
form of the index theorem for the kind of operator which arises naturally 
from different ial-geometric structures. 

The bulk of the paper is actually devoted to examples and applica tions of 
the main theorem. The explicit formula (3.9) is of a rather formidable kind, 
and it seemed worthwhile to show what it reduces to in various important 
special cases . Thus in § 4 we discuss the Riemann-Roch theorem (4.3) for 
compact complex manifolds, and also the corresponding Lefschetz formula 
(4 .6) for finite groups of automorphisms. In § 5 we examine briefly the Dirac 
operator of a Spin manifold. In some ways the most interesting ell iptic oper-

~""o/'~~~~ I-
, . ~ . f... . . . 
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ator is the one, discussed in § 6, the index of which is the Hirzebruch signa­
ture of a manifold. Because of its significance for differential topology, we 
examine this case in considerable detail. Besides obtaining the original theo­
rem (6 .6) of Hirzebruch, we also derive the corresponding Lefschetz formula 
(6 .12). One noteworthy feature hore is that this formula is of interest for all 
even-dimensional (oriented) manifolds, not just those with dimension divisible 

by 4, as is the case with (6.6). 
In § 7 we show how the Lefschetz formula of the preceding sections can 

be used to define invariants for free G-actions (on odd-dimensional manifolds). 
Some of these are cobordism-type invariants, but the operator of § 6 gives 
rise to a more refined invariant, and we devote most of § 7 to this case. 

In § 8 we consider the infinitesimal case of our general Lefschetz formula, 
and we derive results similar to those of Bott [9] [10] connecting characteristic 
numbers with zeros of vector fields. 

Finally in § 9 we make some simple deductions from the general index 
and Lefschetz formulas. Under various special assumptions, these formulas 
simplify considerably, and, in many situations, one gets a zero index. Most 
of these spacial cases are already mentioned in [6] . 

As far as the ordinary index theorem goes, the particular cases of §§ 4, 
5, 6, are quite adequately described in [19J. Our reason for reproducing this 
material again here is partly for the sake of completeness, and partly because 
we want to go on to discuss Lefschetz numbers. Our treatment however is 
somewhat briefer than that in [19]. and the reader can refer to it for more 

detail. 

1. Cohomology and charac teristic classes 

In this section we shall, for the benefit of the reader, give a brief sum­
mary of the theory of characteristic classes . For further details we refer to 
[8]. 

For the category of compact spaces, the most natural cohomology theory is 
Cech cohomology. This is &.Iso the one tha t fits in with vector bundles, X-theory, 
and general fibre bundle theory. For locally compact spaces, it is then con­
venient to take cohomology with compact supports, which amounts to taking 
the reduced cohomology of the one-point ~ompactification . For differentiable 
manifolds, where our interest lies, the Cech cohomology groups (with real 
coefficients) can, by sheaf theory, be identified with the de Rham groups; i.e., 
the cohomology of the complex of exterior differential forms. 

Let G be a compact Lie group. A cha?'acte?'istic class of G can be defined 
as a functor which assigns to every (compact) principal G-bundle P a coho-
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mology class' of X = PIG (with coefficients Z, Q, R or C as the case may be) . 
The set of all characteristic classes forms a ring which we denote by' H; , or 
H;(A) when we want to specify the coefficient ring A. The following facts 
about HJ are known . 

(1. 1) If G = T a torus, H;(Z) is naturally isomorphic to the character 
group (or Pontrjagin dual) T of T and H;(A) is the (completed) symmetric 
algebra of T over A; thus, if x" " ' , x. are a basis for T, 

H; (A) = A [[ x" "', x.J] 
is the ring of formal power series in x" " ', x •• 

(1.2) If G has maximal torus T and Weyl group W, the natural homo­
morphism 

for A = Q, R, or C 

identifies H;(A) with the invariants of W acting on H;(A). 
(1.3) If G = U(n) is the unitary group, then the conclusion of (1.2) also 

holds for A = Z. Thus, for any A, if x" "', x. denote the standard charac­
ters of the maximal torus T of U(n) (so that W is the permutation group S. ) 
we have 

Hd,. ,(A) = A[[x" "', x.J]s. 

= A [[c" .. " c.J] , 
where c, is the i" elementary symmetric function of x" .. " x • . 

The characteristic classes c, of U(n) are called Che1'n cla::ses . Since a 
principal U(n)-bundle defines and (up to isomorphism) is defined by a complex 
vector bundle of dimension n, we can regard the Chern classes as functors from 
vector bundles to cohomology. Thus if E is a complex vector bundle over X, 
we have 

c,(E) E H"(X; Z) i = 1, .. " n = dim E . 

Introducing an indeterminate t, we define the Chern polynomial 

c(E) = .L c,(E)t' 

Then one has 

(1.4) c(E EB F) = c(E) · c(F) . 

(co = 1) • 

For a trivial bundle E, one has c(E) = 1. Together with (1.4), this shows that 
the Chern classes can be defined on J((X). 

1 We allow a cohomology class to be inhomogeneous, i.e ., to be an element of the in­
finite product II qHq(X ). 

~ The usual notation is H* *(Bo) wher~ Bo is the classifying space. For brevity we 
shall avoid introducing Ba. 
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The power series 

• ~ x~ 
~ . e"' = n -+- ~ x' -+- _~_, -+- ". W ,=l L.J 1 2! 

can be expressed uniquely in terms of the elementary symmetric functions c,. 
This defines a characteristic class (over Q) called the Che'/'n cha1'acte1' and 
denoted by ch. It has the formal properties 

ch (E EEl F) = ch E -+- ch F 

ch (E0 F) = (eh E)(ch F) . 

It extends to a ring homomorphism 

eh: [((X) -> JI*(X; Q) . 

Suppose now that G has maximal torus S, and that p: G - U(n) is a 
representation of G with p(S) c T the standard maximal torus of U(n). Then 
p induces a homomorphism 

p: 1'->8 

and the elements y, = p(x,) E 8 are called the weights of p. The naturality 
of the isomorphism (1.2) implies 

(1.5) If pO: JI;,.) -. H; is the homomorphism, induced by p, then 

p*c = II (1 -+- y,t) 

p* ch = 2: elli , 

where c = I; c,t', and t is an indeterminate. If M is the G-module defined by 
p (Le., M = C' with action y(x) = p(y)x), we shall also write chM for the 
characteristic class 

p* eh = I; e" • 

Then M)-+ chM defines a ring homomorphism 

ch: R(G) -> H; (Q) , 

the "universal" Chern character. If T is the maximal torus of G, we have a 
commutative diagram 

R(G) ~ H;(Q) 

1 ch 1 
R(T) -> H,~(Q) . 

For the torus T, we have R(T) = Z[1'] (the integral group ring of 1'), and 
the Chern character is the ring homomorphism defined by 

~ '-, . ..:.~ 
• . . .. 

, ' I""'~' I 

I 

I : ",'. ,,"'," 
I 
I 
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are defined by 

p,(E) = (- l )ic,, (E <31" C) . 

Using (1.3) and (1.5), one finds 

m = [; J. A = Q, n, or C . 

If x" . .. , Xm are the basic characters of the standard maximal torus of O(n), 

the Pi are given by 

z::; (_l) ipi t" = II~ (1 + xit)(l - Xit) 

= II (1 - xW) , 

so that the Pi are the elementary symmetric functions of xi, .. . , x~ . For the 
special orthogonal group SO(2m) there is, in addition, a fur ther invariant of 
the Weyl group, namely 

(1.6) 

Like the Pi, this is in fact the image of an integral characteristic class called 
the Enle,· class . This may be defined as follows. 

Let E be an oriented real vector bundle of dimension n over X. Then we 
have a Thorn isomorphism 

(1.7) y : H *(X; Z) --> H *(E; Z) , 

given by v-(n ) = n· v-(l). Thus H *(E; Z) is a free H *(X; Z)-module on the 
one generator y (l) . If n = 2m, then the Euler class e(E) is defined by 

(1.8) EH'(X; Z), 

where i *: H *(E; Z) ~ H *(X; Z) is induced by the zero·section i: X ~ E . 
If V is a complex vector bundle of dimension m over X, and E is the 

underlying real oriented vector bundle, then one has 

(1.9) 

In rational cohomology, this follows at once from (1.3), (1.6), and the fact 
that U(m) and SO(2", ) have the same maximal torus. The result for integer 
cohomology then follows from the fact (1.3) that 

H ;,n)(Z) --> H ;,n) (Q) 

is injective. 
We conclude this survey of characteristic classes with a quick look at 
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di rfe renLiable. LeL G be a (;ompact L~e group. ~l il !:; L ie.: algehra . l' a maxi mal 
tO I' US of C, t its Lic algebra. Then t he inclusion I _ . n induces an isomorphism 

(1.10) S(o* )O --> S(t* )"" 

from thc polynomials on !l invarian t undcr the adjoint action of G, onto the 
polynomials on t invariant under the Weyl group W. S(I* ) is just the poly­
nomial algebra over R generated by T, and so by (1.2) 

(1.11) S(I* )"" ~ H; (lO . 
Thus (1.10) and (1.11) imply that the real characteristic ring of G may be 
identified with the invariant polynomials on its Lie algebra. 

Suppose now that P is a principal G-bundle over a compact manifold X. 
Let a be a connection on P. Then one can define the curvature O(a) of a. 

This is an exterior diffel'elltial2-form on X with coefficien ts in the Lie algebra 
bundle. More precisely, let ~ = P X G 9 be t he vector bundle associated with P 
by the adjoint action of G on g. Then, for any x , 

O(a), E .n; i8J~, , 
where .n' is the bundle of 2-forms on X . 

If J E S(g* )O is an invariant polynomial of degree k, then f(O(a)) is a 
well-defined exterior differential form on X of degree 2k. It is closed, and its 
(de Rham) cohomology class is independent of the choice of the connection a . 
Thus we have a differentiable characteristic class 

[!(O(a)) ] E H " (X; R) 

for eachf E S(O* )o. Except for a numerical factor (involving rr), this is precise­
ly the characteristic class corresponding to f by the isomorphism 

S(O* )O ~ H~ (It) . 

Thus, in the differentiable situation, characteristic classes can be represented 
by explicit differential forms constructed out of curva ture. 

For manifolds, the Thom isomorphism can be re-interpreted in a some­
what simpler manner. Assume that X is an oriented manifold of dimension 
N, and let E be an oriented real vector bundle over X of dimension n. Then 
we have the Poincare duality isomorphisms 

JI' (X; Z) ~ HN_,(X; Z) 

JIP(E; Z) ~ H ,\,+._, (E; Z) , 

where the homology is singular homology. The Thorn isomorphism then trans­
forms into the homology isomorphism 
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H",_,(X; Z) -. H",_,(E; Z) 

induced by the zero-section inclusion X ~ E (which is, of course, a homotopy . 
equivalence). 

Note that the singular homology of X is homology with compact support, 
but there is also homology with arbitrary support, and the fundamental class 
[Xl belongs to this latter group. If u E H'\"(X; Z), we can evaluate u on [X]. 
For real coefficients if u is represented by a closed N-form with compact sup­
port, this value is simply the integral 

u[X] = L u . 

If Du E H.(X; Z) is the dual homology class, then one has 

1'[X] = c(Du) , 

where the augmentation 0: H.(X; Z) ~ Z is induced by the projection 
X ~ point. The interpretation of the Thorn isomorphism via Poincare duality ' 
then implies 

(1.12) y(u)[E] = 1'[X] 

2. Cohonlologicol fornl of the index theoren13 

We begin by comparing the Thorn isomorphisms 

-. K(V) 

Vv : H *(X; Q) -. H *(V; Q) 

UE H ' (X; Z). 

of K-theory and cohomology, where V denotes a complex vector bundle over 
X . We suppose first that X is compact so that K(X) has an identity element 1. 

We can then consider the cohomology class 

p( V) = y;;' ch <]" .(1) 

Because <]' and V are both natural, 

Vf-+ p(V) 

EH*(X; Q) . 

is a functor from complex vector bundles to rational cohomology. It is there­
fore given by an element p of the characteristic ring (cf. (1.3») 

H u,.,(Q) = Q[[e" .. " c.]] = Q[[x" "', x.W· . 

Now if i *: H *(E; Q) -. H *(X; Q) is the restriction homomorphism, then 
for any u E H*(X; Q), we have by (1.8) 

i*y,.(u) = i* (1"Vv(1») = ui* (Vv( l») = 1o-e(V) • 

3 The calculations in this section are essentially the same as those in {4) and nre, by 
now, fai rly routine. 

t~' 
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Taking u = ,u( V), and recalling that the fundamental class 

A.
" 

,= '1'(1) E K(E) 

restricts to 

we get 

,u(V)·e(V) = i ' Yv"\tv'ch'1',,(l ) 

= i ' ch A.v 

= ch A._,( V) . 

Since this holds for all V, we have an identity 

(2 .1) 

By (1.9) we have e = c. , and by (1.5) we have 

ch A._, = II (1 - e';) , 

Since c. = II X; is not a zero divisor in H ; ,",(Q). we deduce 

(2.2) _ II (1 - e';) (1- . 
X-• 
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E K(X) , 

If we expand (2 .2) in terms of the elementary symmetric functions C; of 
x" "'. X., we find ,u = ~ /"k where the ,uk are explicit polynomials in 
the C; . For any V, we then have ,u( V) = E ,u, (c,( V), .. " c,(V» . Note that 
fI .(V) = (-1)"; and so if V is trivial, ,£ltV) = (-1)". 

Since '1' , V, and ch are all module homomorphisms, it follows that, for 
any U E K(X) , 

(2.3) 

More generally the same proof shows that (2.3) also holds for 1t E K(X, Y) 
where Y is a closed subspace of X. Suppose now tbat X, Yare differentiable 
manifolds with X compact, and let i : X - Y be an embedding with normal 
pundle N . Then, as in [7; § 3] we can identify TN with the complex vector 
bundle rr*(N @" C) over T X, where rr : T X - X is the projection. The homo­
morphism i, : K(TX) - J((TY) of [7; § 3] is defi ned as the composition 

K(T'X)~. K(TN) ~ K(TY) , 

where '1' is the Thorn homomorphism, and Ie . is the natural map induced by 
the open inclusion Ie: TN - TY (N being identified with a tubular neibour­
hood of X in Y). Applying the relative form of (2 .3) to an element 

1t E K(B(X) , S(X») = K(TX) 
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(B(X) and SeX) denoting the unit ball and unit sphere bundles of T X), and 
with V = 7C * (N ® 1t C), we get 

(2.4) ch 'P ,' (u) = ..;,,(ch ". ,u(N ®R C») . 

Here we regard H *( TX) as a module over H *(X) in the usual way. For any 
manifold X we can regard T X as an almost complex manifold, on the same 
lines as in [7; § 3]. Locally we have 

X;;: R' , TX;;: TR';;: C' 

the last isomorphism being given by (x , ~) I-> X + i t; where x E R ' and ~ E T, . 
In particular this gives TX a definite orientation and so defines a fundamental 
class. Note that, if X c Y, the orientation of t he normal bundle of T X in TY 
induced by ou r orientation of T X and TY coincides with the orientation of the 
complex vector bundle 7C* (N ®R C). If we now evaluate (the top-dimensional 
component of) (2.4) on the fundamental class of TN and use (1.12), we obtain 

(2.5) ch'Pv(u)[ TN] = ch u, · ,u(N{j9" C)[TX]. 

By naturality, on the other hand , we have 

ch 'P,,(u)[TN] = ch k* 'Pv(1t)[TY ] 

= ch i,(u)[ TYj . 
(2 .6) 

Combining (2 .5) and (2 .6) therefore we obtain 

(2 .7) ch i,(1t) [TY] = ch u'p(N{j9" C)[TX] . 

We now consider the two inclusions i : X ~ E, j: P -. E where E is a 
euclidean space. Let dim X = n , dim E = n + q, then the trivial case of (2.7) 
wi th i replaced by j gi ves 

ch j,(v)[TE] = ( -1) '+0 ch v[TP] 

for t· E K(P) ;;: Z . 

In other words, t he inverse of the isomorphism j, is given by 

(2.8) j,'(w) = (- I )"+'ch w( TE] wEK(TE) . 

Recalling that the topological index 

t-ind: K(TX) --+ Z 

was defined [7; § 3] by t-ind = j ,', ito (2.7) and (2.8) yield the formula I 

(2.9) t-ind 't = (-1) '+' ch ,t o p(N ®" C)[TX] • 

It is convenient to express (2.9) in terms of the tangent bundle T rather than 
t he normal bundle N of X. For this, we observe that, as a consequence of 
(2.2), we have 

p(E EB F) = p(E)p(F) 
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for any two complex vector bundles. Moreover 

p.(E) = ± 1 + higher terms 
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E H *(X; Q), 

and so is invertible. Moreover for a trivial bundle W, we have p.( W) = 
(_l)dlmlV . Thus 

p.(N Q9n C) = p.(T Q9n C)-' = ,c'(T Q9n C) 

where Ir' is the characteristic class of U(n) given by 

Let us now write 

The class ::r is called the Todd class, and ::r* may be called the dual Todd 
class. In fact, if V * is the dual of V, then we have 

::r*(V) = ::r(V*) . 

In particular, when V = E Q9" C is the complexification of a real bundle, then 
V ~ V * a~d so ::r(V) = ::r*(V) . 

The functor E>- ::r(EQ9R C) defines a characteristic class of O(n), the 
image of ::r in the homomorphism 

H,j,.,(Q) -. H d, . ,(Q) . 

We shall call this class the Index class and write it as !I. Thus 

!I(E) = ::r(E Q9R C) . 

If y" •. " Ym are the usual basic characters for the maximal torus of O(n) 

(where nt = [n/2]) then (1.5) shows that 

(2.10) 

Expressing this in terms of the elementary symmetric functions Pi of y~, " ' , 
y:" we obtain an expa~sion 

!I = L: !I,.m(P" "', p,) 

where the !I' ,m are explicit polynomials of weight Ie . Moreover !I' ,m is inde­
pendent of ?n provided Ie ;;;; m. If we write !I, for this common value, then 
we always have 
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9 = L: 9,(1'" " ' , 1' , ) = 1 - ..J!.!.. ... 
12 

provided we agree to put 1', = 0 for k > m . This is standard in this sort of 

formali sm. 
Finally, we follow the usual convention, and write 

Pi(X) = 1'i( TX) , 

calling these the Pontrjagin classes of X. Correspondingly we define the 
Index class of X by 

.'f(X) = .'f(TX) = L:, .'f, (p,(X) , "', p,(X) ) . 

With this notation, (2 .9) gives the following cohomological formula for the 
topological index. 

PROPOSITION (2.11) . Let X be a compact dijj"e?'entiable manifold of dimen­
sion n an d let the Index class 

.'f(X) = L:, .'fk(p,(X), .. " p,(X)) € H*(X; Q) 

be defined as the Todd class of the complexification of the tangent bundle. 
Let 

t -ind: K(TX) - . Z 

be the topologi cal index as defined in [7; § 3]. Then fO?' any" € K(TX), w" 
have 

t -ind" = (-l)"{chu,.'f(X))[TX] 

whc?'e, on the ?'ight, we eval"ate the top-dimentional component of ch ,,·.'f(X) 
on the f 1tndamental homology class of T X, and T X is o?'iented as an almost 
complex manifold with "horizontal pa?·t ?'eal and ve?·tical pa?·t imagina?·y". 

Now the main theorem (6 .7) of [7], for the special case when the group 
G is reduced to one element, asserts that 

a-ind = t-ind . 

Combined with (2.11), this then gives the cohomological form of the index 
theorem. 

I NDEX THEOREM (2.12) . L et P be an elliptic ope?'ato?' ave?' a compact 
manifold X, and let 1. € K(TX) be t he symbol class of P. Then the index of 
P i s given by 

indexP= (-1)"{ch 16 ·.'f(X))[TX] 

whe?'e .'f(X) is the Index class of X, l' X is o?'iented as in (2.11) and n = dim X. 
Rema?·/cs. 1. The factor (- 1)" could have been eliminated by giving TX 
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the dual almost complex structure , as in [19] . There are reasons however to 
prefer the convention we have ~,dopt"d here. 

2. As explained in [7; § 7], we can in (2.12) replace the single operator P 
by a complex E and the index of P by the Euler characteristic of E. We shall 
do this in future. 

If X is an oriented manifol,], then the evaluation on T X in (2.12) can be 
replaced by an evaluation on X by using (1.12). We have to watch sign con­
ventions however because the orientation of TX induced from that of X 
differs from our orientation. In fact, to pass from one fundamental class to 
the other, we need a sign (_1)"0- 11 1' . Thus if y : H ' (X)-H' (TX) is the 
Thom isomorphism' (2 .12) can be replaced by 

(2.13) index P = (·-l)" '"+' li'{(o/t- ' ch u) ·5(X»)[X] . 

This is now the form of the index theorem announced in [6], except for nota­
tion and for conventions which were not made explicit in [6]. 

If X is not orientable, then a formula like (2.13) can also be written 
down, but we must use twisted coefficients, both for the fundamental class 
of X and for y-' ch 1Lo 

In the remaining sections we shall apply (2.13) to a number of particularly 
interesting elliptic complexes associated with some geometrical structure on 
X. All these are in fact examples of operators associated to an H-structure 
and, for these, (2.13) can be made even more explicit. We proceed to describe 
this class of operators. 

Let H be a compact Lie group, Va fixed real oriented H-module. Then 
an H-st?·1wtU?·e on X will mean a principal H-bundle P over X together with an 
isomorphism (of orien ted bundles) 

P X 1/ V "" T(X) 

where P x 1/ V denotes, as usual, the vector bundle over X associated to P by 
the H-module V. We then have a natural homomorphism 

a p : K I/(V) -4 K II (p x V) = K(TX) . 

If v E K II (V), the image 

u =, ap(v) E K(T X) 

may be called an elliptic symbol class associated to the H-structure. The 
element v, which may be calle,} a "universal" elliptic symbol class for H­
structures, usually arises in the following way. Let M ' , ... , Mo be a sequence 
of complex H-modules, and let 

4 For 1'~ odd, it is important to specify whether the Thorn isomorphism is w ---+uv(l) 
or 1t l-Jo y(l)u j we have chosen the fin;t alternative, hence the sign (_1)"'ft-I J/2, 



, 

,J \'- ,llUIIl( .I/,.\1 ') 

be an 1f-IlJap'so that ror ; E ~ ' , ; 0, 

° 11' L',W '1 ' I,,--M) " ' ,, ° - , J ' -' - , J, - » ... - ---) jl~ -, 

is exact . This sequence may be viewed as a complex of H-vector bundles on 
V with compact support [7; § 2], and so represents an element v E J(u(V ). 

We shall now show how to compute ch u when u is associated to an 
H-structure. To do this we consider any principal H-bundle P and put 
T = P X U V. Then we observe that 

(2 .14) 

is a functor from principal H-bundles to rational cohomology, and so is given 
by an element of H,~(Q) . Now let dim V = 21, and let ,o* (e) E HJ~ (Q) be the 
image of the Euler class e under the homomorphism 

,0*: HS~"I) (Q) --+ HJ~ (Q) 

induced by ,0: Ii -.80(21) . Using (1.8), we then deduce 

(2.15) [VT' ch a1'(v )]. ,o* (e)(P) = ch a p(i*v) 

where i *: J(u (V) ~ J(u (point) = R(Ii) is restriction to the or igin, and a1' is 
also used for the homomorphism 

a 1' : R(Ii) --+ J((X) 

induced by M r ' P X u M (for H-modules. M). If ,o* (e) '* ° in HJ~(Q), then 
(2 .15) can be used to express the characteristic class (2.14) in terms of i* (v). 

If v is defined by a sequence of H-modules M' and homomorphisms as' 
described above , then 

i*(v) = E (- 1)'M' E R(Ii) . 

By (1.5) the func tor P r. ch arM gives the characteristic class 

ch M = E e" E IiJ~ (Q) 

where the Yi are the weights of M . Hence 

ch api*(v) = E (-1)' ch M ' • 

Using (2 .15) and assuming ,o* (e) '* 0, we then get 

(2.16) I - , ch a (v) = E ( - .1 ) ' ch M' (P) 
'VI'T P ,o* (e) • 

To examine the condition ,o* (e) '* 0, we choose a maximal torus S of H map-

S lfJi is not necessarily linear ulthough , as we shall see, the most interesting examples 
occur with !pi linear. 



l.1ing j!.l ,) l.he ~tamlHrd maxi mal t ur llS ') ' of , ,; ()t~ l L If . ... 'f ~ lJ' L: l.he 

ba::5 ic <: hal'actel'g, we 11f~vE : e = IT! x, and so p tc.;) I t !/ , where !i \,; S j::; the 
character of S induced by x, . Thus po (e) ,= 0 is equi" alent to the vanishing 
of one of the y , or , in other words, to the existence of a fixed non-zero vector 
for S in R" . 

Insert ing (2 .16) into the index formula (2.13), we then deduce 

PROPOSl'fION (2.17) . L et p: II ~ SO(21) be a homomo"phism such that 
the maximal tonts of II has no fixed non-ze,'o vecto,' in R". Then p*(e) '" 0, 

whe"e e E II;ol!II (Q) is the Euler class, and 

.0*: II;o ,,,,«(!) -. II/~ (Q) 

is induced by p. Now let X be a compact o"iented manifold of dimension 21 
with an II-st" uct~we, i.e., we have a p"incipal II-bundle P ave" X, and TX 
is associated to P via p. L et 111' , . . . , MN be complex II-modules, E ' , .. " E-v 

the associated vecto,' bmtdles 01/C!' X, and SU1'pose 

0--; g)(E' ) --; . .. -. g)(E-') --; 0 

is an elliptic complex whose symbol class in K( T X) is associated to the II­
st1·~tctu1·e . Then the index of this complex is given by 

(- 1)'{ z= (-1)' ch M' (P) ff(X)}[X] . 
p*(e) . 

Rema,·/cs . 1. This formula shows that, for II-structures (under the as­
sumptions of (2 .17») , the index depends only on the bundles E ' , or rather on 
the II-modules M', In other words, two complexes where the M' are the same, 
but the operators are different, have the same index, provided always that the 
symbol class is associated to the II-structure. 

2. The group II in (2.17) should not be confused with the group G in 
[7; (6.7)]. In (2.17) we are concerned with the ordinary integer-index not the 
more general character-index. Of course one could envisage an II-structure as 
in (2.17) invariant under a further group G. In particular, suppose G acts trivi­
ally on X, then it follows that the action of G on the principal II-bundle Pis 
given by some homomorphism p: G ~ Centre (II). Let t be the character of 
G induced by p from the character of the II-module M' . Then the Lefschetz 
number L(g, E) is given by the formula in (2.17) with ch M' replaced by 
t(g)·ch 1"Jif'. The proof is essentially the same as that of (2.17). 

3 . Lef schetz fixed-poin t formula 

In Theorem (2 .12) of [5] we gave a "Lefschetz fixed-point formula" which 
computed Lefschetz numbers of automorphisms of elliptic complexes in terms 
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of the index of m:sociated elliptic symbol classes on fi xed-point sets . Simply 
by inserting the cohomological formula for the index given in the preceding 
section into Theorem (2.12) of [5], we shaII then obtain a cohomological form 
of the Lefschetz fixed-point formula for elliptic complexes. 

It will be convenient to adopt the foIIowing convention. Let X be a trivial 
G-space so that 

J(G(X) == J(X) ® R(G) , 

and let g E G. 
The homomorphism 

J(G(X) -> H * (X; C) 

given by 

u = B a, ® /., I----> B /. ,(g)' ch a, 

will be denoted by ch ~,(g) . With this notation, Theorem (2.12) of [5] and (2.11) 
of this paper, gi\'e the formula 

(3 .1) L(g, E) = (-l)"{ ch i *t,(g) 5(X')}[ T X'] . 
ch ~_I (N' ®RC)(g) 

Here E is an eIIiptic complex acted on by a topologicaIIy cyclic group G, with 
symbol class U E ](G(T X), X' is the fixed point set of a generator g of G, i* is the 
restriction to J(G(TX'), N' is the normal bundle of X, in X, and n = dimX' _ 

The denominator in (3 .1) can.be made more explicit as we shaH now see. 
We first examine the action of G on the normal bundle N'. For each x EX', 
the fibre N : of N' at x is a real G-module. Since G is cyclic, its irreducible 
real representations are of two types 

(i) one-dimensional with g f-> ±l, 
(ii) two-dimensional with 

(

COS 0 
g I----> • 

smO 

-sin 0) 
cosO • 

In (ii) the repres~ntations given by 0 and -0 are equivalent, and we may 
therefore restrict to the case 0 < 0 < IT. Such a two-dimensional real G­
module has then a canonical complex structure in which g acts as the complex 
scalar e". The real G-module N: can therefore be written canonicaIIy as a 
direct sum 
(3.2) 

The eigenvalue + 1 does not occur, because N' is normal to the fixed-point 
set X ' , and of course only a finite number of values of 0 can occur (with non­
zero space) . Each space N : (O) has a natural complex structure in which g acts 
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as e" , Since the decomposition can be defined by projection operators, (3 .2) 

defines a direct sum decomposition of the vector bundle N' (cf. [1; (1.6,2)] for 
the analogous proof in the complex case) 

(3.3) N' = N'( -1) EB 2:'<0<' N'(O) . 

The bundle N'( -1) is real, and each N'(O) is complex, Tlms N'( - 1) has 
Pontl'jagin classes, and each N'(O) has Chel'n classes , 

We propose now to express the denominator of formula (3.1) in terms of 
these characteristic classes, From (3.3), we get 

N' 1)9" C = (N'( - 1) 1)9" C) EB 2:0 (N'(O) EB N'(O) *) 
).,,_.,(N' 1)9" C) = )"'_,(N'( - 1) 1)9" C). II. )"'_,(N'(O» ). II. )"'_,(N'(O» )* . 

For the real bundle N ' ( -1), we have 

(3.4) ch ).,,_,(N'( -1) 1)9" C)(g) = .{II;., (1 + e'i)(l + c- 'i)jN'( - 1) , 

where l ' = [s( -1)/2], s( - 1) = dim N'( -1), g = 1 or 2 according as s( -1) is 
even or odd, and 

rt (1 + o' i)(l + e-'i) E H ; ,.(-t)) (C) . 

For the complex vector bundle N'(O), we have 

(3,5) ch )"'_,(N'(O»)(g) = {ll;~: (1 - e'i+iO)jN'(O) 

where s(O ) = dime N'(O) and 

II"O) (1 , .+(0) H * (C) i"" 1 . - e 1 E u e.COl) • 

Finally, for the dual N'(O)*, we have 

(3.6) ch )"'_,(N'(O»)*(g) = {ll;~: (1 - e-'i-")jN'(O) , 

In order to express these formulas in terms of Pon trjagin and Chern 
classes, we shall introduce the sequences of polynomials 

ffi ,(p" ' , " p,) 

defined by the formal identitie3 

(3.7) 
{ (

1 + e'i)! 1 + e- 'J )}-' _ Co) '" IIi 2 \ 2 - 2: tK,(p" , p ,) 

where the Pi are the elementary symmetric functions of the xj , the Ci are 
the elementary symmetric functions of the y;, and to define the 1'<> term of 
the sum, we take II . to be a product of l' terms, More precisely, we put , 



, ! 

I' 

I 
I 

562 ATIYAH AND SINGER 

and observe that 9(".,. is independent of N for" ;;i; N and similarly for L:: &~ . 

We put 

By (1.3) we can regard these as characteristic classes (over C) of O(n) and U(n) 
respectively, for any n, For a real vector bundle E over a space Y, we have 

9«E) = 9«(p,(E), " " p.(E») 

Hnd for a complex vector bundle F over Y, 

&'(F) = &'(c,(F) , ' , " c.(F») 

E H *(Y; C) , 

E H *(Y; C) • 

Note that 9( and S' depend only on the stable classes of E, F, and not on 
the augmentation , Thus 

9«E EEl 1,,) = 9«E) &'(F EEl 1d = &'(F) 

where 1" and 1c denote trivial line-bundles (real and complex respectively) . 
If we compare the formulas (3 ,7), we see that they differ from those in 

(3.4), (3,5), and (3.6) by a total factor 

2'(-" n, (1 - e;')(l - e-;') . 

For any x E X', thiH is just the value of 

det(l - g i N :) , 

It is constant on each component of X', and can be regarded as an element of 
H ' (X' ; C), we shall write this element as det (1 - g iN'). 

Combining (3.4), (3.5), and (3.6), we therefore get 

(3 .8) {eh 1.._ (N' to, C)(g))-' = 9«(N'( -1») n, &'(N'(O») , 
, '0''' det (1 - g iN' ) 

Substituting this in (3.1), we finally obtain 

LEFSCHETZ THEORE.I (3 ,9) . Let g be a gene,'ato,' of the (topologically 
cydic) compact Lie g?'OUp G, X a compact G-manifold, E an elliptic complex 
on X on which G acts, Let X, denote the fixed-point set of g, N' the no?'?nal 
b?tndlc oj X' in X, and 

N' = N'( -1) CD '" N'(O) W L....JO<O<r: 

the decomposition oj N' dete?'?ninsd by the action oj G, L et U E J(G( T X) 
be the symbol class oj E, i*u E J(G(TX') its "est"iction to X, , L et 
.'f(X) E H *(X; Q) denote the Index class oj X whe,'e .'f is defined by (2 ,10), and 
let 9(, S' be the chamcte"istic classes oj the o,'thogonal and unita,'y g,'O?tpS 
defined by (3,7). Then the LeJschetz n?tmbe,' L(g, E) is given by 
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L( E) = (-It{ ch i*u(g)91.(N'( - 1») II,<,<" S'(N'(O» ). ff (X') }[ T X ' ] 
g, det (1 - g iN ' ) 

whe"e det (1 - g i N') E H '(X' ; C) assigns to the component of X , containing 
x the value det (1 - g i N!), and n assigns to each component its dimension . 

Rema,·k. Theorem (3.9) gives a complete cohomological formula for the 
index character 

a-ind: J(G(TX) ---> R(G) 

for any compact Lie group G. To evaluate X = ind ,t on an element g E G, we 
simply apply (3.9) to the closed cyclic group H generated by g. 

The formula for L(g, E) given in (3.9) involves the symbol u of E and the 
following cohomological invariants of (X, G): 

( i) Pontrjagin classes of X", 
(ii) Pontrjagin classes of N '( -1), 

(iii) Chern classes of all the N'(O). 
If X , is oriented then, as in (2 .13), we can replace the evalution on [TX' j, by 
an evalution on [X' ]. We simply replace (-1)" ch i *(' t)(g) in (3 .9) by 

(3.10) 

where n = dim X' , and 

'ifJ': H*(X'; C) ---> H *(TX' ; C) 

is the Thom isomorphism. If moreover i *(u) is associated to an H-structure 
on X' , as in (2.17), we can compute (3.10) in terms of characteristic classes of 
this H-structure. This situation will be illustrated by some of the examples 
we consider in subsequent sections. 

We should perhaps point out that in practice, for the "classical" operators, 
it is usually simpler to go back to the K-theory formulas of [5] rather than 
apply the formidable cohomological expression in (3.9). 

4·. The Rieulflllu-Roch lheorem 

One of the most important examples of an elliptic complex arises in con­
nect ion with complex manifolds. The index theorem (2 .12) becomes in this 
case the Hirzebruch form of the celebrated Riemann-Roch theorem [13]. In 
fact this will be a case of an H-structure, and so we will be able directly to 
apply Proposition (2.17). We proceed to describe the details. 

Let X be a compact complex manifold of dimension n , V a holomorphic 
vector bundle over X, 19( V) the sheaf of germs of holomorphic sections of V. 
Moreover let A( V) denote the Dolbeault complex of V 

, 
I i 
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• j); " 

0-. A, ( ~ ') ;;, A"' (V ) if , .. . ;; , k· "(V) ---,0 

where A"" ( V) dE-notes the differen tial forms or type (0, 1)) with coefficien ts in 
V . The Dolbeault isomorphism l13; § 15] asserts that the cohomology groups 
of A(V) are isomorphic to the sheaf cohomology groups H' (X, I9(V»), and so 
E ( - 1)' dim H'(A(V») = E (- 1)' dim H'(X, 19( V») is the Euler characteristic 
X(X, V) which oOle wants to compute in the Riemann-Roch theorem. 

The complex A( V) is easily seen to be elliptic. In fact, let T X denote 
now the complex tangent bundle of X and choose a hermitian metric 
on X, so that we can identify Twith the bundle of forms of type (1,0) and so T 
with the bundle of forms of type (0,1). Then we see that the symbol sequence 
of A(V) is just the complex over TX defined by V0A*(T), and hence is 
exact outside the zero section of TX. Moreover this shows that the symbol 
class a(V ) of A(V) is given by 

(4.1) a(V) = [V]1I" E K(TX) , 

where 1I"E K (TX) is the fundamental element, given by A*( T), and K(TX) 
is regarded as a K(X)-module. Now 11" is a symbol associated to the U(n)­

structure of X (given by the hermitian metric) . For the case V = 1 there­
fore, we are precisely in a position to apply (2.17), the M' being the U(n)­

modules 1I,'(C·). For the general case we either observe from (4.1) that ch (V) 

simply enters (2.12) as a multiplier or we formally give X a U(n) x U(m) 

structure where m = dim V, and U(m) acts trivially on X. This makes V·1I" 
an associated symbol-class, and we can then apply (2.17) directly. Either way 
we obtain the formula 

(4.2) 

where 

is applied to the complex tangent bundle T, and 

fJ(X) = ~(T 0rr C) = ~(T ffi T *) 

= IT ( Xi • -Xi )(T). 
1 - e-zi 1 - eZi 

Thus cancelling the factor IT x,(1 - e-")-', we end up finally with 

RIEMANN-RoeH THEOREM (4 .3) . L et X be a compact complex manifold, V 
a holomo?'phic vecto?' bundle ove?' X. Let 



~T(X' = IJi ~' ; ('/') 
, .. ~ 1 - C ·" i 

be the Todd cl«ss oI X , Then t:w Eul el' c/.,«",(£tlcl"istic I.(X, V) of the s"wI 

oj !Je'''nts oj holollw"phie sections oj V is !Ji'ven by 

X(X, V ) = {ch v.:r(X»)[X] , 

R ern(£,'/cs , 1. This theorem was previously known only for projective 
algebraic manifolds [13J. The proof we have given, using general elliptic 
operators , is the only one known at present for the general case. 

2. For a complex manifold X, we know, by the Thom isomorphism in 1(­
theory, that 1((TX) is a free 1((X)-m<ldule generated by A." . In other words, 
there is a single elliptic symbol which , in a sense, generates everything. It is 
thus natural to replace the index homomorphism 

K(TX)->Z 

of the general theory by the homomorphism 

K (X) -,Z 

given by v t-> ind (VA.r) . This is in effect what is usually done in algebraic 
geometry. 

If now G is a finite' group of automorphisms of the pair (X, V), we can 
apply our general Lefschetz theorem (3.9). Alternatively we can return to 
Theorem (3.3) of [5J and combine that with the Riemann-Roch theorem (4 .3). 

This gives 

(4.4) E (-1)' Trace (g I H '(X 0( V» )) = {Ch (V I X ')(r/)1'(X')}[X'J • 
, ch A._.UN' )' )(g) 

Now the complex vector bundle N' has a decomposion 

N' = EN' (O) , 

where N ' (O) is the sub-bundle on which g acts as e<D. Note that this notation 
differs slightly from that adopted in § 3 where N' was a real bundle. Each 
N' (O) is a complex vector bundle and has Chern classes. Moreover we have 

ch A._.(N' (O» )' = III (1 - e-';-iOl(N' (O») , 
where 

m = dim N' (O) • 

Let us therefore introduce for 0 < 0 < 2rr the stable characteristic class 

(4.5) GU' = E Gu~ = {II (1 ,- e- ';-iO)}- ' 
J 1 _ e- tO 

e This is perhaps more natural in the holomorphic case. 
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Each '11: is thus a polynomial with complex coefficients in the Chern classes, 
With this notation we have 

{ch", (N'(O»)*)-' = GlJ'(N'(O») , 
- , (1 - e iO )m 

Thus, taking the product over all 0, 

{ch ",_,(N')*}-' = II G)J' (N'(O») , 
detc (1 - g(N')*) 

where detc (1 - g I (N')' ) E H '(X'; C) assigns to the component of x E X, the 
value detc (1 - g I (N:)*), Substituting this in (4.4), we finally obtain, 

HOLOMORPHIC LEFSCHETZ THEOREM (4,6), L et X be a cmnpact complex 
manifold, V a holomo?'phic vee to?' bundle ove?' X, and let G be a finite g?'O!oP 
of automo?'phisms of the pail' (X, 1') , Fo?' any g E G, let X , denote the fixed 
point set of g, and let 

N ' = BN'(O) 

denote the (complex) 1Im'mal b!<ndle of X, decomposed acco?'ding to the eigen­
val!<es eiO of g, Let GlJ' denote the cha?'acte?'istic class defined by (4,5), Then 

tue have 

B (- 1)' Trace (g I I:l'(X, 0( V»)) 
= {Ch (V I X ' )(g) , II, ql'(N'(O»), :J(X') }[X' l ' 

det(l - g I (N' )*) 

Using this and Theorem (3,5) of [5], we are then led to 

RIEMANN-RoCH THEOREM FOR ORBIT SPACES (4,7) , Let G be a finite g?'OUP 
of antomo?'phisms of a compact complex rnanifold X, and let W be a holomo?'­
phic vecto?' b!<ndle ove?' the complex space Y = X /G, Then 1,(Oe have 

1 
X(Y, W) = TOT B "G fL(g) 

tuhe?'e 

( ) = { ch (/* W IX ' )(g) II, G)J' (N'(O»):J(X') }[X' ] 
fL g detc(l _ g I (N')*) 

and N ' (O), ql' aH as in (4 ,6), 
In [14] Hirzebruch used the Riemann-Roch theorem to compute the dimen­

sions of certain spaces of automorphic forms, The extension (4,7) of the 
Riemann-Roch theorem to certain singular spaces can be used in the same way 
and leads to formulas extending those of [14) (cf , Langlands [16]), This will 
be explained elsewhere (see also [15)) , 
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Theorem (4.6) implies certain "integrality conditions" for the fixed-point 
sets of G. In fact, the Lefschetz number is an algebraic integer, while the 
expression on the right-hand side of the formula in (4 .6) is a p"io"i only an 
algebraic number . The special ca1:e of isolated fixed-poin ts is discussed in [2], 
and already thi s shows that these integrality theorems are non-trivial. Of 
course not every function from G to algebraic integers is a character. Thus 
the integrality theorems arising from (4 .6) for a general finite group G are not 
just consequences of those for cyclic groups. 

As a simple example of (4 .6), let us work out the case when dim X = 2, 
i.e., when X is a complex surface. Assuming that IJ acts non-trivially, and 
that X is connected, the fixed point set X , consists of a fi nite set of points P; 
and curves D, . We shall, for simplicity, only work out the case when V = 1. 
Thus the Lefschetz number L(g) will be given by 

L(IJ) = B; a(P;) + B, b(D,) , 

where the numbers a(P) and b(D) are given as follows: 

a(P) = 1 " 
det (I - 9 111') 

b(D) = { 1 + c/z. }[D] 
1 - e- d 10 

where c is the first Chern class of D, d is the first Chern class of the normal 
bundle of D, and e;' is the eigenvalue of 9 on the normal bundle. Evaluating 
b(D) we get 

b(D) = { 1 + cf2 }[D] 
1 - e-" (l - d) 

= {(1 - e-;')-'( 1 + ~)( 1 + de-;' ) - '} 
I _ e-;Q [D] 

= (1 - e-; ')-'{~ Dl _ e-;' . d[ D]} • 
2 1 - e , 0 

But c[D] = 2(1 - 71: D)' where 71: D is the genus of D, and d[D] = D' is the 
self-intersection number of D. Thus 

b(D) = ~~ _ e-;' D' 
I - e-;Q (1 - e-;' ), • 

In particular, if g' = 1, then e;'= - 1, a(P) = 1/4, b(D) = (1 -71: D)/2 + (1/4)D'. 
Thus, as a very simple special case of (4.6), we get 

PROPOSITION (4.8). Let 9 be a non-t"ivial involution of a connected com­
plex su,'!ace . Let the fixed-point set of g consist of N isolated points and M 
i,.,.educible Clwves {D. }. Then the holomo"phic L efschetz numbe,' L(g) is 
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given by 

L(c) = N -'- ", .or ( 1 - IT, DE) .7 I L.J k .. t + 1 
4 2 4 

whe?'e rr, is the ge?L1lS of D, and DE is its self-inte?'Section numb€?·. 
R ema1·lc . If X is algebraic, then the holomorphic differentials are bira­

tional invariants. Thus if we blow up an isolated fixed-point, g will induce ff 
on X, and L ({J ) = L{§). This checks with the formula in (4.8) because we lose 
one point and gain a rational curve with self-intersection - 1. Another simple 
check is to take the involution (x" x" x,) t-> (- x" x" x,) of the projective plane. 
There is one isolated fixed point, and one fixed line (so IT = 0) with self-inter­
section + 1. Thus L(g) = 1/4 + 1/2 + 1/4 = 1 which is correct, since there 
are no holomorphic differentials in positive dimension. 

Since the Lefschetz number of an involution is always an integer, (4.8) 
implies that the number of curves D, with odd self-intersection number has 
the same parity as N . This is a simple example of an "integrality theorem" 
involving higher-dimensional fixed-point sets. 

5. The Dirac opera Lor 

An interesting ell iptic operator called the Dirac' operator exist£ on spin­
manifolds . We proceed to discuss this in detail and to examine tbe general 
theorems of §§ 2, 3 in this special case. 

We recall that SO(n) has a double covering Spin ('11,) which is its universal 
covel~ing for '11, > 2. A spin-structure on an oriented compact manifold X of 
dimension '11, will mean a Spin (n)-structure in the sense of § 2. Thus we as­
sume given a principal Spin (n)-bundle P over X and an isomorphism of orient­
ed bundles 

P xsp'n{n,Rn == TX . 

Equivalently P is a double covering of the princical SO(n)-bundle Q of X (for 
some riemannian metric) such that p. is the Spin double covering of Q •• 

The group Spin ('11,) has a complex representation space A of dimen­
sion 2' called the spin-representation' . Moreover A is a module for the Clif­
ford algebra of R n for the negative definite form - E~ a:l . In fact Spin ('11,) 

is defined as a subgroup of the group of units of the Clifford algebra, and the 
action of Spin ('11,) is induced by the Clifford multiplication. If g E Spin ('11,), 

7 Of course tile original Dirac operator is defin ed for the indefinite relativis tic metric 
and is not elliptil! . 

8 For results about Spin groups and CliITord algebras, the reader may refer to (31 
and [8] . 
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x E R., 1G E t" we have therefore 

g(XlG) = gxg- c.g(1G) = p(a)X·g(1G) , 

where p: Spin(n).,..· SO(n) is the covering map. Thus the Clifford multiplication 

R."® I:>.~t, 

is a homomorphism of Spin (n)-modules . If n = 21 the representation t, is the 
direct sum of two irreducible representations A± of dimension 2"-1 . The 
decomposition A = A+ EEl A- is interchanged by Clifford multiplication. Thus 
we have homomorphisms 

R" ® A+--+A­

R"® t,---+t,+ . 

If x" .. . , X, are the basic characters of the maximal torus To of SO(21), 
they can also be considered as characters of the maximal torus T of Spin (21). 

Since T double covers To. the character group To is of index 2 in 1'; an element 

in the other coset is ~(XI + ... + XI) . The weights of A + are the characters 
2 

I 
2 (± XI ± X, ± . .. ± X,) 

with an even number of minus signs. The weights of t,- are those with an 
odd number of minus signs. Thus we have 

(5.1) 
ch A = n:.1 (e'" + e-"') 

ch t, + - ch A - = n' (e'" - e-"') ,=1 • 

These characteristic classes may be viewed as characteristic classes of either 
Spin (21) or of SO(21), since over Q the characteristic rings of these two groups 
coincide. 

If X is a Spin (21)-manifold with principal bundle P we can form the 
associated complex vector bundles 

E= = P X SPln(2I) .6.± , E = E +EEl E-. 

The Dime opemt01· is a first order differential operator 

D : 9J(E) ~ 9J(E) 

defined as follows. Recal1 1irst that the riemannian metric defines a natural 
SO(21)-connection, and this lifts to giye a connection for P. We may there­
fore consider the covariant derivative 

0: 9J(E) --+ g)(E ® T * ) . 

On the other hand T ~ T * , and we have the bundle homomorphism 

9J(E® T) --+ 9)(E) 

SI'~~ • -.~.-_ 
~ - I, . , 

. . 
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induced by Clifford multiplication. We define D to be the composition of these 
two maps. Thus in terms of an orthonormal base e, of T, we have 

Ds = z= e,(a,s) 

where a,s is the covariant derivative of s in the direction e, and e,( ) denotes 
Clifford multiplication. The symbol of D is (up to a factor i) just Clifford 
multiplication, i.e., its value at ~ E T, is the homomorphism 

given by Clifford multiplication bye. Since ~ (~ (,,)) = - II ~ 11"10 it follows 
that D is elliptic. Moreover because of the properties of Clifford multiplica­
tion D induces two operators 

each of which is elliptic. If we introduce the natural inner product on g)(E) 

defined by taking the inner product in each fibre, and then integrating over 
X with respect to the riemannian measure, we find that D is formally self­
adjoint, and so D- is the formal adjoint of D +. 

A solu tion of Ds = 0 will be called a ha"monic spino,', and the space of 
harmonic spinors will be denoted by H. It decomposes: 

H = H+E]3 H- , 

where H+ = Ker D+, H- = ICer D- ~ Coker D+. Let us put h± = dim H ±, so 
that 

indexD + = h+ - h- . 

We shall refer to this as the spino,' index of X, and write it as Spin (X) . 
Finally following Hirzebruch [14]. let us define the stable characteristic 

class (I by 

(5.2) 

For any real vector bundle E, 

a(E) = z= (I, (p,(E), " ', p,(E)) 

is an explicit polynomial in the Pontrjagin classes of E . 
For a manifold X, we put 

Ci(X) = a (T(X)) • 

Since the operator D + has a symbol-class associated to the Spin-structure, 
we are in a position to apply the index theorem in the form given by Propo­
sition (2.17). We get 
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index D+ = (-l)'{{II (e<f2 - e-."). II ( Xi ) II ( -Xi )(X)}}[X] 
. Xi 1 - e%j 1 - e- zi 

= (-l)'(i(X)[X]) . 

Since & involves only Pontrjagin classes we have 

index D+ = 0 

= Ct(X)[X] 

Thus we have established 

if dim X;E 0 (4) 

if dim X == 0 (4) • 

THEOREM (5.3). Let X be a Spin manifold of dimension 4lc , then the 
spino,' index is eq1tal to cr(X)[ X] wh e"e cr is the chamcte"istic class gi'ven 
by (5.2). 

Rema,·/cs. 1. The number 

A(X) = a (X)[X] 

is called the A-genus of X . 
2. It is easy to extend (5 .3) to spinors with coefficients in a vector bundle 

V. One has a natural Dirac-type operator whenever V is associated to the 
tangent bundle. For other V, one has to choose first a specific connection. 

3. Lichnerowicz [171 has shown that there are no harmonic spinors if the 
riemannian metric has strictly positive scalar curvature. In such circum­
stances (5 .3) implies that the A-genus is zero. The complex projective space 
P,,(C) is an example of a manifold with positive curvature and A -genus non­
zero; however P,,(C) has no Spin structure. 

4. One also has a Dirac operator and a theorem analogous to (5.3) for 
Spin'-manifolds where Spin' is the complex spinor group of [3]. This case 
provides a natural unification between Spin and almost complex structures. 
It is in this context also that one has a fundamental element in K(TX) which 
generates this freely as a J(X)-module. In particular for Spin manifolds the 
symbol class of D+ is such a generator. This follows from the Thom isomor­
phism in K-theory for Spin (or Spin') bundles [3; 12.3]. 

Suppose now that X is a Spin (2l)-manifold and that the group G acts on 
the Spin-structure of X. This means not only that G acts on the manifold X 
and hence on the principal orthogonal bundle Q but also that we are given an 
action of G on P (the principal Spin-bundle) compatible with its action on Q. 

In these circumstances we can define the Spinor index of X as a character 
of G: 

Spin (G , X) E R(G) • 

The value of this character at g (i.e., the Lefschetz number L(g, D+») will be 
denoted by Spin (g, X). Our general Lefschetz theorem (3.9) will of course 
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give an explicit formula for this in terms of the fixed point set X' . We shall 
compute it in the simple case when g is an involution on X. Note that g is 
not necessarily an involution on the Spin-structure: its action there can have 
order 4. 

For simplicity, let us assume that X, is orientable, and fix an orientation. 
Then over X, we have a diagram of bundles 

Poe P 

1 1 
Qoe Q 

where Qo is the principal SO(2k) x SO(21 - 2k ) bundle given by the tangent 
and normal bundles of X , (as usual 2k = dim X , depends on the component), 
and Po is a principal bundle with structure group 

Ho = Spin (21c) x z, Spin (21 - 2k) . 

The element g acts on Po through the element (1, a) E Ho where 
a E Spin (21 - 21c) is one of the two elements lying over - 1 E SO(21 - 2k) . If 
~! E K c( TX) is the symbol class of the Dirac operator D + (and G is the group 
generated by g), then i '~! E KG(TX' ) is a symbol class associated to the Ho­
structure p. of X , and invariant under G. Using remark 2 after (2.17), and 
the character formula (5.1), we then fi nd that the general Lefschetz formula 
(3.9) reduces to 

(5.4) Spin (g X) = ~ C -i ' lilA « (Xl) [X' l. 
, "ch A(N') , , 

where the summation is over the connected components X l of X , and C; = ±1 
depends in a rather subtle global manner on the part icular component. 

For a further more detailed discussion of this sign question, see [2; § 81 
where the case of isolated fixed point (k = 0) is dealt with, each fixed point 
then contributes ±i'j2' in (5.4). 

6 . The sigllu lure 

For any compact oriented manifold X of dimension 4-", the cup-product 
defines a non-degenerate quadratic form on H " (X; R) . Let p+(p-) denote the 
maximal dimension of a subspace on which this form is positive (negative) 
definite. The difference p+ - p- is usually called the index of X and has been 
extensively studied by Thom and Hirzebruch. An alternative terminology is 
to call this invariant the signat~we and, to avoid a possible confusion with the 
index of elliptic operators, we shall adopt this alt ernative. For brevity we 
shall write it as Sign (X) . 



INDEX OF ELLIPTIC OPERATORS: III 573 

We propose to show t hat, in fac t , Sign (X) is the index of a certain ellip­
tic operator on X associ.ated to the SO(4k)-structure (i.e., to the orientation 
and a riemannian metric). The index theorem in the form (2 .17) will then 
give an explicit formula for Sign (X) in terms of Pontrjagin classes. This 
formula was originally obtained by Hirzebruch using Thom's results on 
cobordism. Our derivation of it is more direct and is independent of cobordism' . 

We shall also apply the general Lefschetz theorem (3.9) to the elliptic 
operator referred to above. This will then give a formula for the G-signature 
of a G-manifold X. This G-signature is a character of G defined by the action 
of G on H " (X; R) and our formula will express this in terms of Pontrjagin 
classes and fixed-point set s. The particular interest of this case is that the 
result can be formulated purely in t erms of differential topology. Our proof 
however involves analysis in an essent ial way. Although the original Hirze­
bruch signature formula was proved by purely topological means, it is not 
possible to reduce the problem of calculating the G-signature to the special 
case of the Hirzebruch signature. The reasons for t his will become apparent 
later. Because of thi s , our fcrmula for the G-signature seems to provide 
one of the best topological applications of the theory of elliptic operators . 
In fact a very special case, discussed in detail in [2] because it involves only 
isolated fixed-points, has already proved its worth in establishing a conjecture 
of Milnor about lens spaces. It is to be hoped that the more general case 
developed here will have further interesting applications. 

For any compact manifold X of dimension n, we have the de Rham com­
plex n of (complex-valued) exterior differential forms 

d d d 0-, .,no --t ,Q,l ---t ••• -) an ~ 0 . 

The symbol of this is just the eomplex defined by the exterior algebra of the 
cotangent bundle T* , and so it is certainly elliptic. Its cohomology groups, 
by the theorems of de Rham, are naturally isomorphic to the ordinary complex 
cohomology groups H'(X; C) . Its Euler characteristic is therefore the usual 
Euler characteristic 

E(X) = ;S ( - 1)' dim H '(X; C) . 

If X is oriented and of even dimension the index theorem in this case merely 
asserts the well known fact that 

E(X) = e(X)[X] 

is obtained by evaluating the Euler class of X on [X]. This is not very excit-

1) This was not true of the first method of proof of the index theorem as gi ven in [19j . 
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ing. Similarly, if a compact group G acts on X, it acts on the de Rham com­
plex, and our Lefsehetz theorem reduces to the classical Lefschetz fixed point 
formula, at least when the fixed-points are isolated. The general case is 
slightly more interesting, every component of the fixed-point set now contrib­
utes its Euler characteristic to the Lefschetz formula. We leave the details 
to the reader. 

To get a really interesting index problem out of the de Rham complex we 
have to proceed differently. We assume from now on that dim X = 21, that 
X is oriented and that we have chosen a riemannian metric on X. This in­
duces metrics on the bundles of i -forms and hence, by integration over X, 
inner products in the space il'. The formal adjoint of d with respect to these 
inner products is denoted by d ' . The operator 

A = dd' + d'd 

is the Laplace operator of the Hodge theory. It is an elliptic operator and 
preserves the degree of the differential forms, Le., it maps each il' into itself. 
The solutions of D.U = 0 are the ha,"'nwnic IO"ms, and the space H' of har­
monic i -forms is h,omorphic to 

H '(il) 3; H'(X; C) . 

We consider now the first order operator D = d + d'. It is formally self­
adjoint, and we have (since d' = (d'), = 0) 

A = D*D = D'. 

From this, it follows that the solutions of Du = 0 coincide with the solutions 
of Au = 0, Le., with the harmonic forms . In fact, if AU = 0, we have 

o = (AU, u) = (Du, D ,,) , 

and so D u = O. 

Now the riemannian metric induces a bundle isomorphism 

*: A,'(T*) --> A,"-'(T') . 

If a, fJ are real i -forms, their inner product is then given by 

(a, fJ) = \ a/\*fJ . 

If we extend * linearly to the complexified forms, we then find that, for 
a, fJ E il' , their hermitian inner product is given by 

(IX, fJ) = \a /\*fJ . 

Since * arises from the pairing a 0 fJ H a/\fJ, it follows that 
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(6.1) when aE.ni
• 

From this and the integral formula for the inner product, one then fi nds 

(6.2) 

We now introduce a map r on differential forms defined by 

aED! . 

Note that, is real if I is even, and imaginary if I is odd . Then r' (a) = i'*' a 
where 

e = p(p - 1) + I + (21 - p)(21 - p - 1) + I 
= 41' - ,Up + 2p' == 2jJ mod 4 . 

Since *'a = (-l) ' a, it follows that T'a = a , and so, is an involution. We 
can therefore decompose the space ,n = :L,n' into the ±l-eigenspaces,n± of 
T . Since T is a bundle homomorphism, we have a bundle decomposition 

A *(T* Q9uC) = A+EB A_ , 

and ,n± are the spaces of smooth sections of the bundle A±. Using (6.1) and 
(6.2), one then veri fies that 

Dr = - rD, 

and so D maps ,n+ into,n- and,n- into ,n+. We denote by D± the restriction 
of D to the appropriate subspaces oJf,n. Thus 

D - : ,n- -> ,n+ . 

Each is elliptic, and they are formal ad joints of each other. Moreover the 
solutions of D +u = 0 are just the harmonic forms in,n+, and similarly for ,n- . 
We shall denote by H+ and H - thege subspaces of harmonic forms, and we put 

h+ = dimH+ , h- = dimIr . 

Thus we have 

index D + = h+ - h- , 

Since D.T = ,D., it follows that T induces an involution on the harmonic 
forms; the ± 1 eigenspaces are precisely H + and H - . Now the space 

V, = H ' EEl H"- ' 0 ;;; Ie < I 
is stable under T; in fact T switches the two factors in this decomposition. 
Thus the dimensions of the + 1 and -1 eigenspaces of, in V, are equal, and 
so V. contributes zero to index D +. Hence 

index D + = h~ - h~ 

where 
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h~=dimH~ 

and HI" is the ± l-eigenspace ofT in H' . We now distinguish two cases accord­
ing to the parity of I. First suppose I is odd, then T = ia with a real, and 
a' = -1. Then the ±i-eigenspaces of a are conjugate, and so have the same 
dimension. But these are the =t=l-eigenspaces of T, and so indexD + = 0 in 
this case. Supose now I = 2k is even, then for a E H" we have ,a = . a . 
Thus for a E H~k real and non-zero we have 

la l\ a = la l\*a = (a, a) > 0 , 

while if a E H:: is real and non-zero 

ja l\ a = -jal\*a = - (a, a) < O. 

Since a I-> jal\ct is precisely the quadratic form given by the cup-product 

on H "(X; R), it follows that 

h:; = p + 

and so index D · = Sign (X) is the Hirzebruch signature of X. 
Now it is clear that the symbol of D + is associated to the SO(21)-structure 

of X so that its index can be computed by applying the index theorem in the 
form of (2 .17). It remains only to calculate the characteristic class 

T ~> ch A+(T) - ch A_(7') . 

Now A±(R") are SO(21)-modules, defined as above as =t=l-eigenspaces of T . Also 
,is multiplicative, i.e., 

T(" I\V ) = T(1L) I\ '(V) 

for" E A *(C"), v E A *(C"), ul\ v E A *(Cu+,,) . This implies that the image of 

A. (R" . " ) - A_(R2I+" ) 

in R(SO(21» x R(SO(2k» is 

{A+(R" ) - A_(R")}{A+(R") - A_(R")} . 

E R (SO(21 + 2k» 

Hence passing from SO(21) to its maximal torus S, we see that A. (R2I) -

A_(R") restricts to n:~J(Xi) where x" ... , X, are the basic characters of S 
and 

E R(SO(2») . 

If e" e, is the usual basis of R', then 

Thus a basis for A+(R') is 1 + i(e,1\ e,) and e, + ie" while a basis for A_(R') is 

-. 
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1 - i(e, /\ e,) and e, - ie, . Hence we have 

A+(R') = 1 + x-' 
A_(R') = 1 + x , 

where x is the basic character of SO(2). Hence we have 

A+(R") - A_(R") = II: .. , (x,' - x,) 

and so, applying the universal Chern character, 

(6 .3) ch (A+(R") .- A_(R" ») = II:., (e-" - c") . 

Putting this formula into (2.17), we obtain 

indexD + = (-l)'{{II'_ (e-" - e" )II x, . -x, }(X)}[X] 
0- 1 Xi 1 - eZi 1 _ e -:t, 

(6.4) = {II' x, (e" + 1) (X) }[X] 
.. , (e" - 1) 

= {II'- x, (X)}[X ] . 
• - \ tanh X./2 
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Since {x/ tanh (x/2)} is an even function of x, this expression involves only 
Pontrjagin classes of X, and is "ero if l is odd. This checks with the analysis. 
The interesting case is when l i!; even. 

Since {x/tanh (x/2)} = 2 when x = 0, the characteristic class occurring in 
(6.4) is not stable. If we want to express our answer in terms of a stable 
class, we must in troduce 

(6.5) !f. = .L !f.,(p) = II X./2 
tanh X./2 

Formula (6.4) is then equivalent to 

index D + = 2'£(X)[X] . 

The expression on the right will be denoted by L(X) and called the L-genus 
of X . This agrees with the definition of Hirzebruch [13] because 

2' II X./2 
tanh X./2 

and II x, 
tanh x, 

have the same term in degree l. 
We have now established, as a special cnse of our general index theorem: 

HIRZEBRUCH SIGNATUHE THEOREM (6 .6). Let X bc a compact oriented 
manifold of dimcnsion 41c. Let Sign (X) denote the signatu?'c of the quad­

mtic fO?'m in H " (X; R ) and let L(X) = 2"!f.(X)[X] 1Vhe?'c !f. is thc stable 
cha?'actc?'istic class of thc Q?·thogonal g?'oup given by (6 .5) . Then 

Sign (X) = L(X) . 
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We proceed now to consider the Lefschetz theorem corresponding to (6.6) . 
We suppose therefore that X is oriented of dimension 21, and that a compact 
Lie group G acts differentiably on X J)rese?'ving the o?·ientation. Choosing a 
G-invariant riemannian metric on X, the operator D + will be G-invariant, 
since it is functorially defi ned by the metric and orientation. 

On the topological side, the bilinear form B on H'(X; R) given by B(x, y) = 

(xy)[Xl is G-invariant. Note that this form is syrnmeh'ic for I even, but 
sketv-symnwt?'ic for I odd. In both cases, by Poincare duality, it is non­
degenerate. 

Suppose now we choose a positive definite inner product < , > on H', invar­
iant under G, and define the operator A by 

B(x, y) = <x, Ay> . 

Then A commutes with the action of G and A ' = (-l)'A. Consider first the 
case when I is even, so that A is self-adjoint. Then the positive and negative 
eigenspaces of A give a decomposition H' = Hi EB H'- invariant under G. 
Thus we have two real representations p+ and p- of G, and, up to isomor­
phism, they are independent of the choice of inner product. This follows 
from the following three facts" : 

(a) the characters of p+ and p- are continuous functions of the inner 
product, 

(b) the space of all (G-invariant) inner products is connected, 
(c) the characters of the compact group G are discrete. 

As an obvious generalization of the signature, we now define the G-signature 
of the G-manifold X to be 

(6 .7) Sign (G, X) = p+ - p- E RO(G) c R(G); 

it is an element of the real representation ring RO(G). 

By evaluat ing the character of Sign(G, X) on an element 9 E G, we obtain 
a real number which we denote by Sign (g, X). Note that Sign (g, X) i s 
dete?'mined enti?'ely by the (tCtion of g on the ?'eal cohomology of X. Thus 
Sign (g, X) depends only on the connected component of G containing g. On 
the other hand it can be computed by the use of harmonic forms. In fact G 
acts on the space Hi,' of real harmonic forms in dimension 2k, preserving both 

the indefinite bilinear form laAa and the inner product laA *a. Hence 

Sign (g, X) = TraceR (g I (HI;' )+) - Tracen (g I (HI~')-) , 

1~ An alternative more direct argument is to observe that the H+ space of one inner 
product is always complementary to the H_ space of any other inner product. However 
we want a general arg-ument which will apply equally to the case when 1 is odd. 
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where (H,\')= are the eigenspaces of * on H,ik. As we saw before 

(Hot)+ = (H,n' ®R C = (Ker D +) n H " 

(H" )- = (H,\')- ®R C = (Ker D-) n H '" , 
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so that Sign (g, X) is the contribution of H" to the Lefschetz number 
L(g, D +). On the ther hand, if we put 

V, = H' EJ:) H"--' 0 ~ q < 2k , 

and recall that the involution T sw itches the two factors in this decomposition, 
we see that we have G-module iS0morphisms 

(V')+ ~ H' ~ (V') - , 

and so V, contributes nothing to L(g, D +). Thus we have-

(6.8) Sign (g, X) = L(g, D +) 

when L(g, D +) is the Lef8chetz n-lmber of g for the operator D +. 
We return now and consider the case when I is odd. In this case the 

operator A is skew-adjoint, and if (AA ' )'" denotes the positive square root 
of AA' , the operator J = A/(AA*)'" satisfies J' = -1, and so defines a com­
plex structure on H'. Since J commutes with the action of G, we obtain in 
this way a complex representation p of G. For the same reasons as in the 
We case of even I, we see that p i:l independent of the choice of inner product. 
now define the G-signature of t he G-manifold X by 

(6.9) Sign (G, X) = fJ - p' E R(G) . 

By evaluating the character of Sign (G, X) on an element g E G, we obtain a 
purely imaginary number which we denote by Sign (g, X). Thus 

Sign (g, X) = p(g) - p ' (g) = 2i 1m p(g) • 

Note that Sign (g, X) depends only on the action of g on the ?'eal cohomology 
of X. As in the even case , we can compute it by harmonic forms . We identify 
H'(X; R) with the space H,\ of re:ll harmonic l-forms. G preserves both the 

skew form la t\.8 and the inner product (a , .8) = la t\*.8. The skew-adjoint 
operator A is given by. 

(a, A.8) = let t\.8 = (-l)'Ja t\ **.8 

= - (a , *.8) 

and so A = - *. Since 

Ail' = -A' = - .' = 1 , 

since *' = (- 1)' 

since l is odd , 

it follows that the complex structure J is given by J = - *. Now in the com-

- ~-='~ .. -0. 
j -

.'", -. ," ~ : -' " 

I' 
I 
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plexificat ion 

H' = H~0C, 

we defined the involution T by 
'I~ . 

T = 1. * = t* . 

Hence on the (+l)-eigenspace H~ of T, we have - * = i, and so we have an 
isomorphism of complex vector spaces 

H~ ~ Hit I 

where Hi, is endowed with the complex structure of J above, Similarly 

H ' -H' -= n 

and both isomorphisms are compatible with the action of G, Hence 

(6,10) Sign (g, X) = Trace (g IH~ ) - Trace (g I H !.. ) , 

Now exactly as in the case of even l, we see that the spaces H' for q "" l 
contribute nothing to the Lefschetz number of D +, and so we obtain 

Sign (g, X) = L(g, D +) , 

Rema?'/cs, 1. Like the Hirzebruch signature our G-signature is multi­
plicative, i,e" 

Eign (G,X),Sign(G, y) = Sign(G,X x Y) , 

This is valid for all dimensions provided we put Sign (G , X) = 0 if dim X is 
odd , 

2, The G-signature defined on H' is a purely algebraic notion, and it has 
the following important property, If M is any real G-module and M* is its 
dual, then MEEl M * has two natural bilinear forms; a symmetric one B+, and 
a skew-symmetric one B-, and both of these have zero G-si g-nature, To see 
this, observe thr.t multiplication by -1 on M* defines an involution IX of 
MEElM* which commutes with G, but anti-commutes with B ±, In other words 
IX takes B± into -B± and so 

Sign (G, B±) = Sign (G, -B±) 

= - Sign (G, B ±) 

showing that Sign (G, B ±) = 0, 

(from the defini tions) , 

Having identified L (g, D +) as a homology-invariant (for both l even and 
l odd) we proceed to apply the Lefschetz theorem (3,9) to calculate L(g, D +) 

in terms of the fixed point set X' of X , Observe fi rst that each component of 
X, is even-dimensional. This follows from the fact that g preserves orienta­
tion, so that the number of + 1 (or -1) eigenvalues in the action of a on the 
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tangent space of X at any point :~ E X , is necessarily even. If u denotes the 
symbol of D + then, using the multiplicative formula (6.3), we find that 
ch i' (1,) (g) is the product of the following terms 

B = IT (- e-'i + e'i)(N'(-l») 
C' = II (e--'i-iO - e'i+iO)(N' (O») . 

Here o,'r: H ' (X'; Q)-H*(T X'; Q) is the Thom isomorphism, where Q denotes 
the local coefficient system isomorphic to Q defined by the local orientations of 
X' . If X, is orientable, then once we choose an orientation, we get an isomor­
phism Q =Q. If X , is not orientable, then we have to work with these "twisted" 
coefficients. Note that, since X and the N'(O) are all oriented, the bundles 
TX' and N'( -1) have isomorphic: twisted coefficients. Thus if Q is as above, 
the Euler class e(N'( -1») E H ' (X' ; Q). 

The evalution on the fundamental class [TX'l in (3 .9) can, as usual, be 
replaced by an evalution on the "twisted" fundamental class [X'l. We simply 
replace A by o,'r-'A, and multiply by (-1)' (where dim X' = 2lc) to allow for 
the difference between the two orientations of TX' . If we cancel the common 
factors occurring in o,'r- 'A, B, C' on the one hand, and 5, 9l., S', and 
det (1 - giN') on the other, we find 

L(o, D +) = {A,B, IT, Cf}[Xl , 

where 

A, = IT XI (TX') =, 2'.£'(X' ), 2t = dim X, 
tanh Xi /2 

C' = IT 1 + 'O(N' (O») • 
, tanh Xi • 

2 

In order to express Cf by a stable characteristic class of the unitary group, we 
define 

(6.11) 

so that 

\'J}l' = z= 'i)}l~(c" " ' , c,) = IT tanh iO/2. 
tanh Xi + .0 

2 

Cf = (i tan O/2)-'{O)'ilrt'(N' (O») , 

Putting all this together we obtain: 

s(O) = dimc(N'(O») . 
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G-SIGNATURE THOREM (6 .12). Let X be a compact o"ientfd manifold of 
dimension 21, and let the compact Lie g,·oup G act on X pnse1"1'ing the o"ien­
tation. Then G acts on Ji'(X; R) p"ese?'ving the bilinea,' fo,·m. Let 
Sign (G, X) be the eha?"acte,' of G definedf"om this action by (6.7) f01' I even, 
and by (6.9) fO"1 odd. L et Sign (g, X) be the value of Sign (G, X) on an element 
g E G. Let X , be the fixed-point set of g, N ' the nonnal bl<ndle of X , in X, and 

N' = N'( -1) EEl 2:0<'<: N'(O) 

the decomposition of N' dete"mined by the eigenvalues of g. Then N'( -1) 

i s a "eal vect01' b"ndle of even di-mension and N'(O) i s a complex vecto,' bundle. 
L et" 2t = dim X', 2, ' = dim N'( -1), s(O) = dime N ' (O). Finally let 2 be the 
stable cha?"acte"istic class of the o,·thogonal g"OUP given by (6 .5), and 'i»)1' the 
stable cha"acte1'istl:C class of the unita,'y g,'oup given by (6 .11). Then we have 

Sign (fI , X) = (2'-' IIo<'<: (i tan 0/2)-·/0) 2(X')2(N' ( -1) )- 'e(N' ( -1») 
IIo<o<, 'i)ll' (N'(O»))[X' ] . 

Jie"e e(N' (-l») denotes the "twisted" E"le,' class of N'(-l), and [X'] is the 
"twisted" f"ndamental class of X', both twistings being defined by the local 
coefficient system of 01'ientations of X ' . 

This theorem, like the special case of it discussed in [2] when X' is zero­
dimensional, provides the most interesting application of our general Lefschetz 
t heorem to difi'eren';ial topology. We shall therefore spend a little time discus­
sing various special cases and corollaries. For brevit y the expression on the 
right-hand side of the formula in (6.12) will be denoted by L(g, X) . Thus 
L(l, X) = L(X) is the Hirzebruch L-genus. 

First let us observe that the Euler class e(N'( - 1») is in dimension 2,' and 
dim X, = 2t . Thus if ,. > t, the formula in (6 .12) shows that Sign (g, X) = O. 
Thus we have 

COROLLARY (6.13) . Ass1tme, in the situation of (6 .12) that (fo,' all com­
ponents of X ' ) we have ,. > t . Then Sign (g, X) = O. 

We shall now examine the particular case of an involution. If dim X = 

4k + 2, then Sign (G , X) is t wice the imaginary part of a character, but for 
G of order 2 the characters are all real, and so Sign (G, X) = O. Thus only 
the case dim X = 4" is of interest, and we apply (6 .12) for this case. Since 
the only normal eigenvalue is now -1, we obtain 

(6 .14) 

To simplify this expression let us observe that, if Y c X is any closed 

11 These numbers depend of course on the component of X g. In order to keep the 
formul a within bounds, we have not made this expl icit . 

~ __ <I."v 
•• ~ I".~ ~ 

; ", {. ~ . , . 
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submanifold, we can define its "self-intersection manifold". To do this, we take 
the inclusion map i: Y -, X and replace it, in the manner of Thom, by a homo­
topic map f : Y ~ X transverse regular al9ng Y e X. The inverse image Z = 
f -'(Y) is then the required self-intersection. Clearly the normal bundle of 
Z in Y is isomorphic to N I Z, where N is the normal bundle of Y in X . Hence 
the normal bundle of Z in X is isomorphic to (N Ef) N) I Z, and so has a natural 
orientation . Thus if X is oriented, so is Z. The oriented bordism class of Y 
represented by j: Z ~ Y is independent of the choice of the mapf. In particular 
the oriented cobordism class of Z i~ independent of l . We call this the self­
intersection of Y, and denote it by Y ' . Also the homology class of Y defined 
by Z is independent of l. In fact it is dual of the twisted Euler class e(N) . 
Hence for any e E H *(Y), we have 

(~e(N))[ Y] = j *(mZl . 

We now return to our involutio:l g, and apply this formula with Y = X', 
e = 2'-'2(X' )2(N' )- ' . Since 2 is multiplicative, and since j *(N' ) is the normal 
bundle of Z in X' , we have 

(2'-' 2(X' )2(N' )-'e(N' ))[ y] = :l'-' 2(Z)[ZJ 

= L(Z) (since dim Z = 2(t - ?)) . 

Combined with (6 .14), this gives the following rather simple result. 

PROPOSITION (6.15). Let X be a compact O?·iented manifold of dimension 
4k, and let g be an O?·ientation 1J?"eSf?·lIing inllolntion with fi xed point set X ' . 
Let (X' )' denote the o?·iented cobO?·dism class of the self-inte?"Section of X, in 
X. Then 

Sign (g, X) = Sign (X' ),) . 
This rather attractive formulation of (6 .12) for involutions was pointed out 

to us by F. Hirzebruch on t he basis of the 8-dimensional case which we had 
explicitly computed. 

Since g' = 1, we have 

Sign (g, X) == dim H " (X, It) mod 2 

== E(x) mod 2 , 

where E(X) is the Euler characteristic of X . Thus from (6 .15) or (6.13), we 
deduce the following result proved differently by Conner and Floyd [12; (27.4)]. 

COROLLARY (6 .16). Let X be a compact odented ?1Lanifold of dim 4" with 
odd Enle?· cha?·acte?·istic. Let g be an inll011ttion of X p?·ese?·lIing the o?·ien­

tation . Then dim X , ~ ..!.. dim X (i.e., at least one component of X , has s1Lch 
- 2 

a dimension) . 

; .'"'"" ___ ..... o-~ 

- I . 
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Although Sign (G , X) = 0 whendim X == 2 mod 4, and G has order 1 or 2, 
this) s certainly not so for other groups. The simplest example of a non-t rivial 
G-signature in ther,e dimensions is obtained as follows . Let 10 be a primitive 
cube root of unity, X = C/{l, to} the elliptic curve with periods 1, 10. Then 
Z f-+ lOZ gives an automorphism g ("complex multiplication") of X of period 3. 
H '(X; C) is generated by the differentials dz , dz , and we have 

*dz = - idz *dz = idz . 

Hence calculat ing Sign (g, X) by harmonic forms, we see that 

Sign (g, X) = 10 - iii = ill'S "" 0 . 

For iIIustrativ(purposes, we shall now consider a few special cases of 
Theorem (6 .12) in low dimensions. 

As a simple check on (6 .15) we can take X = P.(C) with either of the in­
volutions 

(X0 1 XI I x:, X3 1 x.) 1---> (-XOI XII X~, X31 xt ) 

(X0 1 X II X~ I X31 xt)!--Jo (-XOI - XI I x~ , X l I x4) • 

In both cases Sign ([I , X) = 1 because g acts trivially on the cohomology. In the 
first case, we have X , = P,(C) u P,(C) so that (X' )' = P,(C) and Sign (X'),) = 1; 
in'the second case , X , = P,(C) U P,(C) and (X' )' = point, has signature 1. 

Returning now to Theorem (6 .12) , let us suppose that g is of odd o1·de1·. 
Then N ' ( - 1) = 0, and so the formula for Sign (g, X) simpli fies to 

(6 .17) Sign (g, X) = (2' IIo<o<" (i tan OI2)-' (o'2(X' ) II ,<o<, 'i)1l0(N' (O»))[X' ] . 

Note that in this case X , has a natural orientation induced from that of X 
and the complex orientation of the bundles N ' (O) . One must be careful how­
ever not to confuse this orientation of X, with other "natural" orientations. 
For example, if dim X , = 0 so that X, consists of points , the orientation to be 
used in (6 .17) may not coincide with the usual orientation of a point . Suppose 
now that X is 4-dimensional, (and connected) , and that g is non-trivial. The 
fixed-point set X, then consists of points {P;} and 2-manifolds {Yd . The con­
tribution of P; to Sign (g , X) is then 

-0 cot ~; cot ~; , 

where exp (±iIX;), exp (±i/3;) are the eigenvalues of g I T},;, 0 < IX; < 71:, 

0 < /3; < 71: , and c = ±1 is the difference between the two "natural" orienta­
tions of Tp .. In other words if, in a basis of T p, (oriented relative to the 

J J 

orientation of X), g I T} •. is represented by the matrix 
J 

(C~S IX; -sin IX;) EB (COS /3; 
SIn Ct j COS aj sin (3; 

-sin /3;) , 
cos /3; 
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then the contribution of P; to Sign (g, X) is 

-cot IXi cot,8; . 

Since 

2 2 

'iJJ[o= l +~+ 
sin 0 

the contribution of the component Y. to Sign (g, X) is 

{2.-icotO,/2ic: (NO}ly.l = . :1 , 
sm O. Sill' 0,/ 2 
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where N : is the complex normal bUll dIe of Y, and Yi is the self-intersection 
number of Y. . Thus we have established 

PROPOSITION (6 .18) . L et X be a connected compact o"iented 4-manifold, 
g an automoJ'phis,n of X of odd o,·d." (necessa'l'i ly 1J?'ese"ving o,·ientation) . 
L et the fixed-point set X , consist of isolated points {Pi} and connected 2-
manifolds {Yd . Fa" each j, let the action of g on the tangent space at P; be 
given by the mat"ix 

(C~S IX; -sin IX;) EB (c~s ,8; -sin ,8;) 
smIX; cos a ; sm ,8; cos ,8; 

"elative to an o1'iented basis . Fa" each !c, let exp (±iO,) denote the nonnal 
eigenval,,"s of g alony Y" and let Y ; denote the self-inte1'Section numbe,' of 
Y •. Then 

Sign (y, X) = I::' - cot a; .cot ,8; + L . cosec' 0 • . Y; . 
, 2 2 2 

As a check on (6 .18), consider the transformation (x" x" x,) \-> (x" wx" wx,) 
where w = exp (ia) is a primitive q" root of unity (q odd) . Then we have one 
fixed point which contributes -(cot a/2)' , and one fixed line which contributes 
(coseclX/2)' . Thus 

Sign (g, X) = -(cot ~)' + (cosec ~)' = 1 

which is correct, because g acts trivially on the cohomology of X . 
We conclude this section by pointing out that one can also consider the 

operator D + extended (using a connection) to act on differential forms with 
coefficients in any vector bundle V. This no longer has any connection with 
ordinary cohomology, and so it is not as interesting as the case we have been 
considering. However one gets formulas generalizing (6.6) and (6.12). If we 
denote the Lefschetz number of the extension of D + to V by Sign (g, X, V), 
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then we have 

(6 .19) Sign (g, X, V) = {ch (V IX')(g)Aj[X' ] , 

where {A} is the expression occurring in the formula of (6 .12) . The right hand 
side of (6 .19) will for brevity be denoted by L(g, X, V). For [f = 1, we put 
£(1, X, V) = £(X, V), and Sign (1 , X, V) = Sign (X, V). 

Formula (6 .19) is of interest because, as we vary V, it provides a whole 
set of "integrality theorems" for Pontrjagin numbers. 

Finally we should perhaps point out that if X is a spin-manifold, then 
the operators of this section are closely related to the Dirac operator of § 5. 
This connection arises from the isomorphism of Spin (2l)-modules 

(-1)'(6.· - 6.-) = A+(R") - JL(R") . 

7. Invllrianls for free nc liolls 

It is well-known that the characteristic numbers of a manifold are in­
variants of the appropriate cobordism group. Thus the Pontrjagin numbers 
are invariants of oriented cobordism (SO-cobordism), and the Chern numbers 
are invariants of almost complex cobordism (U-cobordism). For a G-manifold, 
one can similarly define G-characteristic numbers using the various fixed-point 
sets of elements of G, and these will be G-cobordism invariants. For example 
the formulas for the index-character of the various operators of § 4, 5, 6 are 
all expressed in terms of such G-characteristic numbers. Moreover the fact 
that these particular combinations of characteristic numbers are characters 
of G provides "integrality theorems" analogous to the well-known integrality 
theorems of [4] and [8] for the usual characteristic numbers. 

These remarks apply to even-dimensional manifolds, but by a change of 
view-point, they can be exploited for odd-dimensional manifolds on which G 
actsf,·eely . Suppose for example that X is a compact oriented free G-manifold 
of dimension 2n - 1, and suppose we can find an oriented G-manifold Y (not 
necessarily G-free) of dimension 2n, with boundary X. Let 11 E ](so'h ,(R'") be 
any "universal symbol class", and let U E ](c( TY) be the element defined by 
v. If Y were ,vithout bo,mda,'y , then we could for any g E G apply the index 
theorem in the form (2.17) and obtain an explicit expression, say v(g , Y) , in­
volving the evaluation of certain characteristic classes on the fixed-point set 
Y' of g. Since in our case Y has a boundary, this does not apply, but since X 
is G-free, we have 

for g "" 1 

and so the expression v(g, Y) still makes sense. We obtain in this way a 

.--..~ 
• pO' • • .i 

• •• ~ .' -0,.. •• 
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function 

g 1-_ v(g, Y) 

from the non-identical elements of G to C. We denote this function by v( Y). 
Note that it is just a complex-valued function, and not necessarily given by a 
character of G. Suppose now that Y' is another oriented G-manifold with 
boundary X, and that we put 

Z = YU ,d - Y') 

(where - yo is Y' with the opposite orientation), so that Z is a closed oriented 
manifold without boundary. Because v(g, Y) is computed from Y', and 
because 

Z' == Y' + (- Y') ' (disjoint) 

we have 

v(y, Z) = v(~', Y) - v(g, Y') . 

Now v(g, Z) is given by a character because we can apply (2.17) to the closed 

G-manifold Z. Hence the residue class of v( Y) 1nodulo cha1'actc?'S depends 
only on X, and we denote it by v(X) . It is clearly an invariant of free G­
cobordism. Formally the reader will notice the close analogy with the invari­
ant originally used by Milnor to distinguish exotic 7-spheres. 

The invariants v(X) we have just defined are definitely non-trivial as 
simple examples show. They can be used to derive many of the results of 
Conner-Floyd [12] on G-cobordism (cL [2]) . In fact we reverse the procedure 
of [12] in which G-cobordism is developed first, and then applied to fixed-point 
theory. 

The detailed application of the invariants v(X) to G-cobordism will not be 
developed here. Instead we shall concentrate on one particular case where 
much stronger results can be obtained. If we take v to be the universal 
symbol (say L) giving rise to the operator D + of § 6, then for a closed mani­
fold Y of dimension 2n we have 

L (y, Y) = Sign (g, Y) , 

and this can be computed from the action of G on H "(Y; R) . Because of its 
connection with cohomology, we can use L to define a more refined invariant 
than before. 

First of all however we need to discuss an additivity property of the 
signature due to S. P. Novikov." Suppose Y is an oriented G-manifold of 
of dimension 2n with boundary X, and let il"-(Y) denote the image of the 

1: We are indebted to Hirzcbl'uch for drawing OUf attention to Novikov's result . 

> " ~ ~ 
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natural homomorphism 

'1' : H "(Y, X) -> H "(Y) . 

By Poincare duality H "(Y ) is dual to H "( Y, X), and hence the bilinear form 
B on It"( Y) defined by 

B(q;(a), q;(b») = abl Y ] 

is non-degenerate. B is symmetric for n even, skew-symmetric for n odd, 
and, as for closed manifolds, we can now define Sign (G, Y). Suppose now Y' 
is another oriented G-manifold with boundary - 'X and that Z = Y U x Y'. 
The additivity property is then 

PROPOSITION (7 .1). Sign (G, Z) = Sign (G, Y) + Sign (G, Y'). 
PROOF. Consider the cohomology sequences of (Z, Y) and (Z, Y') 

H "(Y', X) ~ H"(Z)L H"(y) 

H "(Y') L H "(Z) ~ H "(Y, X) 

where we replace H "(Z, Y) by H "(Y', X) , and similarly with Y, Y' inter­
changed. By Poincare duality, these two sequences are duals of each other . 
Thus A = 1m a and A' = 1m a' are mutual annihilators for the bilinear form B(Z) 

on H "(Z) . Hence A n A' is the annihilator of A + A', and so H "(Z) /A + A' "" 
(A n A')* . On the other hand 

(A + A')f.A n A' "" A/A n A' ffi A'/A n A' "" 1m .sa ffi Tm .s'a' = ji"{y) ffi li:"(Y') . 

Thus, splitting the filtration A n A' c A + A' c H "(Z) (G-invariantiy), we 
get a decomposition of G-modules 

H "(Z) "" (A n A') ffi lhy) ffi thy') ffi (A n A')" , 

and wi th respect to this decomposition the bilinear form B(Z) is represented 
by a matrix of the form 

o 
B(Y) 

o 
* 

o 
o 

B(Y') 

* 

1) * 
* 
* 

By a transformation T '( )T, i .e., by a change of splitting, all the terms * 
can be eliminated. Then 

B(Z) "" B(Y) ffi B(Y') ffi C , 

where C is the natural bilinear form on (A + A') ffi (A + A')* . As remarked 

~ 

. . 
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in § 5, the G-signature of such a C is always zero. Hence 

Sign (G, Z) = Sign (G, y) + Sign (G, Y') 

as required. 

589 

Suppose now that X is a closed oriented G-manifold of dimension 2n - 1, 

and assume that we can find an oriented G-manifold Y with boundary X. 
Then, for any element g E G having no fixed-points on X, we can define 

a(g, X) = L(g, Y) - Sign (g, Y) . 

We shall now show that this is independent of the choice of Y. Suppose then 
that Y' is another choice, and that Z = Y U x (- Y') is the closed oriented G­
manifold obtained by attaching Yand - Y' along their common boundary X. 
By (7.1) we have 

(7.2) Sign (g, Z) = Sign (g , Y) - Sign (g, Y') 

and, since Z, is the disjoint sum of Y' and (- Y') ' , we have 

(7.3) L(g, Z) = £(g, Y) - £(g, Y') . 

Subtracting (7.3) from (7.2), we obtain 

(L(g, Y) - Sign (g, Y)} - (L(g, Y') - Sign (g, Y')} 

= L(g,Z) - Sign(g,Z) 

=0 by (6.12) . 

Thus our invariant a(g, X) is well-defined. It is a G-diffeomorphism invariant. 
In fact, a minor modification in the proof we have just given shows it is an 
invariant in a rather stronger sense. Thus suppose X' is another G-manifold 
(on which g has no fixed point), and suppose that X and X' are equivalent in 
the following sense: 

(A) there exists an oriented G-manifold W of dimension 2n with 
aw= X - X', W, = 0 , andihW;R) = O. 
Then if iiY = X, iiY' = X' we put 

Computing as before we find that W contributes nothing either to L or to 
Sign, so that we have 

a(g, X) - a(g, X') = L(g, Z) - Sign (g, Z) 

= O. 

We state this in a theorem. 

THEOREM (7.4). Let G be a compact Lie gr01Lp, and let X be a closed 

01'iented G-manifold of dimension (2n - 1) which b01Lnds an 01'iented G-

, . . 
t, :., _,;:' . , ~ I 
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manifold Y . For any 9 E G having no fixed point on X , we define the C071t­
plex m,mbe?' a(g, X) by 

a(g, X) = L (g , Y) - Sign (g , Y) , 

tuhe?'e L(g, Y) is the m,mbe?' occu?.,.ing on the ?'ight side of the fO?'mula in 
(6 .12) (with X ?'eplaced by Y), and Sign (g , Y) is defined by the action of G 
on iI"( Y; R) (the i71tage of li"( Y, X ; R) -. li"( Y; R) )-endowcd with its bi lin­
ea?' fO?'m-as in (6 .7) and (6 .9) . Then o(g, X) depends only un X and not on 
Y . lvloTeove?' if X' is anothe?' G-manifold, and if theTe exisi san oTiented G­
manifold W with oW = X - X', W' = 0 and H "(W; R) = 0, then 

a(g, X) = a(g, X') . 

Theorem (7.4) is particularly interesting when G is finite, X is simply­
connected and G acts freely on X, so that X is the universal covering space 
of M = X /G. If M' = X'/G is h-cobordant to M (i.e. , if there exists an 
oriented V with OV = M - M' and with M ~ V , M' ~ V homotopy equiva­
lences), then the uni versal covering space Wof V provides an equivalence as 
in (7.4) so that a(g, X) = a(g , X') for 9 * 1. Hence we have 

COROLLARY (7.5). L et M be an o?'ientecl (2n - I )-manifold with finite 
f t,nclamental g?'oup G. Assume its unive?'sal cove?'ing space X bounds some 
o?'iented G-manifold. Then o(g, X), fa?' 9 * 1, is an h-cobo?'dism inva?'iant 
ofM. 

Rema?·ks . 1. It has been pointed out to us by F . Hirzebruch and C. T. C. 
Wall that, for free actions of finite groups, the invariant 0 can be defined 
without the hypothesis in (7 .5). To do this, one has to appeal to the free 
cobordism theory of Conner-Floyd [12) according to which (when dim X = 
2n - 1) some multiple NX always bounds an oriented free G-manifold Y. We 
can then define 

a(g, X) = -;: Sign (g, y) . (g * 1) • 

Although this is a simple and more general definition, the fixed-point version 
is still very useful for computing 0 , as is shown by the case of lens spaces 
(see below) . 

2. When X is a homotopy (4k - I)-sphere, and 9 is a fixed-poi nt-free 
involution, F. Hirzebruch has shown that our invariant o(g, X) coincides with 
the invariant of Browder-Livesay [11). 

A specially 8imple application of (7.5) is to the case of lens spaces, when 
X is a sphere and G acts or thogonally. This is the case studied in detail in 
[2) where it is shown that our invariant 0 dist inguishes the different lens 

~ 

r' .,", 



INDEX Of' ELLIPTIC OPERATORS: III 591 

spaces. Of course for lens spaces we can take Y to be a ball, there is a 
unique fixed point and so we do not need the general fixed-point theory 
developed in this paper. 

Since a connected group acts trivially on cohomology, the main interest 
in Sign (g, X) is with fin'ite groups. For connected groups however one 
obtains some interesting identities which will be discussed in the next section. 
In the meantime we shall prove 

PROPOSITION (7.6). The f,mction a in (7.5) is an analytic function on 
the open set U c G consisting of elements having no fixed point on X . If G 
is connected, so that R(G) is an integml doonain, then a is defined by a unique 
element of the field of fmctions of R(G). 

PROOF. For elements 9 E G with the same fixed-point set in Y (where 
iJY = X as in (7.5)), the explicit nature of the formula 

a(g, X) = L(g, Y) - Sign (g, Y) 

shows at once that a is analytic in g. To deal with the general case where 
the fixed-point set changes, we must go back to the properties of the index 
given in [7]. The excision property implies that we have a well-defined 
homomorphism 

indY: Kc(TY) -. R(G) 

where Y is the open manifold Y - X. Now let "I be a conjugacy class in G 
having no fixed points in X, and consider the inclusions 

(TYl'~' TY..2... TY. 

By the general localization theorem" of [20], j induces an isomorphism U.), in 
the following diagram 

and hence ind;' can be defined to make the diagram commute. If, however, 
we restrict from G to the closed subgroup generated by g E "I, the homomor-

13 Here we need the localization theorem fa)' general groups G, whereas in [5J we 
<miy gave the proof for abelian groups, 
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phism ind}"' can be calculated in terms of the fixed point manifold Y' . This 
was how we obtained our general Lefschetz formula. In particular, if we let 
a, E J(G(Ty) , be the element defined by the symbol class a E J(o(TY) of the 
operator D + of § 6, we have 

(7.7) ind r a, (g) = L(g, Y) , 

where the left side is obtained by the map R(G), ~ C (evaluation at g or 7) . 

This alternative expression for L(g, Y) is better for investigating the de­
pendence on g. In fact our proposi tion now follows rather formally as we 
shall see. For brevity, we put 

• 
R = R(G), M = J(G(Ty), N = J(G(TY) 

so that lV!, N are R-modules. We now consider the continuous map 

G ~ Spec R(G), where Spec R(G) is the affine scheme of R(G) and <p(y) is 
the prime ideal defined by g . We let R be the sheaf on G induced by <p from 
the structure sheaf on R(G). Thus the stalk R, is just the local ring R(G), 
(where 7 is the conjugacy class of g), and R may be identified with a subsheaf 
of the sheaf of germs of analytic functions on G. The R-modules M, N define 
R-sheaves Iii, Non G, and the R-homomorphisms 

induce R-homomorphisms 

M..!!....' N 

J11~N 

1 {;;'d 

R. 
The localization theorem implies that 'i. is an isomo"phism ove,' the open set 
U c G, so that restricting to U we get a diagram 

Mu --=-. Nu 

1 i;;d y 

Ru • 

The element a E N defines a section of N, and hence a section au of Mu . Let 
Lu be the section of i?u given by 

-"", 

',,", . .-. I, 

i 
I 
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Then L u is an analyticfunction on U. On the other hand, by (7.7) it is clear that 
the value of L u at g E U is just L(g, Y). Thus L(g, Y) is an analytic function of 
gin U. Since the other term Sign (g, Y) in the definition of a(g, X) is a charac­
ter of G, it follows that a is analytic in U. '1'0 prove the last part of the proposi­
tion when G is connected, we take an element g E U which generates a maximal 
torus T (i.e. , the powers of 9 are dense in T) . Since R(G) ~ R(T) is injective, 
it follows that only the zero of R(G) vanishes at g. Hence, if 'Y denotes the 
conjugacy class of g, the local ring R, = R(G), is just the full field F(G) of 
fractions of R(G) . In the neighborhood of g, the analytic function L( , Y) is 
therefore given by an element of F(G) . If U were connected, we could appeal 
to analytic continuation to get the uniqueness of this element. In fact U need 
not be connected." But we can argue as follows. Let V c U n T be the set 
of all elements having the same fixed points as 9 (i.e., as T). Then V is open 
(because it consists of elements having no fixed points in Y - Y' ) and dense 
(because it contains all generators of T) . For any element hE V, the explicit 
fixed-point expression for L(h, Y) shows at once that this is given by a unique 
element f of the field F(T). Since V is open and dense the analytic func­
tion L is entirely determined by f E F(T). Since, in a neighborhood of y, L is 
given by an element in F(G). it follows thatfE F(G). and the proof is complete. 

As the simplest illustration of (7 .6). let us consider circle actions. Thus 
we assume the circle G acts on Y anel has no fixed points (for the whole group) 
on the boundary X. Then we have 

R(G) = Z[t, t-'] 

F(G) = Q(t) , 

and we can interpret t as the coordinate e" of a "general point" of G. Let 
Z c Y be the points fixed under the whole group G. The normal bundle N of 
Z in Y can be written as a (finite) direct sum N = 2:.>, N" where N , is the 
complex vector bundle on which t acts as t' . The manifold Z inherits then a 
natural orientation from those of Nand Y. Since the connected group G 
acts trivially on the cohomology of Y, the Lefschetz formula (6.12). applied 
to the general element t of G, gives 

(7.7) a(t, X) = {2m II. {II. t:e'; + 1 (N, )}2(Z)}[Z] - Sign (Y) , 
) t eZj - 1 

where, as usual, the elementary symmetric functions of the x;(Nd are the 
Chern classes of N" and 2m = dim Z. Formula (7.7) shows clearly that a(t, X) 

U If we had introduced the compiexification Ge oi G, which is an affine algebraic 
group, all our sheaves could have been defined over a Zariski open set W containing U, 
and Lu would have been the restr iction of a rational function Gc having no poles in W. 
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is a rational function of t (with coefficients in Q), and that its denominator is 
a product of factors 1 - t' . Thus a(t, X) can only have a pole at a point t = 
a E G which has a larger fixed point set than Z. Proposition (7.6) however 
gives a stronger result, namely that a cannot be a pole if y . n X = 0 . More­
over the value a(a:, X) at such a point a is given by applying the formula 
(6 .12) to the fixed point set Y". 

The function a(t , X) appears to be quite an interesting invariant of the 
circle action. A simple deduction from (7 .7), pointed out by F'. Hirzebruch, 
is that a(t , X) is fini te as t - 00 , and that its value there is 

a( 00 , X) = 2m £(Z)[Z ] - Sign (Y) 

= Sign (Z) - Sign (Y) . 
(7.8) 

If the circle acts i"eely on X, we can take Y to be the associated disc bundle 
with Z as zero-section. If x € H '(Z) denotes the first Chern class of the circle 
bundle X - Z, the formula (7.7) for a(t, X) reduces to 

(7.9) a(t, X) = {2--'( ~:: = ~ ).~(Z) }[Z] - Sign (Y) . 

Moreover, since H "(Y, X) -, H "(Y) can be identified with the homomorphism 
H "-'(Z) -, H "(Z) given by multiplication with x, we see that Sign (Y) is just 
the signature of the degenerate form on H "-'(Z) given by (u, v) H xuv[Z]. It 
is zero for odd n, and for even n, it can be interpreted as the signature of 
the quadratic form on 1-[" - '(Z') restricted to the image of H "-'(Z). Here Z ' 

denotes a self-intersection manifold of Z in Y. 
The only possible pole of a(t, X) in (7.9) is at t = 1. The value for 

t = - 1 is, as we have seen in (6.15). given by 

a( - 1, X) = Sign (Z' ) - Sign (Y) • 

For general circle actions on X without fixed points (but not necessarily 
free), it is not clear that we can find a G-manifold Y with BY = X . However 
as we have remarked before, the restriction af of a to all finite subgroups of 
G can be defined without assuming the existence of Y. Since the points of 
finite order are dense on the circle, it follows that there is at most one ana­
lytic function a (defined for t 01= 1) equal to af at all points of finite order. 
However it is conceivable that af may not extend to an analytic (or even con­
tinuous) function . This would prove that X cannot bound a G-manifold. It 
would be interesting to know if such a situation can actually occur. The same 
questions arise of course for any compact Lie group, the elements of finite 
order being always dense. 

I, fi'i .. 
~'-I"" 
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fl. Veelor fi elds 

Our general Lefchetz theorem, when applied to one·parameter groups, 
leads to interesting identities on characteri stic classes which we shall now 
describe. There are two cases of special interest, namely the riemannian and 
hermitian. 

Let X be a compact oriented riemr.nnian manifold of dimension 21. We 
recall [18) that the group of isometries of X is a compact Lie group G. Suppose 
now t hat A is a vector field on X which is an infinitesimal isometry. This 
means that the corresponding one-parameter group exp (tA) is a subgroup of 
G. The zero set X " of A is fixed under the whole group exp (tA). Moreover 
for 0 < I t I < < the fixed-point set of exp (tA) is precisely X " . 

The operator D + of § 6 is 'invariant under the group G of isometries of X 
and in particular therefore it is inv~.riant under the one-parameter group 
exp(tA) . Applying the G-signature theorem (6.12) to the element g, = exp(tA), 

we get 

(8.1) Sign (g" X) = L(g" X) . 

More generally if V is any vector bundle associated to the r iemannian 
structure, we apply (6.19) and obtain 

(8.2) Sign (g" X, V) = L(!J" X, V) . 

We now consider both side3 of this formula as functions of t for 0 < t < <. 
Since Sign (!J" X, V) is given by a character of G, it is an analytic function 
of t, and as t ~ 0 

(8.3) Sign (g" X, V) - -> Sign (1, X, V) = Sign (X, V) . 

On the other hand, L(g" X, V) is given by evaluating a cohomology class 
over XA and, if we examine the explicit formula for L(g" X, V), we see that 
it is analytic in t but has a pole as t ~ O. More precisely, each component of 
X' of dimension 2nt has a pole of order (at most) n - nt. Thus we have a 
Laurent series 

(8.4) 

where the coefficients a, are given by evaluating certain explicit expres~ions 
in characteristic classes over X". From (8.2), (8.3), and (8.4), we deduce 

la, = 0 

a, = Sign (X, V) . 
(8.5) 

-n ~ i ~ - 1 

On the other hand, putting t = 0 in (8.1), we have Sign (X, V) = L(X, V) 
and so 

(8.6) a, = L (X, V) . 
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Since both sides of (8.6) are linear in V, it follows that (8.6) still holds if we 
replace V by an element of ](G(X) (associated to the riemmannian structure). 
The most convenient elements to take are those given by the following lemma. 

LEMMA (8.7) . Let I(t" .. " t ,) be any symmet"ic polynomial in I va"iables 
with intege,' coefficwnts. Then the"e exists ttl E R (SO(21)) so that in H to",, (Q) 

ch ttl = I(x;, .. " xl) + higher terms . 

PROOF . Since the Chern character is a ring homomorphism R(SO(21)) ~ 

H lo",, (Q) , it is sufficient to show that u exists when f is an elementary sym­
metric function (J , of degree k . We now define u, to be the coefficient of t' in 

" ,, >" ' t'(l - t)"-' ~I _O ' 

where >,,' = >"'(C") = >"'(R") 181" C is regarded as an element of R(SO(21)). Then 
we have 

and so 

" " tt t' = (1 - t)" " >,,' (_ t _ )' ~k=O k ~ 1 __ t 

ch (~ tt,t' ) = (1 - t)" IL, (1 + 1 ~ {XI + 1 ~ r") 
= IT (1 + t(e" - 1))(1 + t(e-" - 1)) . 

Hence equating coefficients 

'll"k = ak(e ti -- I , ... I e~1 -- 1, e-Zi -- 1, "', e-%/ -- 1) 

= (J,(x" "', X,, -x" "' , - x,) + higher terms. 

Thus (- I )'u" = (J ,(xi, " ', xl) + "', and so this is the required element of 
R(SO(21)). 

Nowassum.e I = 2k so that dim X = 4k, and let I, UI be as above with 
deg I = k. We consider the element 

ttATX) E ](G( X) 

associated to the- tangent bundle of X. To calculate L(g" X, uATX)) we 
shall need to calculate 

ch (i* ,ul(TX))(g,) , 

(where g, = exp tAl. The normal eigenvalues e±<o of g, are now of the form e±"· 
where ±ia are the eigenvalues of the skew adjoint trandormation of the 
normal plane induced by the vector field A. Note in particular that (for small 
t) the eigenvalue -1 does not occur, so that N'(-I) = O. Now to calculate 
ch (i*ul(TX))(g) on a component of X' of dimension 2m, we have only to adopt 
the following prescription. We take ch ttl' replace the last I - ,n of the vari­
ables Xj by Yj + ita;, and then make the symmetric functions of (xi, "' , x:.) 
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act on TXA, while the symmetric functions of the y; corresponding to a given 
a act on N,,(X"), the part of the normal bundle defined by a , 

Thus we obtain the formula 

L(g" X, t,ATX)) 

{

2m ch t,Ax" " " xm, ' , " y;, + ita;, , , ,) .I:'(X")} 'A 
= II tanh y; + .ta; [X ] 

2 (8 ,8) 
= {2,Ch1tAx" " ', Xm ,"', 1/; + ita;, " ,) II (ia . + JI.L) -'Q(t)}[X'] 

t l - m ) t 

where Q(t) is a power series in t with constant term 1. Now the term in { } 
of the right degree in (x, y) (namely of degee m) is easily seen to be holomor­
phic in t , Moreover the value for t = 0 involves only the constant term of 
Q(t) and the first term, namely f, in ch t" , Thus putting t = 0, we deduce 

(8 ,9) L(X, t,,(TX) ) = {2 1f(x:, "', x;', '" (1/; + ia;)' , ",) 

II (ia; + y;)-')[X' ] , 

On the other hand computing L(X, t,ATX)) directly, we find 

(8,10) L(X,uATX)) = 2'f(xi, .. " x~)[X], 

Suppose now that we take f to be a polynomial of degree q < k , Then we 
can proceed as above to calculate 

L(g" X, p,t,,(TX)) 

where P E R(T) is any character of the torus T, generated by exp (tA), such 
that p(g,) is divisible by precisely t"'-" , We then obtain a formula just like 
(8,9), except that the left-hand side is now zero, FormaIIy this fits in with 
(8,10) because, when deg f < Ie, we have 

f(x;, "', x!.) [X] = 0 , 

Thus we have established the foIIowing theorem, 

THEOREM (8,11), Let X be a compact ot'iented manifold of dimension 41c, 
and let A be an infinitesimal isomett'y, Let X " denote the zet'o-set of A, and 
let ±ia; be the eigenvalues of the skew-adjoint tt'ansfonnation NA indtwed 
by A in the nOt'mal btmdle of XA (the a; will be constant on each component) , 
We Q1'ient the nOt'mal bundle so that, fM' an odented basis, NA is given by 

the tnatt'ix Ell; (~;- ~;) tvhet'e IX; > 0, We then take the indtteed ot'ienta­

tion on X ", Now let f(t" "' , t,) be a symmett'ic polynomial homogeneous of 
degt'ee q ;i k, Then we have 
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{f("" xl, "', (y; + ia;)" ",) II (ia; + y;)- '}[ X Al 

= f(xi, " " x;. )[X] 

= 0 
f01' q = Ie 

f01' q < " , 
He1'e the sym1net7'ic fmwtions in the xl act on T X', (and give its Pont1'jagin 
classes), while the symmet1'ic Junctions in the y; (f01' a fixed a) give the 
Chern classes of N,(X"), 

This theorem gives an expression for the various Pontrjagin numbers of 
X in terms of Pontrjagin numbers and normal eigenvalues of X,, The simplest 
case occurs when X" consists of a finite set of points {P} so that (8 ,11) becomes 

(8 ,12) 

z= c(P)( _1)J(a;(P), ' , ' ,a;,(P») 
II a;(P) 

= f(x;, ' , " xl.)[X] 

= 0 
for deg f = Ie 

for degf < " 
where c(P) = 1 if our convention for orientation of TJ' agrees with that of X 
and - 1 otherwise, 

Formula (8,12) has been proved by direct differential-geometric methods 
by Bott [9], and similar methods [10] also yield (8,11), Naturally Bott uses 
the curvature-description of characteristic classes (cf. § 1), Our proof is 
algebro-topological, because, despite appearances, we have in fact used no 
analysis, Essentially (8,11) is a simple consequence of the localisation 
theorem of [5], and computations with characteristic classes, 

We pass now to the case of complex structures, If we have a vector 
field A preserving a complex structure on X, the one-parameter group exp (tA) 
lies in the group of all holomorphic automorphisms of X, Unfortunately the 
connected component of this group is a Lie group but not in general compact, 
We cannot therefore apply our methods without making a further restriction, 
whereas the differential-geometric methods of Bott 19] still work, On the 
other hand, our methods use only the almost complex st1'uctlwe: integrability 
is irrelevant for our topological considerations, Using the formula of (4,6) and 
calculations entirely analogous to those above , we obtain 

PROPOSITION (8,13) , L et X be an al1nost complex he1'mitia,n 1nanifold of 
dil1tcnsion I, and let A be a vect01' field p1'ese1'ving the 1net1'ic and the almost 
complex st1'uctlwe, L et X" denote the ze1'o-set of A. Then the tangent and 
1w1'1nal bundles of X " have natu1'al complex st1'uctu1'es, (tnd the sleew­
he1'mitian t1'ansformation N" induced by A on the n01'1nal bundle of X' has 
eigenvalues ia; , Let f(t" ' , ', t,) be a symmet1'ic polynomial homogeneous of 
deg1'ee q ;;;; I, Then we have 



INDEX OF ELLIPTIC OPERATORS: III 

{!(x" "', Y; + ia;, ... ) II (ia; + y;)-'j[XA] 

= f(x" ... , x,)[X] 

= 0 
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f o?' q = t 

fo, ' q < t . 

He"e the symmet"ic f unctions i n the Xi act on T X A (and give its Che"n 
classes), while the sY''nmet''i c J1tnctions in the Yi (fo,' fi xed a) give the Che" n 
classes oj N .(XA). 

In addition to results like (S.12) and (S.13), there are more precise results 
which use the analysis of [7]. Thus if we return to (S.I) and recall that 
Sign (g" X) depends only on the action of g, on the cohomology of X, we see 
that 

Sign (g" X) = Sign (1, X) = Sign (X) 

is actually independent of t . Hence, in addition to the identities of (S.5), we 
have in this case an infinite sequence of identities obtained by equating to 
zero all positive powers of t in the expansion (S.4) for V = 1. 

Similar remarks apply to Kahler manifolds. Thus if G is a compact con­
nected group of automorphisms of a Kiihler manifold, then G acts trivially on 
the sheaf cohomology group H'(X, 0)·-because these are canonically isomor­
phic to subspaces of the complex cohomology groups H'( X; C). 

9 . l\IiSCCllullCOU S specinl CU 5CS 

The special cases of the index and Lefschetz theorems we have discussed 
in the preceding sections were all ones arising from the geometry of some 
structure. In this section we discuss a number of special cases not of this 

type. 
Consider first the case of diffe'l'ential opemto?'S on odd-dim ensional 

mani f olds. The symbol u of a differential operator of order ,. satisfi es the 
symmetry condition 

(9.1) u(a(~) ) = (-I)'u(e) , 

where e is a cotangent vector, and a(e) = -e is the antipodal map on TX. 

For the class [u] in K(TX), the factor (-1)' can be ignored; we have 

a ' [a] = [a] e K(TX) 

and so 

ch a ' [u] = ch [a] eH' (TX;Q). 

Hence by the Index Theorem (2.12), we have 
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index a = (-I)" ch[a]·9'(X)[TX] 

= (-I)"a' ch [a] ·9'(X)[a . (TXll 

= (-I) · ch[a] ·9'(X)o(- I )"[TX] 

= -index a , 

and so index a = O. The crucial point in this is of course that the map a on 
TX changes the orientation if n is odd. Thus we have established 

PROPOSITION (9.2). The index of an elliptic di.tf'e,·ential opemto,' on an 
odd dimensional compact manifold is ze,·o. 

Rema1'k. The full index theorem is not needed to prove (9 .2). It is not 
difficult to prove in fact that, for a differential operator d on an odd-dimen­
sional manifold, the symbol gives an element of finite order in [((TX) . As 
soon as one knows that the index is a homomorphism [((X) -. Z, this implies 
that index d = O. 

For Lefschetz numbers, the analogue of (9.2) does not necessarily hold. 
In fact the map 0 I-> - 0 of the circle has a non-trivial Lefschetz number 
(equal to 2) for the de Rham complex, i.e., for the ordinary derivative fl-> df. 
However if we consider only orientation preserving actions, the situation is 
different. In fact if X is oriented, and a: X - . X preserves the orientation, 
then the bundle N'( -1) (i.e., the part of the normal bundle to X , with eigen­
value - 1) has even dimension. Since all the bundles N ' (O) corresponding to 
other eigenvalues always have even dimension. it follows that 

dim X, == dim X mod 2 . 

If now 1. is the symbol of a G-invariant differential operator d, then the re­
striction i *1. to TX' will still satisfy the symmetry condition (9.1). Hence, if 
dim X is odd, (9.2), together with the Lefschetz theorem (3 .9). implies that 
the Lefschetz number L(a, 1.) = O. Thus we have 

PROPOSITION (9.3). L et X be a co,npact o"iented manifold of odd dimen­
sion,. G a compact Lie g,'OUp of o"ientation p?'ese1'ving actions of X, and d 
an elliptic G-im'a"iant di.tj'e,·ential ope"ato,' on X. Then the G-index of d 
is ze'J'o. 

In the remainder of this section we shall consider examples in which the 
vector bundles al'e trivial. In other words , we consider elliptic operators act­
ing on systems of functions. The symbol of such an operator is then a con­
tinuous map 

a: SeX) -. GL(N, C) , 

where SeX) is the unit sphere bundle of X, and N is the rank of the system. 
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We can therefore consider the induced homomorphism in cohomology" 

0" * : W(GL(N , C)) ---+ W(8(X) ) . 
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We recall now a few facts about the cohomology of GL(N, C) and the relation 
of 0" * with characterist ic classes. 

First we recall that U(N) is deformation retract of of GL(N, C) so that 

W(GL(N, C)) ~ H *(U(N) ) . 

Then H *( U(N)) is an exterior algebra generated by elements 

hf E H "-'(U(N)) i = 1, "', N . 

These elements have the following additional properties: 
(i) the restriction homomorphism takes M' to ht'-' (for i < N), 
(ii) h~ = n:* (1tN) where n:: U(N) -, U(N)/ U(N - 1) = S·N-' is the natural 

map and U ,y E H'N-' (S '.v-,) is the natural generator" . 
In view of (i) we write h, instead of h~ . 

Since the harmonic forms on U(N) are just the bi-invariant forms, one 
can easily write explicit differential forms 1U, representing h, . 

Suppose now that B is a closed subspace of a compact space A and that 

i : B ---+ GL(N, C) 

is a continuous map. Then (extending i to a map of A into End (C")), we get 
a complex on A exact on B, and so (,n element 

[fl E J(A, B) . 

The characteristic classes of (f] are related to the classes f* h, by c,[fl = 
of*h, where 0: H *(B) - H *(A, B) is the coboundary homomorphism. This 
then implies that 

ch [i] = o{"" ~ (-I)'-If*h,}. 
LJ, . , (i - 1)1 

Returning now to our symbol 0" we see that 

ch [0" ] = o{",-~ _\ -l)'-'O"*h,} L." ., (i - 1)1 

where 

0: H *(8X) --> H *(BX, SX) ~ H *(TX) 

EH*(TX) 

is the coboundary, and BX is the unit ball bundle of TX. Substituting this 
formula for ch [0"] in the index theorem (2.12) , and using the formula 

n Although GL(N, C) is not compact, we take cohomology here with arbitrary (not 
compact) supports . 

HI S2;\,-1 is oriented as the boundary of the ball in e N , 
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01<[ T Xl = 1t[SXl 

for any 1t E H ' (SX). we deduce 

PROPOSITION (9.4) . L et <J: SX -. GL(N, C) be the symbol of an elliptic 
N x N-systern d. Then 

indexd = (- l) '{(~;'~ l ((:C-l~~h' )9(X)}[SXl 

whe1'e h, E H"-l(GL(N, C») a1'e the genemt01's n01'malized as in (ii) above. 
9(X) denotes the Inelex class of X and dim X = n. 

As a simple example, suppose X is a hypersurface in R' +l. Then all 
Pontrjagin classes of Yare zero, and so 9(X) = 1. Hence as a Corollary of 
(9.4). we have 

COROLLARY (9.5). L et X be a hype1's1<1'!ace in R'+., <J the symbol of an 
elliptic N x N -syst.,m d on X. Then 

index d = ( - 1)"'+'-' <J' h. [SXl 
(n - 1)1 

= 0 

i f N G, n 

ifN<n . 

Rema1·!cs. 1. If N = n then. by property (ii) of h., we see that <J ' h. [SXl 
can be interpreted as the degree of the composite map 

ITo<J: SX-. S'·-, 

so that (9 .5) takes the simple form 

(9.6) index d -degree (IT 0 <J) 
(n - 1)1 

2. Since the fint Pontrjagin class occurs in dimension 4, it follows that 
9(X) = 1 if dim X ;~ 3. Hence (9 .5) and (9.6) also hold for any X of dimen­
sion ~ 3. 

In (9.4) the evaluation on [SXl can be reduced as usual to .an evaluation 
on the twisted fundamental class [Xl. For this we introduce the homomorphism 

IT. : H ' (SX; Q) -> H ' (X; Q) 

usually called "integration over the fibre". Here Q denotes twisted coefficients, 
and IT, lowers dimension by n -1. One way of defining IT, is as the composition 

H ' (SX; Q) ~. H *(T X; Q) ~ H ' (X; Q) 

where 0 is the coboundary of the pair (EX, SX), and V is the Thom isomor­
phism. The formula of (9.4) can now be rewritten 



(9,7) 

Since 
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index d = (-It{(B ( -1 ~,- ,,, ,a' hi).'J(X)}[Xl ' 
(t - I) ! 

dim ",a'h, = 2i - n , 
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the summation in (9,7) need only be taken over n/2 ;;;; i ;;;; N , In particular, if 
N ;;;; (n - 1)/2, the summation is empty and so index d '= 0, If n = 2N, we 
have just one term namely 1C , a* hN in dimension 0, Since .'J(X) involves only 
dimensions divisible by 4, it follows that index d = 0 unless n is divisible by 
4, If n is divisible by 4, we consider the exact cohomology sequence 

H n-'(sX; Q) -~ H n(T X; Q) ~ H "(BX; Q) 

Iv II 
H '(X; Q) 

Assuming that X is connected, we have 

H'(X; Q) ;: Q 

= 0 

H "(X; Q), 

if X is orientable 

if X is non-orientable , 

Moreover if X is oriented, and 1 denotes the generator of H '(X; Q), we have 

ay(l) = e(X) , 

where e(X) is :.IS usual, the Euler class of X , Hence if e(X) '* 0, we have 

Im Ii = Ker IX = 0 , 

and so iJa* hN = 0, Thus 

7C . q*hN = ";-Ioa*h". = 0 I 

and so index d = 0, We therefore have the following Corollary of (9.4) giving 
conditions under which index d = 0, 

COROLLARY (9 ,8) , Let d be an elliptic N x N systern on a cornpact n ­
rnanifold whe?'e N;;;; n/2, Then indel: d = 0 unless n = 2N = 41c, X is o?'ient­
able , and has Eule?' nwrnber 2e?'O, 

Corollary (9 ,8) applies in particular when N = 1 and n > I, Thus when 
dim X > 1, the index of an ell'iptic opemto?' acting on f unctions is al1uays 
ze'/'o , 
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